Magnetism, magnons, guantum
maagnetism and spinons




Today’s learning outcomes

* Derive minimal models for magnetism
* |dentify the qguantum excitations of ordered magnets

* |dentify the quantum excitations of quantum spin-
Iquids

* |dentify the fundamental physics of Kondo lattice
models



Today’s materials

Ferromagnet & antiferromagnets Quantum spin-liquids
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Today’s materials

Ferromagnet & antiferromagnets Quantum spin-liquids

Iron Herbertsmithite



Today’s quasiparticles

Magnons Spinons

AA

S=1 S=1/2




A reminder from previous sessions

Electronic interactions are responsible for symmetry breaking

Broken Broken Broken
time-reversal symmetry crystal symmetry gauge symmetry
Classical magnets Charge density wave Superconductors
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Correlations and mean field

Many quantum states can be approximately described by mean field theories

Magnets
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H = Ztijc;rcj —+ Z V;'jlel-LCjC

ij ijkl

Charge density waves

.‘.
kCl

Superconductors




Interactions and mean field

Free Hamiltonian Interactions
T
H = g twczc] + E mGlc C;jCyp.C
1) 17kl

What are these interactions coming from?

* Electrostatic (repulsive) interactions

* Mediated by other quasiparticles (phonons, magnons, plasmons,...)
The net effective interaction can be attractive or repulsive

Magnetism is promoted by repulsive interactions




A simple interacting Hamiltonian

Free Hamiltonian ‘ I-;Z:)eg Zf;"?e’:; )
__ T T T T
H =) tylchep +cjepl+ ) Uciene]ciy

What is the ground state of this Hamiltonian?

[/ < () superconductivity [/ > () Magnetism



The mean-field approximation

Mean field: Approximate four fermions by two fermions times expectation values

Four fermions Two fermions
(not exactly solvable) (exactly solvable)

Uc%cmchcu ~ U(c;.chﬁ}c;ucu + .... + h.c.

UCITCZ'TC,LCQ ~ MU?S/CI’SCZ"S/ + h.c.

Magnetic order

For U > 0 + +
i.e. repulsive interactions M~ <Cz‘TC75T> _ <C7;¢C’i¢>



The mean-field approximation

The non-collinear mean-field Hamiltonian

UCLTCTLTC’;‘"L\LC“\J/ ~ Mgag‘s,ckscn,y + h.c.

Non-collinear magnetic order

My ~ <CL¢C?@T> — <CL¢Cn¢>

M, ~ <qu,¢0n¢> + <CIL¢CnT>

n

My~ 73<C;¢Cn¢> - ’5<Cjz¢cm>



A Hamiltonian for a

weakly correlated magnet

Free Hamiltonian Exchange term

H = Lig [C:,'rchT + C:,'r¢cj¢] + MZ Ug,sfcg,sci,s’
ij 0

Her we assume that interactions are weak (in comparison with the kinetic energy)

What if interactions are much stronger than the kinetic energy?



Solving the interacting model

at the mean-field level in a 1D chain

We will take the interacting model and solve it at the mean field level

H =Y tijlches +elie] + ) Uchene] ey
ij i
Filling 0.2 (full would be 1) o
Interaction-induced splitting U = 8t




Solving the interacting model

at the mean-field level in a 1D chain

Let us do again a 1D, but now with 2 sites per unit cell and at half filling
H = Zt ch¢+c¢cj¢ —|—ZUCTCTCT¢C¢
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Competing solutions

for a magnetic state

Let us now consider two selfconsistent solutions for the interacting model

Antiferromagnetic guess

Ferromagnetic guess
2
> =
2 =
w 0 ] 0
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1] |
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=21 _n
Momentum
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Only once of them is the true ground state, but which one it is?




Competing solutions

for a magnetic state

Let us now compute the energy difference between the two configurations
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For strong interactions, the AF configuration always has lower energy



The critical interaction

for magnetic ordering

Lets take the Hamiltonian H = Z tij [c;.rchT + c;.ricﬂ] + Z UC;'FTCiTCl'L¢Ci¢

%] (
Do we have magnetism for any value of U?  (S,) # 0

In general, in the weak coupling limit magnetism appears when

UD(w) > 1

R

Repulsive interaction Density of states



The critical interaction

for magnetic ordering

Magnetic instabilities occur once interactions are strong enough

U=0.0,])z=00 U=0.6,)z=0.0 L= 1.2, J2=0.01
k ' k k
U=138,J)z=01 _ _ b= v 0.24
L L Ll
k k k

For interactions below a threshold, no magnetic order occurs



The strongly localized limit
and the Heisenberg model



From a weak magnet to

the strongly localized limit
H = th cJT—i—c cﬂ —|—ZUC CZTCT¢C'L¢

For large interaction strength, the system develops a local quantized magnetic moment
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The strongly localized limit

Let us start with a Hubbard model dimer

H =t Z)TCIT + cgicu] + Z UCITCiTC;'uCii + h.c.
i

0 1

Now in the limit U >> t Levels I ]

The full Hilbert space at half filling is

4t -t —4h
e A M



The strongly localized limit

Let us start with a Hubbard model dimer

H = t[chclT + cgicu] + Z UC;[TCZ'TC:;uCii + h.c.
i

The energies in the strongly localized limit are U >

~ () ~ U



The strongly localized limit

Let us start with a Hubbard model dimer

H =t Z)TCIT + cgicu] + Z UC;[TCZ'TC:;uCii + h.c.

S S S
4

Just one electron in each site for U >> t

The low energy manifold is

Local S=1/2 at each site



The strongly localized limit

— —
Effective Heisenberg model in the localized limit H — JS() . Sl

We can compute J using second order perturbation theory

H=Hy+YV

_ T T
HO = Z UC'L'TC“\C’IZ\LC?;\L V — t[CchlT —|— Cg¢01¢]—|—hc

“pristine” Hamiltonian “perturbation” Hamiltonian
(Hubbard) (hopping)



The strongly localized limit

— —
Effective Heisenberg model in the localized limit H — JS() . Sl

We can compute J using second order perturbation theory

H=Hy+V

Ground state Virtual state

e A —t



The Heisenberg model

For a generic Hamiltonian in a generic lattice
_ PN T T T
H = E : tijleipcir + ¢y el + ) Ucipenc ciy
19 )
In the strongly correlated (half-filled) limit we obtain a Heisenberg model

_ 4. q. tiil?



The Heisenberg model

Non-Hubbard (multiorbital) models also yield effective Heisenberg models
H=> J;Si-S
J J
1]
In those generic cases, the exchange couplings can be positive or negative

Jij >0 Jij<0

Antiferromagnetic coupling Ferromagnetic coupling

Spin-orbit coupling introduces anisotropic couplings H = E JS.BS? Sjﬁ
]



The Heisenberg model

Jij>0 Jij<0

Antiferromagnetic coupling Ferromagnetic coupling

o ¢ o0

Classical ground states




Antiferromagnetism driven by

superexchange

a"‘a”aw " u
WHH t; ,, b 4}
ﬁ’?a%?e’? p il

H:Zt +ZU Lcirel iy + hec.

In bp artite lattices, the magnetizatio collinear



Antiferromagnetism driven by

superexchange

In the Kagome lattice In the triangular lattice
At
| [ , €=

O-P'\ o>

>N ’

X , >N 2
| N \
H = Z tijcz,scj,s + Z UCZTCZ'TCQCQ + h.c.
ij,s i

Geometric frustration promotes non-collinear order at the mean-field level



The origin of ferromagnetic coupling

Exchange interactions can be ferromagnetic if mediated by an intermediate site

Low energy manifold Virtual state (among others)

Transition
metal

Transition
metal

Transition
metal

Transition
metal

The sign of the coupling depends on the filling of the d-shell and the angle
Goodenough-Kanamori rules



Non-isotropic exchange coupling

In the presence of spin-orbit coupling, new terms can appear in the Hamiltonian

Antisymmetric exchange Anisotropic exchange Kitaev interaction

(rig X Tgj) - S x §j Sfo S?(i)S?(j)

~—4

Promotes Promotes Promotes
non-collinear order easy axis/plane frustration




Break

10-15 min break
(optional) to discuss during the break

Which type of magnetic order fulfills

<CLTCM> #+ 0 Im {(cjﬁcnw} =0 Re [<CLTC’”¢>} =0



Magnons



EXxcitations In a ferromagnet

Qualitatively, magnons are the fluctuations of the order parameter




Excitations in the Heisenberg model

The Heisenberg model is a full-fledged many-body problem
H = E JijSi - 9
]
Algebraic commutation relations [S;)‘ ; S]B] — 7;6046’7 SJ

S =1/2,1,3/2,2, ...

How do we compute its many-body excitations?



The ferromagnetic Heisenberg model

In the case of a ferromagnetic Heisenberg model, we know the ground state
H = Z JijSi - 9
]
inj <0
GS) = | 11111 ...

But how do we compute the excitations?



The Holstein—Primakoff transformation

Replace the spin Hamiltonian by a bosonic Hamiltonian

SJF—\/_\/I—@a S_ = \/_an\/l—a’T—“ SZ:(S—G,TO,)

Make the replacement and decouple with mean-field assuming <a:f ai> < S8
— — o .l.
H=> JiS:i- S - H=D) iala
ij ]

Spins Magnon




Magnons In a nutshell

Increase the spin Sz—i_ ~ Q; Destroy a magnon
Decrease the spin Sz_ ~ aj Create a magnon
Net magnetization SZ\ = § — J.ra- Maximal minus the magnons
) 10

Magnons are S=1 excitations that exist over the symmetry broken state



Magnon dispersions

Gapless magnons Gapped magnons Dirac magnons




Magnons In the presence

and absence of anisotropy

Without anisotropy With anisotropy

H=—-% 7,55, H=-J)» S;-5;—KY 8557
] (27) (27)

Energy
Energy

A~ K
L\ ANNE

Momentum Momentum

Anisotropy in the spin model generates a magnon gap



The role of magnons in 2D magnets

Correction from magnon population

S.=s—a'a
? oM, = (a'a) >
Magnons renormalize the total magnetization E
-
ke  kdk LLI
5MZ ~ Tfo A+k? IA
Temperature Momentum

In the absence of a magnon gap, the correction to the magnetization is infinite

oM., NTfOC@%oo



Topological magnons

A magnon dispersion can have topological gaps at high energies, leading to topological modes

— Bulk magnon bands - Ribbon magnon bands Position operator
2.5 251
2.0 2.0
> >
o o
L5 L5
= =
L LLl
1.0 1.0
0.5 0.5 1

0.0 Momentum 0.0° Momentum H — E /7/7/] aj: aj



Quantum spin liquids and
sSpinons



The Ising dimer

What is the ground state of this Hamiltonian

. Z Qz
H = 257
The Hamiltonian has two ground states (related by time-reversal symmetry)

G51) = [T GS2) = [ 1)

Each ground state breaks time-reversal symmetry

A symmetry broken antiferromagnet is a macroscopic version of this



The quantum Heisenberg dimer

What is the ground state of this quantum Hamiltonian?
H =255
The ground state is unique, and does not break time-reversal
_ 1 A
GS) = L[| 1) — [41)]  (So=0

The state is maximally entangled

Can we have a macroscopic version of this ground state? <Sz> =0



Towards gquantum-spin liguids

Ferromagnetism Antiferromagnetism Frustrated magnetism

To get a quantum-spin liquid, we should look for frustrated magnetism

—

(S;) =0



)
)
O
=
©
©
D
e
Qv
-
T
V)
-)
 _—
LL

Triangular




Quasiparticles in a

guantum spin-liquid

Let us assume that a certain Hamiltonian realizes a QSL H = E Jij SZ y Sj

- tJ
Quantum spin liquids require <Sz> =0

The approximation used for magnons breaks down

(57) = 5 — {aja,)
<a;-raz-> < S

We need a new approximation for the quantum excitations



The parton transformation

Transform spin operators to auxiliary fermions (Abrikosov fermions)

1
S = Sosufl i

The fermions f (spinons) have S=1/2 but no charge

This transformation artificially enlarges the Hilbert space, thus we have to put the constraint
§ : T _
f’I;,Sfias T 1
S

This transformation allow to turn a spin Hamiltonian into a fermionic Hamiltonian



The spinon Hamiltonian

. " : a a rf
We can insert the auxiliary fermions Si ~ 087S,fi78f,&,3/

And perform a mean-field in the auxiliary fermions (spinons)

H = nggz ' gj - H = injfzfr,sfjas

’L] ij78

—

Enforcing time-reversal symmetry <Sz> = (

The exitations of the QSL are described by a single particle spinon Hamiltonian



Spinon dispersions

Gapless spinons Gapped spinons Dirac spinons

N
/7 N\

H = Z Xz'jfr;r,sfj,s

17,8



The Kondo lattice model



The Kondo problem

Conduction electrons

H = _tZ(’L,])O' (C;-rO_CjO- + H.c )

Kondo coupling

. ‘\]K — Zaﬁ (C(JSB&)BQCOQLVS_)

We now take a quantum spin S=1/2

GS) ~ L[ 1) — | 4)




The Kondo lattice problem

The Kondo lattice problem
H=—=t) o (C;racja T H-C + I ap 5Uﬁacja) =y

\ Kondo sites
Conduction electrons

Kondo coupling




Building an artificial heavy fermion state

Lattice of Kondo impurities Dispersive electron gas

JK

- -

Both ingredients coupled through Kondo coupling



Building an artificial heavy fermion state

Conduction electrons form
Kondo singlets with the impurities

&
(1
]
.\
(1

Kondo-lattice model

Associated with Kondo lattice physics:
- Colossal mass enhancement of electrons

- Quantum criticality
- Unconventional (topological) superconductivity



Solving the Kondo lattice problem

H ==t (CIaCja + He ) +J2 a8 (C}Lﬂ&ﬁa%) -5

Replace the spin sites by auxiliary fermions Saﬁ (]) _ fT ij o 'nJ;\([j) oo

This makes the effective Hamiltonian an “interacting” fermionic Hamiltonian

Y a7 z (o) (Flacsa)



Solving the Kondo lattice problem

Now we decouple the fermions with a mean-field approximation

i~ St~ Y (o) (F)
ko J,ap

Obtaining a quadratic Hamiltonian

H ~ Z ekCLacka — YK Z fiacka + h.c.

ka/ k,af \

Conduction band dispersion Kondo hybridization



Electronic structure of
the Kondo lattice problem

Conduction
< glectrons

Kondo site/conduction electron

-1.5 Auxiliary Kondo fermions

Momentum



Electronic structure of
the Kondo lattice problem

~
o
S
N
-
Mo
i

Energy

-0.5

~1.0 \/

-1.5

o
o
Kondo site/conduction electron

—2.0 Momentum

The Kondo coupling opens up a gap in the electronic structure



Dependence on the Kondo coupling

The heavy-fermion gap becomes bigger as the Kondo coupling increases

, Jk = 0.0 , Jx = 0.25 ; Jk = 0.5
1 1 1 \ /
> > ! >
o 2 “— =3
O 0 T (| e————— | e— o 0 — —
W i \/ 0
-1 -1 -1 \/
-2 -2 -2
Momentum Momentum Momentum

Kondo site/conduction electron Kondo site/conduction electron Kondo site/conduction electron




Take home

* Magnetism arises from repulsive interactions

* The fundamental excitations of magnets are magnons and
nave S=1

* Frustrated magnetic models can display guantum spin-
iquid behavior

 The fundamental excitations of QSL have S=1/2
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