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Quiz 1



Statistical significance ≠ Effect size
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Outline of the course

1. Mean, Standard Deviation, Standard Error, Confidence Intervals, T-
test

2. Fourier Transform, Wavelet Transforms, Spectrograms, High-pass, 
Low-pass filters

3. Principal Component Analysis / Singular Value Decomposition
4. Linear Regression / Logistic Regression
5. Clustering Methods
6. Non-linear Methods: Independant Component Analysis, t-Stochastic 

Neighbour Embedding, Random Forests, Deep Networks
7. Invited lecture from the biomedical industry
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Spend 5 minutes explaining to your neighbor

• What is the Fourier transform?
(switch roles)
• What can it be useful for?



Visualization of the Fourier Transform

source: https://en.wikipedia.org/wiki/Fourier_transform 

The Fourier transform expresses a signal into a sum of sine and cosine functions.

https://en.wikipedia.org/wiki/Fourier_transform


Fourier Transform : definition

where 
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is the kth Fourier component

is the nth element of the sequence

is the total size of the input sequence

is a frequency index
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It is a change of basis, which re-expresses an input sequence X into a 
new basis of sine and cosine functions (i.e. frequency domain):



Visualization of the Fourier Transform

source: https://en.wikipedia.org/wiki/Fourier_transform 

Expressing the signal as complex sinusoids has the benefit of compactly 
representing all necessary information about each frequency, namely  the 
amplitude and phase of the signal for this frequency
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Discrete Fourier Transform (DFT) : definition
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It is a change of basis, which re-expresses an input sequence X into a 
new basis of sine and cosine functions (i.e. frequency domain):

where 
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bX
is the Fourier transform

is the Fourier representation

is the input sequence



Fast Fourier transform: definition
Fast Fourier transform (FFT) is an algorithm that computes the discrete Fourier 
transform (DFT) of a sequence very efficiently (complexity N.log(N) instead of N2, where 
N is the size of the input sequence), by taking advantage of the very specific structure of 
the DFT transform:

source: https://en.wikipedia.org/wiki/Fast_Fourier_transform



Fourier Spectrum: definition
The Fourier spectrum of a signal or time series describes how the 
power of this signal is distributed over frequency. It is defined as:
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S(k) is the power spectrum at frequency k
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cxk is the Fourier component at frequency k

Spectrum



Low-pass, high-pass and band-pass filters

• A low-pass filter is a filter that passes signals with a frequency lower 
than a selected cutoff frequency and attenuates signals with 
frequencies higher than the cutoff frequency. 

• A high-pass filter is a filter that passes signals with a frequency higher 
than a certain cutoff frequency and attenuates signals with 
frequencies lower than the cutoff frequency.

• A band-pass filter is the combination of a high-pass and a low-pass 
filter



Low-pass, high-pass and band-pass filters



Low-pass filtering
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Low-pass filtering consists in getting rid of the high-frequency components:
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Xlow�pass = F t⇤
trunc

bXtrunc

low-pass filtering window



High-pass filtering

<latexit sha1_base64="L7N7UZSS/wKQC2DQoJDTDfgLm4A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuKeM5Q==</latexit>

X

High-pass filtering consists in getting rid of the low frequency components:
<latexit sha1_base64="XEpsxKBxFw1opchN8SZUcW8s8cs=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyyCq5JIUZdFQVxWsA9oQ5hMJ+3QySTMTIQagr/ixoUibv0Pd/6Nk5iFth4YOJxzL3Pu8WNGpbLtL6OytLyyulZdr21sbm3vmLt7XRklApMOjlgk+j6ShFFOOooqRvqxICj0Gen506vc790TIWnE79QsJm6IxpwGFCOlJc88GIZITTBi6XXmpUokHGc1z6zbDbuAtUicktShRNszP4ejCCch4QozJOXAsWPlpkgoihnJasNEkhjhKRqTgaYchUS6aZE+s461MrKCSOjHlVWovzdSFEo5C309mWeV814u/ucNEhVcuCnlcaKIPqv4KEiYpSIrr8IaUUGwYjNNEBZUZ7XwBAmElS4sL8GZP3mRdE8bzlmjedusty7LOqpwCEdwAg6cQwtuoA0dwPAAT/ACr8aj8Wy8Ge8/oxWj3NmHPzA+vgHZ/pV9</latexit>Ftrunc

<latexit sha1_base64="DNhYd4jHj/IKljNGXg3ANCn5t1E=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRbBVUmkqMuiG5cV7APaECaTaTt0MgkzN0oNwV9x40IRt/6HO//GScxCWw9cOJxzL/fe48ecKbDtL6OytLyyulZdr21sbm3vmLt7XRUlktAOiXgk+z5WlDNBO8CA034sKQ59Tnv+9Cr3e3dUKhaJW5jF1A3xWLARIxi05JkHw3sW0AmGtJ95KchEkKzmmXW7YRewFolTkjoq0fbMz2EQkSSkAgjHSg0cOwY3xRIY4TSrDRNFY0ymeEwHmgocUuWmxfWZdayVwBpFUpcAq1B/T6Q4VGoW+rozxDBR814u/ucNEhhduCkTcQJUv1UsGiXcgsjKo7ACJikBPtMEE8n0rRaZYIkJ6MDyEJz5lxdJ97ThnDWaN81667KMo4oO0RE6QQ46Ry10jdqogwh6QE/oBb0aj8az8Wa8/7RWjHJmH/2B8fENCO6Vmw==</latexit>

bXtrunc

<latexit sha1_base64="/Hu+4PHyD86uDy3BKMNsRQ+h2oI=">AAACJnicbVDLSgMxFM34rPVVdekmWAQRLDNS1I0gCuKygq2Ftg6ZTKYTmnmQ3FFKmK9x46+4cVERceenmKlFfB0IHM65l5tzvFRwBbb9Zk1Nz8zOzZcWyotLyyurlbX1lkoySVmTJiKRbY8oJnjMmsBBsHYqGYk8wa69wVnhX98yqXgSX8EwZb2I9GMecErASG7luO3qkPfDvZQoleNj3I0IhJQIfZ67GmQW0/xGw26Ou3fcZyEB3f4yym6latfsMfBf4kxIFU3QcCujrp/QLGIxUGEudhw7hZ4mEjgVLC93M8VSQgekzzqGxiRiqqfHMXO8bRQfB4k0LwY8Vr9vaBIpNYw8M1mEUL+9QvzP62QQHPU0j9MMmIk1PhRkAkOCi86wzyWjIIaGECq5+SumIZGEgmm2KMH5Hfkvae3XnINa/bJePTmd1FFCm2gL7SAHHaITdIEaqIkoukePaISerQfryXqxXj9Hp6zJzgb6Aev9A07opvA=</latexit>

Xhigh�pass = F t⇤
trunc

bXtrunc

low-pass filtering window



Ringing artifacts and how to avoid them

Ringing artifacts are oscillations in the signal that appear as a result of
sharp low-pass filtering:



Ringing artifacts and how to avoid them

A sharp low-pass filtering window in frequency domain artificially 
creates oscillations in the temporal domain because the Fourier 
transform of a rectangular window is the ‘sinc’ function:

low-pass filtering window Fourier transform of this low-pass filtering window



Ringing artifacts and how to avoid them
To avoid ringing artifacts, one can smoothly attenuate high-frequency 
components, a process called ‘windowing’. Many possible windows 
exist:



Wavelet transform: definitions
• A wavelet is a wave-like oscillation with an amplitude that begins at 

zero, increases or decreases, and then returns to zero one or more 
times.



Wavelet transform: definitions

• A wavelet is a wave-like oscillation with an amplitude that begins at 
zero, increases or decreases, and then returns to zero one or more 
times.

• A wavelet transform is a projection of the signal onto a family of 
wavelets of increasing frequency.

• A wavelet transform is often used to compute spectrograms (also 
called scalograms), which are  visual representation of the spectrum 
of frequencies of a signal as it varies with time. 



Example: Spectrogram for syllable detection in the songbird

Fukushima &  Margoliash 2014 



Case study 1: EEG recordings



Spectrum of an EEG recording

Figure 3. Example of the signal and corresponding spectra for 4.5 seconds of EEG data for one electrode. 
The top left panel shows the time-course of the raw EEG. The corresponding power spectrum is shown on 
the right panel, in logarithmic scale. 

Spectrum



Artifacts in EEG recordings

Artifact: an electroencephalographic 
wave that arises from sources other 
than the brain



EEG spectrograms



Denoising EEG using the spectrogram

Denoised by removing wavelet coefficients above a certain magnitude



Band-pass analysis of EEG recordings



Case study 2: Spectrogram for data analysis

Relation between electrocardiographs (ECG) 
and blood pressure (BP) measurements over the 
same time period. 

In the plot presented, one can see ECG and BP 
signals, along with their scalograms. It is visible 
that two (framed) events, visible in the 
scalogram of ECG, have corresponding reaction 
in BP scalogram, but with some visible time 
delay. 



Next lecture

• Principal Component Analysis
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Supplementary material (can be ignored)



Nyquist–Shannon sampling theorem

• The sampling theorem essentially says that a signal has to be sampled 
at least with twice the maximum frequency of the original signal, in 
order to avoid loosing information by confusing some frequencies 
with others.



DFT MATRIX



DFT MATRIX



A word about aliasing and windowing



Spectrogram vs Scalogram

• A spectrogram is a visual representation of the spectrum of 
frequencies of a signal as it varies with time. 

• A spectrogram can be generated by a bank of band-pass filters, by 
Fourier transform or by a wavelet transform (in which case it is also 
known as a scaleogram or scalogram).[2]

https://en.wikipedia.org/wiki/Spectral_density
https://en.wikipedia.org/wiki/Frequencies
https://en.wikipedia.org/wiki/Band-pass_filter
https://en.wikipedia.org/wiki/Fourier_transform
https://en.wikipedia.org/wiki/Wavelet_transform
https://en.wikipedia.org/wiki/Spectrogram


Spectrogram vs Scalogram



Spectrogram vs Scalogram

Figure. 4 Comparison of the spectrogram, wavelet scalogram and Hilbert spectrum of a same time series. Top 
Row: Original signal. Second row: Short time Fourier Transform spectrogram. Third row: Wavelet Scalogram, 
using a Morlet mother wavelet. 


