MEC-E8003 Beam, plate and shell models, examples 4

1. Consider the xy-—plane beam of length L shown. b J2p
Material properties E and G, cross-section properties = t 4444444444444 44 1/\(450
A, 1 are constants, and S=0. Write down the — ~——————————————
boundary value problem according to the Timoshenko B . |
beam model in terms of the axial displacement u(x), L

transverse displacement v(x), and rotation y(x).
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2. Find the stress resultants Q,, M, and the transverse
displacement w of the cantilever beam shown according

to the Bernoulli beam model. Problem parameters E, G, BT Ry
A, S=0 and | are constants and the distributed force f L |
b, =b(l—-x/L). Start with the generic equilibrium and - -
constitutive equations for the beam model.
Answer QZ=£(L—x)2, My=—£(L—x)3, w2 [L°—(L-x)°-5L%]
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3. Find the displacement and rotation of the xz—plane
cantilever beam of the figure according to the Bernoulli R RS EAR e o
beam model. Problem parameters E, G, A, S=0 and | X
are constants.

P - P
Answer w(x)=——x“(3L—-Xx), 9(xX)=——x(x-2L
(x) 5El ( ), 0(X) 2Bl ( )

4. Consider the simply supported (plane) beam of the b
figure of length L. Material properties E and G, cross-
section properties A, S=0, |, and loading b are
constants. Determine the deflection and rotation at the
mid-point x = L /2 according to the Timoshenko beam
model.
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Answer W(L/2)=£+ SoL ,
8AG 384El

O(L12)=0

Consider the simply supported xy —plane beam of length

L shown. Material properties E and G, cross-section b

properties A, S=0, |, and loading b are constants. l l l l l l l l l l l l l l l y
Write down the equilibrium equations, constitutive
equations, and boundary conditions according to the |
Bernoulli beam model. After that, solve the equations for y
the transverse displacement.

Answer v(x) = > b x(L3 —2Lx% + x3)

4EI

Consider the cantilever beam of the figure of zero
curvature and torsion 7 =4z /L. Write down the
equilibrium equations and the boundary conditions
at the free end in the (s,n,b)— coordinate system.
Also, solve the boundary value problem for the
stress resultants as functions of s .

Answer Q,, =Psin(rs), Q,=Pcos(rs), M, =P(s—L)cos(rs), My =P(L-s)sin(zs)

Consider the curved beam of the figure forming a 90-degree
circular segment of radius R in the horizontal plane. Find the
stress resultants N(s), Q,(s), Q,(s), T(s), My(s), and
My (s) . Use the equilibrium equations of the beam model in
the (s,n,b)—coordinate system.

N 0 T PR[sin(s/R) —1]
Answer <Q,r=4 0 +, <M, t=1 RPcos(s/R)
Qo -P My 0

Consider a curved beam forming % of a full circle of radius
R in the horizontal plane. The given torque of magnitude
P is acting on the free end as shown. Write down the
equilibrium equations and boundary conditions for the
stress resultants and solve the equations for N(s), Q(s),

Qp(8), T(8), Mp(s), and My (s) .

N T Pcos(s/R)
Answer <Q, =0, {M,r=1-Psin(s/R)
Q My 0



10.

Consider the curved beam of the figure forming a 90-degree z
circular segment of radius R in the horizontal plane. Find

the stress resultants N(s), Q,(s), Qp(s), T(s), M,(s),

and My (s). Use the equilibrium equations of the beam

model in the (s,n,b)—coordinate system. The distributed ,
constant load of magnitude b is acting to the negative
direction of the z —axis.

Answer Q, =b(L—s), T =—bR? cos(%)erR(L—s), M, =bR2[sin(%)—l]

Consider the curved planar Timoshenko beam shown in the figure.
Write down the boundary value problem for u(s), v(s), w(s), N(s)
, Qn(s), and My (s) . Also, solve the equations for displacement v(s)
and rotation y(s). The properties of the cross-section A, S, =0,
lpp =1, and material parameters E, G are constants. Curvature is
x =1/R and torsion 7 =0.

PR 1 1 PR2
Answer v(s)=—(—+—+—)ssin §) =——sin(—
(s) 2(EI GA EA) () w(S) T ()



Consider the xy —plane beam of length L shown. Material

properties E and G, cross-section properties A, | are V2p
constants, and S=0. Write down the boundary value i HHHHHHHHT/ZSC’
problem according to the Timoshenko beam model in

terms of the axial displacement u(x), transverse y |: =|
displacement v(x), and rotation y(x). L

Solution
Timoshenko beam equations in the Cartesian system are
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In xy — plane problem, the non-zero displacements and rotations are u, v, and y . Geometrical
properties of the cross-section are A, S, =S =0, 1,, =1 . External distributed forces are b, =0,
by =-b, b,=0, c,=c,=c,=0. With these selections, equilibrium equations, constitutive
equations, and boundary conditions of the planar problem take the forms
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To get a boundary value problem in terms of the axial displacement u(x), transverse displacement
v(x), and rotation y(x), stress resultants are eliminated to end up with
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Find the stress resultants Q,, My and the transverse
displacement w of the cantilever beam shown according to
the Bernoulli beam model. Problem parameters E, G, A,
S=0 and | are constants and the distributed force
b, =b(1-x/L). Start with the generic equilibrium and
constitutive equations for the beam model.

Solution

Timoshenko beam equations boil down to the Bernoulli beam equations when the Bernoulli
constraints dv/dx—y =0 and dw/dx+¢ =0 are applied there. If S, =S, =1, =0 one may just
replace the constitutive equations for the shear stress resultants by the Bernoulli constraints to get the
Bernoulli model equilibrium and constitutive equations (elimination with the Bernoulli constraints
and constitutive equations gives the well-known fourth order beam equation of textbooks)
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In the xz —plane problem of the figure, the non-zero displacements and rotations are u,w, and &.
The distributed forces and moments vanish except b, . Therefore, the Bernoulli beam boundary value
problem takes the form

d_N EAd_u
dx N dx N u 0

d(?ZerZ =0 and ¢ 0 ;= 3—W+9 in (O,L), {Q, ;=0at x=L, swy=<0; at x=0.
X X

Y My 40 My 0 0
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The equations for Q,, M and the transverse displacement w can be solved one at a time. As the
beam is statically determined, let us start with the equilibrium equations and the boundary conditions
at the free end.

aQ,

_ b _ LY
Sr=—s(L-)in OL) and Q=0 = QK= -(L-X? €

dM—y:Q _ D —02in @) and MyL)=0 = M () =-(L-x° €
dx % 2L ’ y y 6L '

Knowing the stress resultants, displacements and rotations follow from the constitutive equations and
the boundary conditions at x=0:



do I\/ly b 3 . b 4 4
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Find the displacement and rotation of the xz-—plane
cantilever beam of the figure according to the Bernoulli beam
model. Problem parameters E, G, A S=0 and | are :
constants.

Solution
Timoshenko beam equations boil down to the Bernoulli beam equations when the Bernoulli

constraints dv/dx—y =0 and dw/dx+ & =0 are applied there. In practice, the constraints are used
to eliminate the rotation components ¢ and w from the constitutive equations. Then the
corresponding shear forces become constraint forces having no constitutive equations. If
Sy =S, =1y, =0 (the constitutive equations for the shear forces are replaced by the Bernoulli

constraints)
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giving, after elimination of the shear forces from the equilibrium equations and omitting the equations
not needed in the displacement calculations, the usual forms of textbooks
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In the xz—plane problem of the figure, the non-zero displacements and rotations are u,w and the
geometrical properties of the cross-section are A, I, = 1. External distributed forces and moment
vanish. Furthermore, axial displacement and force resultant clearly vanish. Therefore, the Bernoulli
beam equations imply the boundary value problem



d*M d?w dw dM
y : y
0, M El in Q and w(0 0)=0, M,(L)=0, and L)=P
dx? y W dx? © dX( ) (D dx L)

for the transverse displacement and the bending moment. Eliminating the bending moment gives
finally

d*w . dw d2w d3w P
—=0inQ, w=—(0)=0, —(L)Y=0,and —(L)=——.
v ©=5 =0 —7O) —=U-5

The generic solution to the differential equation w= a+bx+cx®+dx> contains 4 parameters to be
determined from the boundary conditions

dw d2w d3w P
w(0)=a=0, —(0)=b=0, —(L)=2c+6dL=0, —-(L)=6d =——
(0) 0 s (L - =
Wzixz(SL—x) and 9=—d—W=ix(x—2L). (from the Bernoulli constraint) €
6El dx 2El

Alternatively, the equations can be solved easily one-by-one in their original forms as the problem is
statically determined

d(j%:om ©OL) and Q,(L)=P = Q,(x)=P, €

dm
d—yzszPin OL) and My (L)=0 = My(x)=P(x-L), €
X
My P : P 12
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Ely, El Ely, 2
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dx El,, 2 El, 2 6



Consider the simply supported (plane) beam of the figure of
length L. Material properties E and G, cross-section
I, and loading b are constants.
Determine the deflection and rotation at the mid-point

properties A, S=0,

x = L /2 according to the Timoshenko beam model.

Solution

Beam equations of the Cartesian system

b
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are given in the formulae collection. In xz —plane problem, the non-zero displacements and rotations
are u, w, and . Geometrical properties of the cross-section are A, S, =S =0, I, =1. External
distributed forces are by =0, b, =0, b, =b, ¢, =c, =c, =0. By taking into account the equilibrium
and constitutive equations of the planar problem and the corresponding boundary conditions of the
problem definition, the boundary value problem becomes

d_N EAd_u
dx N dx
dd&+b =0,9Q; = GA(?j—WJr@) in Q=(0,L),
X X
M
y
My g1 99
dx z dx
u 0 N 0
w +=<0; at x=0 and { w }=<0; at x=L.
My 0 My 0

Unless the problem is statically determined, the stress resultants are usually eliminated from equations
to end up with a boundary value problem in terms of the displacement components and rotations.
However, the equations can also be solved without eliminations one-by-one. First equilibrium
equation and constitutive equation for the normal force



‘jj_')\(':o in (0,L) and N(L)=0 = N(x)=0

EAg—u—N 0 (O,L) and wu(0)=0 = u(x)=0.

After that, equilibrium equations for the shear force and bending moment. Notice that the integration
constant for the shear force follows from the boundary conditions for the bending moment:

9Q, +b=0 in (O,L) = Q,=-bx+a (azlbL)

dx 2

dM, ) 1 ,
i =Q, =-bx+a in (O,L) and My (0)=M(L)=0 = My(x):zb(Lx—x ).

Finally, rotation and transverse displacement from the constitutive equations for the shear force and
bending moment, Again, integration constant for the rotation follows from the boundary condition
for displacement

dg M, 1 3 bL3
—_— in (O,L (X)) =—— L x —=X")+a a=—
ax EI OL) = oK) 2EI( 3%) (==’
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W(X) =——(LXx—x°)———(L=X —X.
) 2GA( ) =5 ¢ 6 APy

Displacement and rotation at the center point

2 4
W(L/2):—bL + SbL
8AG 384El

and 4(L/2)=0. €



Consider the simply supported xy —plane beam of length L b
shown. Material properties E and G, cross-section
properties A, S =0, |, and loading b are constants. Write
down the equilibrium equations, constitutive equations, and
boundary conditions according to the Bernoulli beam
model. After that, solve the equations for the transverse
displacement.

Solution
In xy —plane problem, the non-zero displacements and rotations are u, v, and  and the geometrical
properties of the cross-section are A, S, =0, 1,, =1 . External distributed forces are b, =0, by =b

, b, =0, ¢y =cy =c, =0. With these, Timoshenko beam equations in the Cartesian system simplify

dx N dx
de dv
—2+b =0, =<{GA(—- .
v Qy (OIX v)
dM, M dy
dx +Qy 2 dx

The equations of the Bernoulli model are obtained by replacing the constitutive equation for the shear
force resultant by the corresponding Bernoulli constraint. By taking into account the boundary
conditions of the problem definition, the boundary value problem becomes

deX N dx u) [0 N) [0
d—y+b =0,4 0 = %—y/ in (O,L)and ¢ v ;=<0 at x=0,< v =40} at
X

Y M, " M,| |o M,| |o
Z4Q El,, —~

dx Y dx

x=L.

The stress resultants are usually eliminated from equations to end up with a boundary value problem
in terms of the displacement components and rotations. Alternatively, the equation set can be solved
in its original form. First equilibrium equation and constitutive equation for the normal force

‘jj_N:o in (0,L) and N(L)=0 = N(x)=0,
X

EAZ-“:N:O (O,L) and u(0)=0 = u(x)=0.
X

After that, equilibrium equations for the shear force and bending moment. Notice that the integration
constant for the shear force follows from the boundary conditions for the bending moment:



d
&+b=0 in (O,L) = Qy=-bx+a (a:lbL)
dx 2

dg/)l(Z:—Qy:bx—a in (0,L) and M,(0)=M,(L)=0 = Mz(x)=%b(X2—LX)-

Finally, rotation and transverse displacement from the constitutive equations for the shear force and
bending moment, Again, integration constant a for the rotation follows from the boundary condition
for the displacement

dy M, b 2 . b 1 3 1 b3
= = Xx“—Lx) in (O,L X)=——(=X"-L=X%x%)+a a=——
ix Bl 2Er yin QL) = v0=5G ) (@=22e
3
d—vzwzl(lx3—L1x2)+a = v(x):L ix“—L£x3)+ bL X.

dx 2El '3 2 2El 12 6 24El



Consider the cantilever beam of the figure of zero
curvature and torsion z=4x/L. Write down the
equilibrium equations and the boundary conditions at
the free end in the (s,n,b) system, and solve the
boundary value problem for the stress resultants as
functions of s.

Solution

In a statically determined case, stress resultants follow from the equilibrium equations and boundary
conditions at the free end of the beam (or directly from a free body diagram). In (s,n,b) coordinate
system, equilibrium equations are

N'— Q& + b T'—M,Kx+Cq
Qh+Nx—Qpzr+b, =0 and M, +Tx-Mpr-Qy, +C,=0.
Qp +Qpr+by Mp+M,7+Qp +¢p

In the present case x =0 and r =4~z /L which means that the basis vector rotate two full circles
around the axis when s goes from 0 to L and have the same orientations on 6Q ={0, L}. As external
distributed forces and moments vanish i.e. by =b,=b, =0 and cq =c,=c, =0, equilibrium
equations and the boundary conditions at the free end simplify to

N’ T
Qh-Qpr =0 and <M -Myr—-Q, =0 in Q=(0,L),
Qp +Qp7 Mp +Mjz+Q,
N 0 T 0
Q=10 and {M,t=40; on 0Q ={L}.
Qb P Mb 0

Equations constitute a boundary value problem that can be solved by hand calculations:

N'=0 in Q, N(L)=0 = N(5)=0. €

Eliminating Q,, or Q, from the remaining two connected force equilibrium equations and using the
original equations to find the missing boundary condition gives

"+Qur2=0 seQ, Q,(L)=0, Q,(L)=Pr = (r=4T”)
Qn(s)=Psin(zs) and Qy(s)=Pcos(rs). €

Continuing with the moment equilibrium equations in the same manner

T'=0 in Q, T(L)=0 = T(s)=0, €



M6+Mb12:—2Prcos(rs) in Q, Mp(L)=0, M{(L)=0 =

Mp(s)=P(L-s)sin(zs) = M, =P(s—L)cos(rs). €



Consider the curved beam of the figure forming a 90-degree
circular segment of radius R in the horizontal plane. Find the stress
resultants N(s), Q,(s), Qy(s), T(s), M,(s), and My (s). Use
the equilibrium equations of the beam model in the (s,n,b)—
coordinate system.

Solution

In a statically determined case, stress resultants follow from the equilibrium equations and boundary
conditions at the free end of the beam (or directly from a free body diagram). In (s,n,b) coordinate
system, equilibrium equations are

N'—Qx +bg T'—M,Kx+Cq
Qn+Nx—Qpzr+b, =0 and M, +Tx-Mpr-Qy, +C,=0.
Qp +Qpr+by Mp+M,7+Qp +¢p

For a circular beam, curvature and torsion are x =1/ R (constant) and 7 =0.

As external distributed forces and moments vanish i.e. by =b, =b, =c5 =c,, =c, =0, equilibrium
equations and the boundary conditions at the free end simplify to (notice that the external force
acting at the free end is acting in the oppisite direction to &,)

N'-Q, /R T'-M, /R

Q,+N/Rt=0 and {M;+T/R-Q,+=0 SG]O,R%[,
Qp Mg +Qp

N T

Q, ¢=0 and {M,;=0 s=R%.

Q,+P My

Equations constitute a boundary value problem which can be solved by hand calculations without too
much effort;

Q=0 SG]O,R%[ and Q,+P=0 s:R% = Qs)=-P. €

Eliminating Q,, and N from the remaining two connected force equilibrium equations and using the
original equations to find the missing boundary condition give

N"+--N=0 se]o,RZ[ and N'=N=0 s=REZ = N(s)=0 €
R2 2 2

The first equilibrium equation gives

Qn(S)ZO. €



After that, continuing with the moment equilibrium equations with the solutions to the force
equilibrium equations

M{ =0 se]o,R%[ and M, =0 s:R% = Mp(s)=0. €
Eliminating M, and T from the remaining two connected moment equilibrium equations and using
the original equations to find the missing boundary condition gives

T+ 2 7:P 0 seloRE[ and T'=T=0 s=REZ = T=PREIN>-1). €
RZ R 2 2 R
Knowing this, the first moment equilibrium equation gives

M, (s)=RT'= RPcos% . €



Consider a curved beam forming % of a full circle of radius R z
in the horizontal plane. Torque of magnitude P is acting on the

free end as shown. Write down the boundary value problem for
‘\

stress resultants and solve the equations for N(s), Q,(s), Qy(s)

!T(S): Mn(s),and Mb(S). S _e> ______

Solution
In the geometry of the figure =0, x=1/R. External distributed forces and moments vanish.
Therefore the curved beam equilibrium equations of the formulae collection simplify to

N'-Q,/R T'-M, /R
Qy+N/R:=0 and <M ,+T/R-Q,=0 se(0,L) where ngﬁR.
Qo My +Qn

Boundary conditions at s =0 are (notice the unit outward normal to the solution domain n=-1, &
Is pointing to the direction of s, and the component of the given moment on €& is negative)

N -T+P
Qnr=0 and <M, =0 s=0.
Qo My,

Solution to the boundary values problem for Q,

Q=0se(0OL) and Qy,=0 s=0 = Qy(s)=0. €
Solution to the connected boundary value problems for Q, and N

N’—%ano,Q,’ﬁ%N:O se(0,L), Qy=0and N=0 s=0 =

N”+%N=O se(O,L) and N=0, N'=0 at s=0 =

N(s)=0 and Q,(s)=0. €

Solution to the boundary value problem for My,

Mp=0 se(0,L) and Mp=0 s=0 = My(s)=0. €

Solution to the connected boundary value problem for M, and T

T’—%ano and M;]+%T:0 seOL), T=P and M;=0s=0 =

RT”+%T:0 se(0,L), T=P and T'=0 =



T(s)=Pcos(%) and Mn(s):—Psin(%). €



Consider the curved beam of the figure forming a 90-degree z
circular segment of radius R in the horizontal plane. Find the
stress resultants N(s), Q,(s), Q,(s), T(s), M,(s),and M(s)
. Use the equilibrium equations of the beam model in the
(s,n,b) —coordinate system. The distributed constant load of >
magnitude b is acting to the negative direction of the z —axis.

Solution

In a statically determined case, stress resultants follow from the equilibrium equations and boundary
conditions at the free end of the beam (or directly from a free body diagram). In (s, n,b) —coordinate
system, equilibrium equations are

N'—Qpx + Dby T'-Mx+¢Cq
Qh+Nx—Qpzr+b, =0 and M, +Tx-Mpr-Qy, +C,=0.
Qp +Qpr+by Mg +M7+Q, +¢y

For a circular beam, curvature and torsion are x =1/ R (constant) and z =0. As external distributed
forces and moments by =b, =c5 =c, =c, =0 and b, =b, equilibrium equations and the boundary
conditions at the free end simplify to (here L=7zR/2)

N'-Q,/R T'-M,/R

Qy+N/R¢=0 and <M ,+T/R-Q, =0 in (O,L)
Qp+b Mp +Q,

N T

Qnr=0 and {M,¢+=0at s=L.

Qo My,

Equations constitute a boundary value problem which can be solved one equation at a time by
following certain order

Q,=-b in OL) and Qy(L)=0 = Q,(s)=b(L-s). €

Eliminating Q,, and N from the remaining two connected force equilibrium equations and using the
original equations to find the missing boundary condition gives

Nu%N:o in OL) and N(L)=N(L)=0 = N(s)=0. €

Knowing the result above, the first equilibrium equation gives

Qn(s)=0. €



After that, continuing with the moment equilibrium equations with the already known solutions to
the force equilibrium equations

Mp=-Q,=0 in (O,L) and Mp(L)=0 = My(s)=0. €

Eliminating M, and T from the remaining two connected moment equilibrium equations and using
the original equations to find the missing boundary condition gives (L=zR/2)

1 1 b .
T"+—=T==0Q,=—(L-5) in (O,L) and T'(L)=T(L)=0
# g T =g Q=p(L=s) in QL) (L=TWL)=0 =

T (s) = —bR2 cos(%)erR(L—s) €
Knowing this, the first moment equilibrium equation gives

M, (s) = RT' =bR? sin(%)—bR2 L=



Consider the curved planar Timoshenko beam shown in the figure. Write
down the boundary value problem for u(s), v(s), w(s), N(s), Q,(s),
and My(s). Also, solve the equations for displacement v(s) and
rotation y(s). The properties of the cross-section A, Sy =0, Iy, =1,
and material parameters E, G are constants. Curvatureis x =1/ R and
torsion 7 =0.

Solution
In (s,n,b) coordinate system, equilibrium equations and constitutive equations of the beam model
are

N'—Qpx + Dby T'-Mx+¢Cq
Qy+Nx—Qpz+b, =0, <M +Tx—-Mpr—Qy+C,=0,
Qp+Qnr+by Mg +M7+Q, +¢y
N EA(U'—vk) T Gl (¢ —6k)
Qn=1GAV +ux —wr—y), <Mt =1 El g (0 + 9 —y7) ¢
Qb GA(W +Vr +6) My Ely, (w'+6r)

In a planar problem, it is enough to consider force equilibrium equations in the s—and n— directions
and moment equilibrium equation in the b-—direction. As the present problem is statically
determined, it is possible to solve for the stress resultants first (L = zR/2)

N'-Q,/R N
Qy+N/R:=0in (O,L) and <Q,-P;=0 at s=L.
Mp +Qp Mp

Solution to the shear stress resultant Q,, can be obtained by eliminating the normal stress resultant
N from the first two connected equilibrium equations. The missing boundary condition for the
second order differential equation follows from the second equilibrium equations at the endpoint
(there N =0)
1 . :
A5 Q=0 in O.L), Qy(L)=0, and Qp(L)-P=0 = Qn(s)zpsm(%). €

Knowing the shear stress resultant, the second and third equilibrium equations give

Q,+N/R=0 in(O,L) = N(s)=—Pcos(%), €

M;+Q,=0in Q and Mp(L)=0 = Mb:PRcos(%). €

As the force resultants are now known, displacements and rotations follow from the constitutive
equations (and the corresponding boundary conditions)



N EA(U'-V/R) u(0)
Qp t=1GA(V'+u/R—-y): in (O,L) and <v(0) r=0.
M Ely’ v (0)

Let us start with the last constitutive equation

2
Ely'= Mb_PRcos(—) and w(0)=0 = w(s)—ism(—) €«

El
Elimination of the axial displacement from the first two constitutive equations with the known
expression of the rotation (the missing boundary condition follows from the second constitutive
equationat s=0) gives

V”+LV_ (R_2 i —)—COS(—) v(0)=0, Vv'(0)=0 =
R2 El GA EA'R
LA S S S %),
2 EIl GA EA

Finally, using the second constitutive equation

PR3 s. PR R 1
u(s) = (—+—) (—)—7(5 A g)[sm(—)+—008( 1.



