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Outline of the course

1. Mean, Standard Deviation, Standard Error, Confidence Intervals, T-test
2. Fourier Transform, Wavelet Transforms, Spectrograms, High-pass, Low-

pass filters
3. Principal Component Analysis (PCA) and Singular Value Decomposition 

(SVD)
4. Clustering Methods
5. Linear Regression / Logistic Regression
6. Non-linear Methods: Independant Component Analysis, t-Stochastic 

Neighbour Embedding, Random Forests, Deep Networks
7. Invited lectures from the biomedical industry
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Explain to your neighbor for 5 minutes

• What is PCA?
(switch roles)
• What can it be used for?
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Experiment
- Calcium imaging with a two-photon scanner (indicator: GCaMP6m)

- 250,000 voxels (200,000 neurons)
2.6 micron*2.6 micron*7.5micron

- acquisition frequency: 2Hz

- session duration:  33 minutes (4000 points)

- no stimulus / no behavior

A case study: whole brain calcium imaging in the fruit fly
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A case study: whole brain calcium imaging in the fruit fly
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real time x 10

A case study: whole brain calcium imaging in the fruit fly
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A case study: whole brain calcium imaging in the fruit fly
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subtracting the mean activity of every voxel



A case study: whole brain calcium imaging in the fruit fly
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averaging the activity over 
regions:



A case study: whole brain calcium imaging in the fruit fly

averaging the activity over 
regions:



A case study: whole brain calcium imaging in the fruit fly

PCA consists in 
“lumping together” 
regions that cofluctuate 
in order to maximize 
the signal (informal 
definition).



Use-cases of PCA: a good first step to analyze 
high-dimensional datasets

• Exploratory data analysis of a high-dimensional dataset

• Revealing hidden structure in a dataset

• Reducing the dimensionality of a dataset for modelling purposes

• Removing noise

14



A case study: whole brain calcium imaging in the fruit fly

<latexit sha1_base64="AOGgM1cGlb0OCwnvrGSu9UHa74c=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5KIqBeh6MVjBfsBbQib7bZdusmG3YlaQg5e/CtePCji1R/hzX/jts1BWx8MPN6bYWZeEAuuwXG+rcLS8srqWnG9tLG5tb1j7+41tUwUZQ0qhVTtgGgmeMQawEGwdqwYCQPBWsHoauK37pjSXEa3MI6ZF5JBxPucEjCSb5e70tiKD4ZAlJL3KX7wU/B5luEL3644VWcKvEjcnFRQjrpvf3V7kiYhi4AKonXHdWLwUqKAU8GyUjfRLCZ0RAasY2hEQqa9dPpEhg+N0sN9qUxFgKfq74mUhFqPw8B0hgSGet6biP95nQT6517KozgBFtHZon4iMEg8SQT3uGIUxNgQQhU3t2I6JIpQMLmVTAju/MuLpHlcdU+rJzcnldplHkcRldEBOkIuOkM1dI3qqIEoekTP6BW9WU/Wi/VufcxaC1Y+s4/+wPr8AX7FmKM=</latexit>�!xti = ...
<latexit sha1_base64="ip966sy+NezoBNvj8Lr126eKBtA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY9FLx4r2A9oQ9hst+3SzSbsTsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6SGS6F4AwVK3k40p1EoeSsc3U791iPXRsTqAccJ9yM6UKIvGEUrdclTkGEgznXgTYJS2a24M5Bl4uWkDDnqQemr24tZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezmyfk1Co90o+1LYVkpv6eyGhkzDgKbWdEcWgWvan4n9dJsX/tZ0IlKXLF5ov6qSQYk2kApCc0ZyjHllCmhb2VsCHVlKGNqWhD8BZfXibNi4p3WaneV8u1mzyOAhzDCZyBB1dQgzuoQwMYJPAMr/DmpM6L8+58zFtXnHzmCP7A+fwBeISRVA==</latexit>xti,r1

<latexit sha1_base64="lGK0aNSxTIm8/8+HHhpHZTCfRxg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgQcJuCOox6MVjBPOAZFlmJ7PJkNkHM71iWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dfiKFRtv+tgpr6xubW8Xt0s7u3v5B+fCoreNUMd5isYxV16eaSxHxFgqUvJsoTkNf8o4/vp35nUeutIijB5wk3A3pMBKBYBSN1CdPXoaeuFBebeqVK3bVnoOsEicnFcjR9Mpf/UHM0pBHyCTVuufYCboZVSiY5NNSP9U8oWxMh7xnaERDrt1sfvOUnBllQIJYmYqQzNXfExkNtZ6EvukMKY70sjcT//N6KQbXbiaiJEUescWiIJUEYzILgAyE4gzlxBDKlDC3EjaiijI0MZVMCM7yy6ukXas6l9X6fb3SuMnjKMIJnMI5OHAFDbiDJrSAQQLP8ApvVmq9WO/Wx6K1YOUzx/AH1ucPegmRVQ==</latexit>xti,r2
<latexit sha1_base64="OmljODouWqXBxv06KU44/pBCojo=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY9FLx4r2A9oQ9hst+3SzSbsTsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6SGS6F4AwVK3k40p1EoeSsc3U791iPXRsTqAccJ9yM6UKIvGEUrdclTkGEgznUgJkGp7FbcGcgy8XJShhz1oPTV7cUsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZzRNyapUe6cfalkIyU39PZDQyZhyFtjOiODSL3lT8z+uk2L/2M6GSFLli80X9VBKMyTQA0hOaM5RjSyjTwt5K2JBqytDGVLQheIsvL5PmRcW7rFTvq+XaTR5HAY7hBM7AgyuowR3UoQEMEniGV3hzUufFeXc+5q0rTj5zBH/gfP4AzZyRjA==</latexit>xti,ri

Vectorial notation of activity: 

...



Geometric representation of the data

Activity in region 1 
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<latexit sha1_base64="I2UU3Wdwn+EVZFiXdBe8beqjZXA=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEinosevFYwX5AG8Jmu22XbrJhd6KWELz4V7x4UMSrv8Kb/8Ztm4O2Phh4vDfDzLwgFlyD43xbhaXlldW14nppY3Nre8fe3WtqmSjKGlQKqdoB0UzwiDWAg2DtWDESBoK1gtHVxG/dMaW5jG5hHDMvJIOI9zklYCTfPuhKYys+GAJRSt6n+MFPwedZ5ttlp+JMgReJm5MyylH37a9uT9IkZBFQQbTuuE4MXkoUcCpYVuommsWEjsiAdQyNSMi0l05fyPCxUXq4L5WpCPBU/T2RklDrcRiYzpDAUM97E/E/r5NA/8JLeRQnwCI6W9RPBAaJJ3ngHleMghgbQqji5lZMh0QRCia1kgnBnX95kTRPK+5ZpXpTLdcu8ziK6BAdoRPkonNUQ9eojhqIokf0jF7Rm/VkvVjv1sestWDlM/voD6zPH5IymDI=</latexit>�!xti

<latexit sha1_base64="3e6XsuwWT6M7GSD+KaVPVDmAphw=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEinosevFYwX5AG8Jmu22XbrJhd6KWELz4V7x4UMSrv8Kb/8Ztm4O2Phh4vDfDzLwgFlyD43xbhaXlldW14nppY3Nre8fe3WtqmSjKGlQKqdoB0UzwiDWAg2DtWDESBoK1gtHVxG/dMaW5jG5hHDMvJIOI9zklYCTfPuhKYys+GAJRSt6n+MFPwXezzLfLTsWZAi8SNydllKPu21/dnqRJyCKggmjdcZ0YvJQo4FSwrNRNNIsJHZEB6xgakZBpL52+kOFjo/RwXypTEeCp+nsiJaHW4zAwnSGBoZ73JuJ/XieB/oWX8ihOgEV0tqifCAwST/LAPa4YBTE2hFDFza2YDokiFExqJROCO//yImmeVtyzSvWmWq5d5nEU0SE6QifIReeohq5RHTUQRY/oGb2iN+vJerHerY9Za8HKZ/bRH1ifPzzil/o=</latexit>�!xt1

<latexit sha1_base64="QUGujnGy9NvZEOZEilIQPDjH/dk=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCp5KUoh6LXjxWsB/QhrDZbtqlm2zYnaglFC/+FS8eFPHqr/Dmv3Hb5qCtDwYe780wMy9IBNfgON/W0vLK6tp6YaO4ubW9s2vv7Te1TBVlDSqFVO2AaCZ4zBrAQbB2ohiJAsFawfBq4rfumNJcxrcwSpgXkX7MQ04JGMm3D7vS2Ir3B0CUkvcZfvAz8CvjsW+XnLIzBV4kbk5KKEfdt7+6PUnTiMVABdG64zoJeBlRwKlg42I31SwhdEj6rGNoTCKmvWz6whifGKWHQ6lMxYCn6u+JjERaj6LAdEYEBnrem4j/eZ0Uwgsv43GSAovpbFGYCgwST/LAPa4YBTEyhFDFza2YDogiFExqRROCO//yImlWyu5ZuXpTLdUu8zgK6Agdo1PkonNUQ9eojhqIokf0jF7Rm/VkvVjv1sesdcnKZw7QH1ifPz5ol/s=</latexit>�!xt2

<latexit sha1_base64="ip966sy+NezoBNvj8Lr126eKBtA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY9FLx4r2A9oQ9hst+3SzSbsTsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6SGS6F4AwVK3k40p1EoeSsc3U791iPXRsTqAccJ9yM6UKIvGEUrdclTkGEgznXgTYJS2a24M5Bl4uWkDDnqQemr24tZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezmyfk1Co90o+1LYVkpv6eyGhkzDgKbWdEcWgWvan4n9dJsX/tZ0IlKXLF5ov6qSQYk2kApCc0ZyjHllCmhb2VsCHVlKGNqWhD8BZfXibNi4p3WaneV8u1mzyOAhzDCZyBB1dQgzuoQwMYJPAMr/DmpM6L8+58zFtXnHzmCP7A+fwBeISRVA==</latexit>xti,r1

<latexit sha1_base64="lGK0aNSxTIm8/8+HHhpHZTCfRxg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgQcJuCOox6MVjBPOAZFlmJ7PJkNkHM71iWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dfiKFRtv+tgpr6xubW8Xt0s7u3v5B+fCoreNUMd5isYxV16eaSxHxFgqUvJsoTkNf8o4/vp35nUeutIijB5wk3A3pMBKBYBSN1CdPXoaeuFBebeqVK3bVnoOsEicnFcjR9Mpf/UHM0pBHyCTVuufYCboZVSiY5NNSP9U8oWxMh7xnaERDrt1sfvOUnBllQIJYmYqQzNXfExkNtZ6EvukMKY70sjcT//N6KQbXbiaiJEUescWiIJUEYzILgAyE4gzlxBDKlDC3EjaiijI0MZVMCM7yy6ukXas6l9X6fb3SuMnjKMIJnMI5OHAFDbiDJrSAQQLP8ApvVmq9WO/Wx6K1YOUzx/AH1ucPegmRVQ==</latexit>xti,r2
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<latexit sha1_base64="AOGgM1cGlb0OCwnvrGSu9UHa74c=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5KIqBeh6MVjBfsBbQib7bZdusmG3YlaQg5e/CtePCji1R/hzX/jts1BWx8MPN6bYWZeEAuuwXG+rcLS8srqWnG9tLG5tb1j7+41tUwUZQ0qhVTtgGgmeMQawEGwdqwYCQPBWsHoauK37pjSXEa3MI6ZF5JBxPucEjCSb5e70tiKD4ZAlJL3KX7wU/B5luEL3644VWcKvEjcnFRQjrpvf3V7kiYhi4AKonXHdWLwUqKAU8GyUjfRLCZ0RAasY2hEQqa9dPpEhg+N0sN9qUxFgKfq74mUhFqPw8B0hgSGet6biP95nQT6517KozgBFtHZon4iMEg8SQT3uGIUxNgQQhU3t2I6JIpQMLmVTAju/MuLpHlcdU+rJzcnldplHkcRldEBOkIuOkM1dI3qqIEoekTP6BW9WU/Wi/VufcxaC1Y+s4/+wPr8AX7FmKM=</latexit>�!xti = ...
<latexit sha1_base64="ip966sy+NezoBNvj8Lr126eKBtA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY9FLx4r2A9oQ9hst+3SzSbsTsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6SGS6F4AwVK3k40p1EoeSsc3U791iPXRsTqAccJ9yM6UKIvGEUrdclTkGEgznXgTYJS2a24M5Bl4uWkDDnqQemr24tZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezmyfk1Co90o+1LYVkpv6eyGhkzDgKbWdEcWgWvan4n9dJsX/tZ0IlKXLF5ov6qSQYk2kApCc0ZyjHllCmhb2VsCHVlKGNqWhD8BZfXibNi4p3WaneV8u1mzyOAhzDCZyBB1dQgzuoQwMYJPAMr/DmpM6L8+58zFtXnHzmCP7A+fwBeISRVA==</latexit>xti,r1

<latexit sha1_base64="lGK0aNSxTIm8/8+HHhpHZTCfRxg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgQcJuCOox6MVjBPOAZFlmJ7PJkNkHM71iWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dfiKFRtv+tgpr6xubW8Xt0s7u3v5B+fCoreNUMd5isYxV16eaSxHxFgqUvJsoTkNf8o4/vp35nUeutIijB5wk3A3pMBKBYBSN1CdPXoaeuFBebeqVK3bVnoOsEicnFcjR9Mpf/UHM0pBHyCTVuufYCboZVSiY5NNSP9U8oWxMh7xnaERDrt1sfvOUnBllQIJYmYqQzNXfExkNtZ6EvukMKY70sjcT//N6KQbXbiaiJEUescWiIJUEYzILgAyE4gzlxBDKlDC3EjaiijI0MZVMCM7yy6ukXas6l9X6fb3SuMnjKMIJnMI5OHAFDbiDJrSAQQLP8ApvVmq9WO/Wx6K1YOUzx/AH1ucPegmRVQ==</latexit>xti,r2
<latexit sha1_base64="OmljODouWqXBxv06KU44/pBCojo=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY9FLx4r2A9oQ9hst+3SzSbsTsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6SGS6F4AwVK3k40p1EoeSsc3U791iPXRsTqAccJ9yM6UKIvGEUrdclTkGEgznUgJkGp7FbcGcgy8XJShhz1oPTV7cUsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZzRNyapUe6cfalkIyU39PZDQyZhyFtjOiODSL3lT8z+uk2L/2M6GSFLli80X9VBKMyTQA0hOaM5RjSyjTwt5K2JBqytDGVLQheIsvL5PmRcW7rFTvq+XaTR5HAY7hBM7AgyuowR3UoQEMEniGV3hzUufFeXc+5q0rTj5zBH/gfP4AzZyRjA==</latexit>xti,ri

...

Vectorial notation of activity: 



Note: the activity in these two regions cofluctuates.

17

Geometric representation of the data

<latexit sha1_base64="AOGgM1cGlb0OCwnvrGSu9UHa74c=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5KIqBeh6MVjBfsBbQib7bZdusmG3YlaQg5e/CtePCji1R/hzX/jts1BWx8MPN6bYWZeEAuuwXG+rcLS8srqWnG9tLG5tb1j7+41tUwUZQ0qhVTtgGgmeMQawEGwdqwYCQPBWsHoauK37pjSXEa3MI6ZF5JBxPucEjCSb5e70tiKD4ZAlJL3KX7wU/B5luEL3644VWcKvEjcnFRQjrpvf3V7kiYhi4AKonXHdWLwUqKAU8GyUjfRLCZ0RAasY2hEQqa9dPpEhg+N0sN9qUxFgKfq74mUhFqPw8B0hgSGet6biP95nQT6517KozgBFtHZon4iMEg8SQT3uGIUxNgQQhU3t2I6JIpQMLmVTAju/MuLpHlcdU+rJzcnldplHkcRldEBOkIuOkM1dI3qqIEoekTP6BW9WU/Wi/VufcxaC1Y+s4/+wPr8AX7FmKM=</latexit>�!xti = ...
<latexit sha1_base64="ip966sy+NezoBNvj8Lr126eKBtA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY9FLx4r2A9oQ9hst+3SzSbsTsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6SGS6F4AwVK3k40p1EoeSsc3U791iPXRsTqAccJ9yM6UKIvGEUrdclTkGEgznXgTYJS2a24M5Bl4uWkDDnqQemr24tZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezmyfk1Co90o+1LYVkpv6eyGhkzDgKbWdEcWgWvan4n9dJsX/tZ0IlKXLF5ov6qSQYk2kApCc0ZyjHllCmhb2VsCHVlKGNqWhD8BZfXibNi4p3WaneV8u1mzyOAhzDCZyBB1dQgzuoQwMYJPAMr/DmpM6L8+58zFtXnHzmCP7A+fwBeISRVA==</latexit>xti,r1

<latexit sha1_base64="lGK0aNSxTIm8/8+HHhpHZTCfRxg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgQcJuCOox6MVjBPOAZFlmJ7PJkNkHM71iWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dfiKFRtv+tgpr6xubW8Xt0s7u3v5B+fCoreNUMd5isYxV16eaSxHxFgqUvJsoTkNf8o4/vp35nUeutIijB5wk3A3pMBKBYBSN1CdPXoaeuFBebeqVK3bVnoOsEicnFcjR9Mpf/UHM0pBHyCTVuufYCboZVSiY5NNSP9U8oWxMh7xnaERDrt1sfvOUnBllQIJYmYqQzNXfExkNtZ6EvukMKY70sjcT//N6KQbXbiaiJEUescWiIJUEYzILgAyE4gzlxBDKlDC3EjaiijI0MZVMCM7yy6ukXas6l9X6fb3SuMnjKMIJnMI5OHAFDbiDJrSAQQLP8ApvVmq9WO/Wx6K1YOUzx/AH1ucPegmRVQ==</latexit>xti,r2
<latexit sha1_base64="OmljODouWqXBxv06KU44/pBCojo=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY9FLx4r2A9oQ9hst+3SzSbsTsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6SGS6F4AwVK3k40p1EoeSsc3U791iPXRsTqAccJ9yM6UKIvGEUrdclTkGEgznUgJkGp7FbcGcgy8XJShhz1oPTV7cUsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZzRNyapUe6cfalkIyU39PZDQyZhyFtjOiODSL3lT8z+uk2L/2M6GSFLli80X9VBKMyTQA0hOaM5RjSyjTwt5K2JBqytDGVLQheIsvL5PmRcW7rFTvq+XaTR5HAY7hBM7AgyuowR3UoQEMEniGV3hzUufFeXc+5q0rTj5zBH/gfP4AzZyRjA==</latexit>xti,ri

Vectorial notation of activity: 

...

Activity in region 1 
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<latexit sha1_base64="I2UU3Wdwn+EVZFiXdBe8beqjZXA=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEinosevFYwX5AG8Jmu22XbrJhd6KWELz4V7x4UMSrv8Kb/8Ztm4O2Phh4vDfDzLwgFlyD43xbhaXlldW14nppY3Nre8fe3WtqmSjKGlQKqdoB0UzwiDWAg2DtWDESBoK1gtHVxG/dMaW5jG5hHDMvJIOI9zklYCTfPuhKYys+GAJRSt6n+MFPwedZ5ttlp+JMgReJm5MyylH37a9uT9IkZBFQQbTuuE4MXkoUcCpYVuommsWEjsiAdQyNSMi0l05fyPCxUXq4L5WpCPBU/T2RklDrcRiYzpDAUM97E/E/r5NA/8JLeRQnwCI6W9RPBAaJJ3ngHleMghgbQqji5lZMh0QRCia1kgnBnX95kTRPK+5ZpXpTLdcu8ziK6BAdoRPkonNUQ9eojhqIokf0jF7Rm/VkvVjv1sestWDlM/voD6zPH5IymDI=</latexit>�!xti

<latexit sha1_base64="3e6XsuwWT6M7GSD+KaVPVDmAphw=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEinosevFYwX5AG8Jmu22XbrJhd6KWELz4V7x4UMSrv8Kb/8Ztm4O2Phh4vDfDzLwgFlyD43xbhaXlldW14nppY3Nre8fe3WtqmSjKGlQKqdoB0UzwiDWAg2DtWDESBoK1gtHVxG/dMaW5jG5hHDMvJIOI9zklYCTfPuhKYys+GAJRSt6n+MFPwXezzLfLTsWZAi8SNydllKPu21/dnqRJyCKggmjdcZ0YvJQo4FSwrNRNNIsJHZEB6xgakZBpL52+kOFjo/RwXypTEeCp+nsiJaHW4zAwnSGBoZ73JuJ/XieB/oWX8ihOgEV0tqifCAwST/LAPa4YBTE2hFDFza2YDokiFExqJROCO//yImmeVtyzSvWmWq5d5nEU0SE6QifIReeohq5RHTUQRY/oGb2iN+vJerHerY9Za8HKZ/bRH1ifPzzil/o=</latexit>�!xt1

<latexit sha1_base64="QUGujnGy9NvZEOZEilIQPDjH/dk=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCp5KUoh6LXjxWsB/QhrDZbtqlm2zYnaglFC/+FS8eFPHqr/Dmv3Hb5qCtDwYe780wMy9IBNfgON/W0vLK6tp6YaO4ubW9s2vv7Te1TBVlDSqFVO2AaCZ4zBrAQbB2ohiJAsFawfBq4rfumNJcxrcwSpgXkX7MQ04JGMm3D7vS2Ir3B0CUkvcZfvAz8CvjsW+XnLIzBV4kbk5KKEfdt7+6PUnTiMVABdG64zoJeBlRwKlg42I31SwhdEj6rGNoTCKmvWz6whifGKWHQ6lMxYCn6u+JjERaj6LAdEYEBnrem4j/eZ0Uwgsv43GSAovpbFGYCgwST/LAPa4YBTEyhFDFza2YDogiFExqRROCO//yImlWyu5ZuXpTLdUu8zgK6Agdo1PkonNUQ9eojhqIokf0jF7Rm/VkvVjv1sesdcnKZw7QH1ifPz5ol/s=</latexit>�!xt2

<latexit sha1_base64="ip966sy+NezoBNvj8Lr126eKBtA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY9FLx4r2A9oQ9hst+3SzSbsTsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6SGS6F4AwVK3k40p1EoeSsc3U791iPXRsTqAccJ9yM6UKIvGEUrdclTkGEgznXgTYJS2a24M5Bl4uWkDDnqQemr24tZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezmyfk1Co90o+1LYVkpv6eyGhkzDgKbWdEcWgWvan4n9dJsX/tZ0IlKXLF5ov6qSQYk2kApCc0ZyjHllCmhb2VsCHVlKGNqWhD8BZfXibNi4p3WaneV8u1mzyOAhzDCZyBB1dQgzuoQwMYJPAMr/DmpM6L8+58zFtXnHzmCP7A+fwBeISRVA==</latexit>xti,r1

<latexit sha1_base64="lGK0aNSxTIm8/8+HHhpHZTCfRxg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgQcJuCOox6MVjBPOAZFlmJ7PJkNkHM71iWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dfiKFRtv+tgpr6xubW8Xt0s7u3v5B+fCoreNUMd5isYxV16eaSxHxFgqUvJsoTkNf8o4/vp35nUeutIijB5wk3A3pMBKBYBSN1CdPXoaeuFBebeqVK3bVnoOsEicnFcjR9Mpf/UHM0pBHyCTVuufYCboZVSiY5NNSP9U8oWxMh7xnaERDrt1sfvOUnBllQIJYmYqQzNXfExkNtZ6EvukMKY70sjcT//N6KQbXbiaiJEUescWiIJUEYzILgAyE4gzlxBDKlDC3EjaiijI0MZVMCM7yy6ukXas6l9X6fb3SuMnjKMIJnMI5OHAFDbiDJrSAQQLP8ApvVmq9WO/Wx6K1YOUzx/AH1ucPegmRVQ==</latexit>xti,r2



0

0

<latexit sha1_base64="uv4aZbEIo5nkA5qpaRzNbFQHTk4=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAbBU9iVoB6DXjxGMA9IlmV2MkmGzM4sM71KXIK/4sWDIl79D2/+jZNkD5pY0FBUddPdFSWCG/C8b2dpeWV1bb2wUdzc2t7Zdff2G0almrI6VULpVkQME1yyOnAQrJVoRuJIsGY0vJ74zXumDVfyDkYJC2LSl7zHKQErhe5hR1lb8/4AiNbqIWOhPw7dklf2psCLxM9JCeWohe5Xp6toGjMJVBBj2r6XQJARDZwKNi52UsMSQoekz9qWShIzE2TT68f4xCpd3FPalgQ8VX9PZCQ2ZhRHtjMmMDDz3kT8z2un0LsMMi6TFJiks0W9VGBQeBIF7nLNKIiRJYRqbm/FdEA0oWADK9oQ/PmXF0njrOyflyu3lVL1Ko+jgI7QMTpFPrpAVXSDaqiOKHpEz+gVvTlPzovz7nzMWpecfOYA/YHz+QNQ6pXK</latexit>�!e1<latexit sha1_base64="xpCQqmY1zCFUw5PSdXa/ZSbr1Ss=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KUoi6LblxWsA9oQ5hMJ+3QSSbM3Cg1FH/FjQtF3Pof7vwbp20W2nrgwuGce7n3niARXIPjfFuFldW19Y3iZmlre2d3z94/aGmZKsqaVAqpOgHRTPCYNYGDYJ1EMRIFgrWD0fXUb98zpbmM72CcMC8ig5iHnBIwkm8f9aSxFR8MgSglHzLmVye+XXYqzgx4mbg5KaMcDd/+6vUlTSMWAxVE667rJOBlRAGngk1KvVSzhNARGbCuoTGJmPay2fUTfGqUPg6lMhUDnqm/JzISaT2OAtMZERjqRW8q/ud1UwgvvYzHSQospvNFYSowSDyNAve5YhTE2BBCFTe3YjokilAwgZVMCO7iy8ukVa2455Xaba1cv8rjKKJjdILOkIsuUB3doAZqIooe0TN6RW/Wk/VivVsf89aClc8coj+wPn8AUm+Vyw==</latexit>�!e2

<latexit sha1_base64="uv4aZbEIo5nkA5qpaRzNbFQHTk4=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAbBU9iVoB6DXjxGMA9IlmV2MkmGzM4sM71KXIK/4sWDIl79D2/+jZNkD5pY0FBUddPdFSWCG/C8b2dpeWV1bb2wUdzc2t7Zdff2G0almrI6VULpVkQME1yyOnAQrJVoRuJIsGY0vJ74zXumDVfyDkYJC2LSl7zHKQErhe5hR1lb8/4AiNbqIWOhPw7dklf2psCLxM9JCeWohe5Xp6toGjMJVBBj2r6XQJARDZwKNi52UsMSQoekz9qWShIzE2TT68f4xCpd3FPalgQ8VX9PZCQ2ZhRHtjMmMDDz3kT8z2un0LsMMi6TFJiks0W9VGBQeBIF7nLNKIiRJYRqbm/FdEA0oWADK9oQ/PmXF0njrOyflyu3lVL1Ko+jgI7QMTpFPrpAVXSDaqiOKHpEz+gVvTlPzovz7nzMWpecfOYA/YHz+QNQ6pXK</latexit>�!e1

<latexit sha1_base64="xpCQqmY1zCFUw5PSdXa/ZSbr1Ss=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KUoi6LblxWsA9oQ5hMJ+3QSSbM3Cg1FH/FjQtF3Pof7vwbp20W2nrgwuGce7n3niARXIPjfFuFldW19Y3iZmlre2d3z94/aGmZKsqaVAqpOgHRTPCYNYGDYJ1EMRIFgrWD0fXUb98zpbmM72CcMC8ig5iHnBIwkm8f9aSxFR8MgSglHzLmVye+XXYqzgx4mbg5KaMcDd/+6vUlTSMWAxVE667rJOBlRAGngk1KvVSzhNARGbCuoTGJmPay2fUTfGqUPg6lMhUDnqm/JzISaT2OAtMZERjqRW8q/ud1UwgvvYzHSQospvNFYSowSDyNAve5YhTE2BBCFTe3YjokilAwgZVMCO7iy8ukVa2455Xaba1cv8rjKKJjdILOkIsuUB3doAZqIooe0TN6RW/Wk/VivVsf89aClc8coj+wPn8AUm+Vyw==</latexit>�!e2

Activity in region 1 
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A geometric view of PCA
PCA consists in “lumping together” regions that cofluctuate in order to maximize the signal 
(informal definition).



Definition: covariance

• Given two paired variables

• Their covariance is given by 

<latexit sha1_base64="SPu876aOf8lKbEtfVxeSDH5cq6g=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiuCghKUXdCEU3rqSCvUgTwmQ6aYdOJmFmIoTQhRtfxY0LRdz6EO58G5M2C239YeDjP+dw5vxexKhUpvmtlVZW19Y3ypuVre2d3T19/6Arw1hg0sEhC0XfQ5IwyklHUcVIPxIEBR4jPW9yldd7D0RIGvI7lUTECdCIU59ipDLL1av38ALaaeJadZi4jTo0DCOnG3tacfWaaZgzwWWwCqiBQm1X/7KHIY4DwhVmSMqBZUbKSZFQFDMyrdixJBHCEzQigww5Coh00tkRU3icOUPohyJ7XMGZ+3siRYGUSeBlnQFSY7lYy83/aoNY+edOSnkUK8LxfJEfM6hCmCcCh1QQrFiSAcKCZn+FeIwEwirLLQ/BWjx5GboNwzo1mrfNWuuyiKMMquAInAALnIEWuAZt0AEYPIJn8AretCftRXvXPuatJa2YOQR/pH3+AL0IlPk=</latexit>

Y = {y1, y2, ..., yN}

<latexit sha1_base64="qGN+2OPuRcCxKECApI/2fTio1EI=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAILkpISlE3QtGNK6lgL9CEMJlO26GTSZiZSEsouPFV3LhQxK0v4c63cdJmoa0/DHz85xzOnD+IGZXKtr+NpeWV1bX1wkZxc2t7Z9fc22/KKBGYNHDEItEOkCSMctJQVDHSjgVBYcBIKxheZ/XWAxGSRvxejWPihajPaY9ipLTlm4dteAnddOQ7ZTjyK2VoWVZGt+7EN0u2ZU8FF8HJoQRy1X3zy+1GOAkJV5ghKTuOHSsvRUJRzMik6CaSxAgPUZ90NHIUEuml0xsm8EQ7XdiLhH5cwan7eyJFoZTjMNCdIVIDOV/LzP9qnUT1LryU8jhRhOPZol7CoIpgFgjsUkGwYmMNCAuq/wrxAAmElY6tqENw5k9ehGbFcs6s6l21VLvK4yiAI3AMToEDzkEN3IA6aAAMHsEzeAVvxpPxYrwbH7PWJSOfOQB/ZHz+AHswlOE=</latexit>

X = {x1, x2, ..., xN}

<latexit sha1_base64="9X3oqvjUbSGS3K09O92dhMFRLFU="></latexit>

Cov(X,Y ) =
1

N

NX

i=1

(xi � µX)(yi � µY )

19
mean of signal X mean of signal Y



0

0

<latexit sha1_base64="uv4aZbEIo5nkA5qpaRzNbFQHTk4=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAbBU9iVoB6DXjxGMA9IlmV2MkmGzM4sM71KXIK/4sWDIl79D2/+jZNkD5pY0FBUddPdFSWCG/C8b2dpeWV1bb2wUdzc2t7Zdff2G0almrI6VULpVkQME1yyOnAQrJVoRuJIsGY0vJ74zXumDVfyDkYJC2LSl7zHKQErhe5hR1lb8/4AiNbqIWOhPw7dklf2psCLxM9JCeWohe5Xp6toGjMJVBBj2r6XQJARDZwKNi52UsMSQoekz9qWShIzE2TT68f4xCpd3FPalgQ8VX9PZCQ2ZhRHtjMmMDDz3kT8z2un0LsMMi6TFJiks0W9VGBQeBIF7nLNKIiRJYRqbm/FdEA0oWADK9oQ/PmXF0njrOyflyu3lVL1Ko+jgI7QMTpFPrpAVXSDaqiOKHpEz+gVvTlPzovz7nzMWpecfOYA/YHz+QNQ6pXK</latexit>�!e1<latexit sha1_base64="xpCQqmY1zCFUw5PSdXa/ZSbr1Ss=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KUoi6LblxWsA9oQ5hMJ+3QSSbM3Cg1FH/FjQtF3Pof7vwbp20W2nrgwuGce7n3niARXIPjfFuFldW19Y3iZmlre2d3z94/aGmZKsqaVAqpOgHRTPCYNYGDYJ1EMRIFgrWD0fXUb98zpbmM72CcMC8ig5iHnBIwkm8f9aSxFR8MgSglHzLmVye+XXYqzgx4mbg5KaMcDd/+6vUlTSMWAxVE667rJOBlRAGngk1KvVSzhNARGbCuoTGJmPay2fUTfGqUPg6lMhUDnqm/JzISaT2OAtMZERjqRW8q/ud1UwgvvYzHSQospvNFYSowSDyNAve5YhTE2BBCFTe3YjokilAwgZVMCO7iy8ukVa2455Xaba1cv8rjKKJjdILOkIsuUB3doAZqIooe0TN6RW/Wk/VivVsf89aClc8coj+wPn8AUm+Vyw==</latexit>�!e2

<latexit sha1_base64="uv4aZbEIo5nkA5qpaRzNbFQHTk4=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAbBU9iVoB6DXjxGMA9IlmV2MkmGzM4sM71KXIK/4sWDIl79D2/+jZNkD5pY0FBUddPdFSWCG/C8b2dpeWV1bb2wUdzc2t7Zdff2G0almrI6VULpVkQME1yyOnAQrJVoRuJIsGY0vJ74zXumDVfyDkYJC2LSl7zHKQErhe5hR1lb8/4AiNbqIWOhPw7dklf2psCLxM9JCeWohe5Xp6toGjMJVBBj2r6XQJARDZwKNi52UsMSQoekz9qWShIzE2TT68f4xCpd3FPalgQ8VX9PZCQ2ZhRHtjMmMDDz3kT8z2un0LsMMi6TFJiks0W9VGBQeBIF7nLNKIiRJYRqbm/FdEA0oWADK9oQ/PmXF0njrOyflyu3lVL1Ko+jgI7QMTpFPrpAVXSDaqiOKHpEz+gVvTlPzovz7nzMWpecfOYA/YHz+QNQ6pXK</latexit>�!e1

<latexit sha1_base64="xpCQqmY1zCFUw5PSdXa/ZSbr1Ss=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KUoi6LblxWsA9oQ5hMJ+3QSSbM3Cg1FH/FjQtF3Pof7vwbp20W2nrgwuGce7n3niARXIPjfFuFldW19Y3iZmlre2d3z94/aGmZKsqaVAqpOgHRTPCYNYGDYJ1EMRIFgrWD0fXUb98zpbmM72CcMC8ig5iHnBIwkm8f9aSxFR8MgSglHzLmVye+XXYqzgx4mbg5KaMcDd/+6vUlTSMWAxVE667rJOBlRAGngk1KvVSzhNARGbCuoTGJmPay2fUTfGqUPg6lMhUDnqm/JzISaT2OAtMZERjqRW8q/ud1UwgvvYzHSQospvNFYSowSDyNAve5YhTE2BBCFTe3YjokilAwgZVMCO7iy8ukVa2455Xaba1cv8rjKKJjdILOkIsuUB3doAZqIooe0TN6RW/Wk/VivVsf89aClc8coj+wPn8AUm+Vyw==</latexit>�!e2

Activity in region 1 
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A geometric view of PCA
PCA consists in finding a new ccordinate system aligned with the covariance of the data, such 
that the covariance between variables is null in that new basis (more formal definition).



“Algebra is the offer made by the devil to the 
mathematician. The devil says: I will give you this 
powerful machine, it will answer any question you 
like. All you need to do is give me your soul: give up 
geometry and you will have this marvelous machine.” 

― Michael Francis Atiyah

source: https://www.goodreads.com/quotes/9026708-algebra-is-the-offer-made-by-the-devil-to-the
https://uscatholic.org/articles/201409/what-do-catholics-believe-about-the-devil/

Algebraic view of PCA

21

https://www.goodreads.com/quotes/9026708-algebra-is-the-offer-made-by-the-devil-to-the


<latexit sha1_base64="Pk/9Zn11Dj8y3/N9u/8XCmzK+dY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHtrXvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mlE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6dukzxUyI8aWUKa4vZWwIVWUGRtOyYbgLb68TJpnVe+ien5/Xqnd5HEU4QiO4RQ8uIQa3EEdGsAghGd4hTdn5Lw4787HvLXg5DOH8AfO5w86Zo0s</latexit>

X = <latexit sha1_base64="tSt4AsScgkmYuQudhMaJyFxAPUI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBO0o0r</latexit>...
<latexit sha1_base64="tSt4AsScgkmYuQudhMaJyFxAPUI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBO0o0r</latexit>...

regions
time

data matrix

Algebraic view of PCA (1)

<latexit sha1_base64="I2UU3Wdwn+EVZFiXdBe8beqjZXA=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEinosevFYwX5AG8Jmu22XbrJhd6KWELz4V7x4UMSrv8Kb/8Ztm4O2Phh4vDfDzLwgFlyD43xbhaXlldW14nppY3Nre8fe3WtqmSjKGlQKqdoB0UzwiDWAg2DtWDESBoK1gtHVxG/dMaW5jG5hHDMvJIOI9zklYCTfPuhKYys+GAJRSt6n+MFPwedZ5ttlp+JMgReJm5MyylH37a9uT9IkZBFQQbTuuE4MXkoUcCpYVuommsWEjsiAdQyNSMi0l05fyPCxUXq4L5WpCPBU/T2RklDrcRiYzpDAUM97E/E/r5NA/8JLeRQnwCI6W9RPBAaJJ3ngHleMghgbQqji5lZMh0QRCia1kgnBnX95kTRPK+5ZpXpTLdcu8ziK6BAdoRPkonNUQ9eojhqIokf0jF7Rm/VkvVjv1sestWDlM/voD6zPH5IymDI=</latexit>�!xti

<latexit sha1_base64="3e6XsuwWT6M7GSD+KaVPVDmAphw=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEinosevFYwX5AG8Jmu22XbrJhd6KWELz4V7x4UMSrv8Kb/8Ztm4O2Phh4vDfDzLwgFlyD43xbhaXlldW14nppY3Nre8fe3WtqmSjKGlQKqdoB0UzwiDWAg2DtWDESBoK1gtHVxG/dMaW5jG5hHDMvJIOI9zklYCTfPuhKYys+GAJRSt6n+MFPwXezzLfLTsWZAi8SNydllKPu21/dnqRJyCKggmjdcZ0YvJQo4FSwrNRNNIsJHZEB6xgakZBpL52+kOFjo/RwXypTEeCp+nsiJaHW4zAwnSGBoZ73JuJ/XieB/oWX8ihOgEV0tqifCAwST/LAPa4YBTE2hFDFza2YDokiFExqJROCO//yImmeVtyzSvWmWq5d5nEU0SE6QifIReeohq5RHTUQRY/oGb2iN+vJerHerY9Za8HKZ/bRH1ifPzzil/o=</latexit>�!xt1

<latexit sha1_base64="QUGujnGy9NvZEOZEilIQPDjH/dk=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCp5KUoh6LXjxWsB/QhrDZbtqlm2zYnaglFC/+FS8eFPHqr/Dmv3Hb5qCtDwYe780wMy9IBNfgON/W0vLK6tp6YaO4ubW9s2vv7Te1TBVlDSqFVO2AaCZ4zBrAQbB2ohiJAsFawfBq4rfumNJcxrcwSpgXkX7MQ04JGMm3D7vS2Ir3B0CUkvcZfvAz8CvjsW+XnLIzBV4kbk5KKEfdt7+6PUnTiMVABdG64zoJeBlRwKlg42I31SwhdEj6rGNoTCKmvWz6whifGKWHQ6lMxYCn6u+JjERaj6LAdEYEBnrem4j/eZ0Uwgsv43GSAovpbFGYCgwST/LAPa4YBTEyhFDFza2YDogiFExqRROCO//yImlWyu5ZuXpTLdUu8zgK6Agdo1PkonNUQ9eojhqIokf0jF7Rm/VkvVjv1sesdcnKZw7QH1ifPz5ol/s=</latexit>�!xt2
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To arrive to a formal (algebraic) definition of PCA, we first need to store the data into a matrix:



<latexit sha1_base64="Pk/9Zn11Dj8y3/N9u/8XCmzK+dY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHtrXvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mlE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6dukzxUyI8aWUKa4vZWwIVWUGRtOyYbgLb68TJpnVe+ien5/Xqnd5HEU4QiO4RQ8uIQa3EEdGsAghGd4hTdn5Lw4787HvLXg5DOH8AfO5w86Zo0s</latexit>

X =

data matrix

mean activity

-

mean-centered 
data matrix

<latexit sha1_base64="rQgFOTmNM9lOyAUKz//+rhcb8e0=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YvHCvYD2qVk02wbmmRDkhXL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmRYozY33/2yusrK6tbxQ3S1vbO7t75f2DpklSTWiDJDzR7QgbypmkDcssp22lKRYRp61odDv1W49UG5bIBztWNBR4IFnMCLZOaj31uiJF171yxa/6M6BlEuSkAjnqvfJXt5+QVFBpCcfGdAJf2TDD2jLC6aTUTQ1VmIzwgHYclVhQE2azcyfoxCl9FCfalbRopv6eyLAwZiwi1ymwHZpFbyr+53VSG1+FGZMqtVSS+aI45cgmaPo76jNNieVjRzDRzN2KyBBrTKxLqORCCBZfXibNs2pwUT2/P6/UbvI4inAEx3AKAVxCDe6gDg0gMIJneIU3T3kv3rv3MW8tePnMIfyB9/kDzi2POw==</latexit>xµ =

Algebraic view of PCA (2)
PCA consists in subtracting the mean of the data...

<latexit sha1_base64="bnHNT+uxwMeI69WuC9eImdDgIqM=">AAACDHicbVDNSgMxGMz6W9e/qkcvwSJ4sexKUS9C0YvHCrZd6C4lm2bb0GyyJFm1LH0AL76KFw+KePUBvPk2Zts9aOtAYJiZjy/fhAmjSjvOt7WwuLS8slpas9c3Nre2yzu7LSVSiUkTCyakFyJFGOWkqalmxEskQXHISDscXuV++45IRQW/1aOEBDHqcxpRjLSRuuWK1/XjFF5ADx5DX5iopP2BRlKK+8x+yM2xSTlVZwI4T9yCVECBRrf85fcETmPCNWZIqY7rJDrIkNQUMzK2/VSRBOEh6pOOoRzFRAXZ5JgxPDRKD0ZCmsc1nKi/JzIUKzWKQ5OMkR6oWS8X//M6qY7Og4zyJNWE4+miKGVQC5g3A3tUEqzZyBCEJTV/hXiAJMLa9GebEtzZk+dJ66TqnlZrN7VK/bKoowT2wQE4Ai44A3VwDRqgCTB4BM/gFbxZT9aL9W59TKMLVjGzB/7A+vwBmsOawQ==</latexit>

Xµ = X ��!xµ

<latexit sha1_base64="tSt4AsScgkmYuQudhMaJyFxAPUI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBO0o0r</latexit>...
<latexit sha1_base64="tSt4AsScgkmYuQudhMaJyFxAPUI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBO0o0r</latexit>...

regions
time

<latexit sha1_base64="I2UU3Wdwn+EVZFiXdBe8beqjZXA=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEinosevFYwX5AG8Jmu22XbrJhd6KWELz4V7x4UMSrv8Kb/8Ztm4O2Phh4vDfDzLwgFlyD43xbhaXlldW14nppY3Nre8fe3WtqmSjKGlQKqdoB0UzwiDWAg2DtWDESBoK1gtHVxG/dMaW5jG5hHDMvJIOI9zklYCTfPuhKYys+GAJRSt6n+MFPwedZ5ttlp+JMgReJm5MyylH37a9uT9IkZBFQQbTuuE4MXkoUcCpYVuommsWEjsiAdQyNSMi0l05fyPCxUXq4L5WpCPBU/T2RklDrcRiYzpDAUM97E/E/r5NA/8JLeRQnwCI6W9RPBAaJJ3ngHleMghgbQqji5lZMh0QRCia1kgnBnX95kTRPK+5ZpXpTLdcu8ziK6BAdoRPkonNUQ9eojhqIokf0jF7Rm/VkvVjv1sestWDlM/voD6zPH5IymDI=</latexit>�!xti

<latexit sha1_base64="3e6XsuwWT6M7GSD+KaVPVDmAphw=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEinosevFYwX5AG8Jmu22XbrJhd6KWELz4V7x4UMSrv8Kb/8Ztm4O2Phh4vDfDzLwgFlyD43xbhaXlldW14nppY3Nre8fe3WtqmSjKGlQKqdoB0UzwiDWAg2DtWDESBoK1gtHVxG/dMaW5jG5hHDMvJIOI9zklYCTfPuhKYys+GAJRSt6n+MFPwXezzLfLTsWZAi8SNydllKPu21/dnqRJyCKggmjdcZ0YvJQo4FSwrNRNNIsJHZEB6xgakZBpL52+kOFjo/RwXypTEeCp+nsiJaHW4zAwnSGBoZ73JuJ/XieB/oWX8ihOgEV0tqifCAwST/LAPa4YBTE2hFDFza2YDokiFExqJROCO//yImmeVtyzSvWmWq5d5nEU0SE6QifIReeohq5RHTUQRY/oGb2iN+vJerHerY9Za8HKZ/bRH1ifPzzil/o=</latexit>�!xt1

<latexit sha1_base64="QUGujnGy9NvZEOZEilIQPDjH/dk=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCp5KUoh6LXjxWsB/QhrDZbtqlm2zYnaglFC/+FS8eFPHqr/Dmv3Hb5qCtDwYe780wMy9IBNfgON/W0vLK6tp6YaO4ubW9s2vv7Te1TBVlDSqFVO2AaCZ4zBrAQbB2ohiJAsFawfBq4rfumNJcxrcwSpgXkX7MQ04JGMm3D7vS2Ir3B0CUkvcZfvAz8CvjsW+XnLIzBV4kbk5KKEfdt7+6PUnTiMVABdG64zoJeBlRwKlg42I31SwhdEj6rGNoTCKmvWz6whifGKWHQ6lMxYCn6u+JjERaj6LAdEYEBnrem4j/eZ0Uwgsv43GSAovpbFGYCgwST/LAPa4YBTEyhFDFza2YDogiFExqRROCO//yImlWyu5ZuXpTLdUu8zgK6Agdo1PkonNUQ9eojhqIokf0jF7Rm/VkvVjv1sesdcnKZw7QH1ifPz5ol/s=</latexit>�!xt2
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<latexit sha1_base64="tSt4AsScgkmYuQudhMaJyFxAPUI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBO0o0r</latexit>

...
<latexit sha1_base64="tSt4AsScgkmYuQudhMaJyFxAPUI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBO0o0r</latexit>

...

regions
time

<latexit sha1_base64="HNLXSAyHgOeqy6CRZ+eEGzbMAjI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOOsmQmdllZlYISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqmjjVDBssFrFuR9Sg4AoblluB7UQjlZHAVjS+m/mtJ9SGx+rRThIMJR0qPuCMWie12r2sK9Npr1zxq/4cZJUEOalAjnqv/NXtxyyVqCwT1JhO4Cc2zKi2nAmclrqpwYSyMR1ix1FFJZowm587JWdO6ZNBrF0pS+bq74mMSmMmMnKdktqRWfZm4n9eJ7WDmzDjKkktKrZYNEgFsTGZ/U76XCOzYuIIZZq7WwkbUU2ZdQmVXAjB8surpHlRDa6qlw+XldptHkcRTuAUziGAa6jBPdShAQzG8Ayv8OYl3ov37n0sWgtePnMMf+B9/gCIdo+2</latexit>

Xµ

<latexit sha1_base64="sxhrtqlJFrvCaQX4o+BHfbB9UbA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3mW5Uq+UqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZvbjNI=</latexit>

E

<latexit sha1_base64="AZGofGjcF12xxU9WiXB1IOX5jTY=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AInkoiRT0WvXisYD+gDWGznbRLN7thd6OUUPCvePGgiFd/hzf/jZs2B219MPB4b4aZeWHCqNKu+22VVlbX1jfKm5Wt7Z3dPXv/oK1EKgm0iGBCdkOsgFEOLU01g24iAcchg044vsn9zgNIRQW/15ME/BgPOY0owdpIgX3UF8aWdDjSWErxmEHgTSuBXXVr7gzOMvEKUkUFmoH91R8IksbANWFYqZ7nJtrPsNSUMJhW+qmCBJMxHkLPUI5jUH42O3/qnBpl4ERCmuLamam/JzIcKzWJQ9MZYz1Si14u/uf1Uh1d+RnlSaqBk/miKGWOFk6ehTOgEohmE0MwkdTc6pARlphok1gegrf48jJpn9e8i1r9rl5tXBdxlNExOkFnyEOXqIFuURO1EEEZekav6M16sl6sd+tj3lqyiplD9AfW5w+NiZXe</latexit>�!e1
<latexit sha1_base64="5YRTxFyTjVGo8m6fls5SZNQgLx4=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5KUoh6LXjxWsB/QhrDZTtqlm2zY3SglFPwrXjwo4tXf4c1/46bNQVsfDDzem2FmXpBwprTjfFsrq2vrG5ulrfL2zu7evn1w2FYilRRaVHAhuwFRwFkMLc00h24igUQBh04wvsn9zgNIxUR8rycJeBEZxixklGgj+fZxXxhbsuFIEynFYwZ+bVr27YpTdWbAy8QtSAUVaPr2V38gaBpBrCknSvVcJ9FeRqRmlMO03E8VJISOyRB6hsYkAuVls/On+MwoAxwKaSrWeKb+nshIpNQkCkxnRPRILXq5+J/XS3V45WUsTlINMZ0vClOOtcB5FnjAJFDNJ4YQKpm5FdMRkYRqk1gegrv48jJp16ruRbV+V680ros4SugEnaJz5KJL1EC3qIlaiKIMPaNX9GY9WS/Wu/Uxb12xipkj9AfW5w+PD5Xf</latexit>�!e2

<latexit sha1_base64="tSt4AsScgkmYuQudhMaJyFxAPUI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBO0o0r</latexit>

...
<latexit sha1_base64="tSt4AsScgkmYuQudhMaJyFxAPUI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBO0o0r</latexit>

...

mean-centered 
data matrix

change of basis 
matrix

data matrix
in new basis<latexit sha1_base64="SnYQS61M9QihKlqmdyE6xQ3C+Lw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUeEDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALuvjOc=</latexit>

Z

Algebraic view of PCA (3)
....and project the data 
into a new basis...

<latexit sha1_base64="3e6XsuwWT6M7GSD+KaVPVDmAphw=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEinosevFYwX5AG8Jmu22XbrJhd6KWELz4V7x4UMSrv8Kb/8Ztm4O2Phh4vDfDzLwgFlyD43xbhaXlldW14nppY3Nre8fe3WtqmSjKGlQKqdoB0UzwiDWAg2DtWDESBoK1gtHVxG/dMaW5jG5hHDMvJIOI9zklYCTfPuhKYys+GAJRSt6n+MFPwXezzLfLTsWZAi8SNydllKPu21/dnqRJyCKggmjdcZ0YvJQo4FSwrNRNNIsJHZEB6xgakZBpL52+kOFjo/RwXypTEeCp+nsiJaHW4zAwnSGBoZ73JuJ/XieB/oWX8ihOgEV0tqifCAwST/LAPa4YBTE2hFDFza2YDokiFExqJROCO//yImmeVtyzSvWmWq5d5nEU0SE6QifIReeohq5RHTUQRY/oGb2iN+vJerHerY9Za8HKZ/bRH1ifPzzil/o=</latexit>�!xt1

<latexit sha1_base64="QUGujnGy9NvZEOZEilIQPDjH/dk=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCp5KUoh6LXjxWsB/QhrDZbtqlm2zYnaglFC/+FS8eFPHqr/Dmv3Hb5qCtDwYe780wMy9IBNfgON/W0vLK6tp6YaO4ubW9s2vv7Te1TBVlDSqFVO2AaCZ4zBrAQbB2ohiJAsFawfBq4rfumNJcxrcwSpgXkX7MQ04JGMm3D7vS2Ir3B0CUkvcZfvAz8CvjsW+XnLIzBV4kbk5KKEfdt7+6PUnTiMVABdG64zoJeBlRwKlg42I31SwhdEj6rGNoTCKmvWz6whifGKWHQ6lMxYCn6u+JjERaj6LAdEYEBnrem4j/eZ0Uwgsv43GSAovpbFGYCgwST/LAPa4YBTEyhFDFza2YDogiFExqRROCO//yImlWyu5ZuXpTLdUu8zgK6Agdo1PkonNUQ9eojhqIokf0jF7Rm/VkvVjv1sesdcnKZw7QH1ifPz5ol/s=</latexit>�!xt2

<latexit sha1_base64="2GBb9r78PUp2Nb3c/0s5vjofpII=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieCqJFPVY9OKxgv2ANoTNdtsu3eyG3YlSQ7z4V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzLww5kyD635bhaXlldW14nppY3Nre8fe3WtqmShCG0Ryqdoh1pQzQRvAgNN2rCiOQk5b4ehq4rfuqNJMilsYx9SP8ECwPiMYjBTYB11pbMUGQ8BKyfv0IUgh8LIssMtuxZ3CWSReTsooRz2wv7o9SZKICiAca93x3Bj8FCtghNOs1E00jTEZ4QHtGCpwRLWfTj/InGOj9Jy+VKYEOFP190SKI63HUWg6IwxDPe9NxP+8TgL9Cz9lIk6ACjJb1E+4A9KZxOH0mKIE+NgQTBQztzpkiBUmYEIrmRC8+ZcXSfO04p1VqjfVcu0yj6OIDtEROkEeOkc1dI3qqIEIekTP6BW9WU/Wi/VufcxaC1Y+s4/+wPr8AeJcl9I=</latexit>�!zt1
<latexit sha1_base64="N8DG4hZfVwibs7V+lC2Ds+zZkaQ=">AAACAXicbVBNS8NAEN34WetX1IvgJVgETyUpRT0WvXisYD+gDWGz3bRLN7thd6LUUC/+FS8eFPHqv/Dmv3Hb5qCtDwYe780wMy9MONPgut/W0vLK6tp6YaO4ubW9s2vv7Te1TBWhDSK5VO0Qa8qZoA1gwGk7URTHIaetcHg18Vt3VGkmxS2MEurHuC9YxAgGIwX2YVcaW7H+ALBS8j57CDIIKuNxYJfcsjuFs0i8nJRQjnpgf3V7kqQxFUA41rrjuQn4GVbACKfjYjfVNMFkiPu0Y6jAMdV+Nv1g7JwYpedEUpkS4EzV3xMZjrUexaHpjDEM9Lw3Ef/zOilEF37GRJICFWS2KEq5A9KZxOH0mKIE+MgQTBQztzpkgBUmYEIrmhC8+ZcXSbNS9s7K1ZtqqXaZx1FAR+gYnSIPnaMaukZ11EAEPaJn9IrerCfrxXq3PmatS1Y+c4D+wPr8AePil9M=</latexit>�!zt2
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<latexit sha1_base64="Gr9aIpJv4y5s92WdMLLJqEORyZs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSKIizIjRV0W3bisYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Fth4IHM65l5x7wkRwA6777ZTW1jc2t8rblZ3dvf2D6uFRx6hUU9amSijdC4lhgkvWBg6C9RLNSBwK1g0nd7nffWLacCUfYZqwICYjySNOCVjJ78cExpSI7GI2qNbcujsHXiVeQWqoQGtQ/eoPFU1jJoEKYozvuQkEGdHAqWCzSj81LCF0QkbMt1SSmJkgm0ee4TOrDHGktH0S8Fz9vZGR2JhpHNrJPKJZ9nLxP89PIboJMi6TFJiki4+iVGBQOL8fD7lmFMTUEkI1t1kxHRNNKNiWKrYEb/nkVdK5rHtX9cZDo9a8LeoooxN0is6Rh65RE92jFmojihR6Rq/ozQHnxXl3PhajJafYOUZ/4Hz+AFBJkUk=</latexit>⇤



... such that the covariance of the
data is diagonal in the new basis:

<latexit sha1_base64="tSt4AsScgkmYuQudhMaJyFxAPUI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBO0o0r</latexit>... <latexit sha1_base64="tSt4AsScgkmYuQudhMaJyFxAPUI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBO0o0r</latexit>...

<latexit sha1_base64="tSt4AsScgkmYuQudhMaJyFxAPUI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBO0o0r</latexit>...
<latexit sha1_base64="tSt4AsScgkmYuQudhMaJyFxAPUI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBO0o0r</latexit>...

<latexit sha1_base64="ZHlhKowLL3qGcSH28nDbj++WOjE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ie0Q8lkMm1okhmSjFCGfoUbF4q49XPc+Tem01lo64HA4Zxzyb0nSDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7CmnEnaNsxw2ksUxSLgtBtMbud+94kqzWL5YKYJ9QUeSRYxgo2VHgfcRkM89IbVmlt3c6BV4hWkBgVaw+rXIIxJKqg0hGOt+56bGD/DyjDC6awySDVNMJngEe1bKrGg2s/yhWfozCohimJlnzQoV39PZFhoPRWBTQpsxnrZm4v/ef3URNd+xmSSGirJ4qMo5cjEaH49CpmixPCpJZgoZndFZIwVJsZ2VLEleMsnr5LORd27rDfuG7XmTVFHGU7gFM7Bgytowh20oA0EBDzDK7w5ynlx3p2PRbTkFDPH8AfO5w9pvZAq</latexit>

�1
<latexit sha1_base64="jPK9ZxvhCyGEEsDEshQf5ISOajU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUUl0W3bisYB/SDiWTybShSWZIMkIZ+hVuXCji1s9x59+YtrPQ1gOBwznnkntPkHCmjet+O4WNza3tneJuaW//4PCofHzS0XGqCG2TmMeqF2BNOZO0bZjhtJcoikXAaTeY3M797hNVmsXywUwT6gs8kixiBBsrPQ64jYZ4WBuWK27VXQCtEy8nFcjRGpa/BmFMUkGlIRxr3ffcxPgZVoYRTmelQappgskEj2jfUokF1X62WHiGLqwSoihW9kmDFurviQwLracisEmBzVivenPxP6+fmujaz5hMUkMlWX4UpRyZGM2vRyFTlBg+tQQTxeyuiIyxwsTYjkq2BG/15HXSqVW9RrV+X680b/I6inAG53AJHlxBE+6gBW0gIOAZXuHNUc6L8+58LKMFJ585hT9wPn8Aa0GQKw==</latexit>

�2

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="SnYQS61M9QihKlqmdyE6xQ3C+Lw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUeEDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALuvjOc=</latexit>

Z

<latexit sha1_base64="nPwHVZ6zPX1AGjyrCfr9Pb/mizg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiPCSmaHASbMzm5mek3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+cS1EZG6x3HM/ZAOlOgLRtFKdw+P2C2W3LI7A1kmXkZKkKHWLX51ehFLQq6QSWpM23Nj9FOqUTDJJ4VOYnhM2YgOeNtSRUNu/HR26oScWKVH+pG2pZDM1N8TKQ2NGYeB7QwpDs2iNxX/89oJ9i/9VKg4Qa7YfFE/kQQjMv2b9ITmDOXYEsq0sLcSNqSaMrTpFGwI3uLLy6RxVvbOy5XbSql6lcWRhyM4hlPw4AKqcAM1qAODATzDK7w50nlx3p2PeWvOyWYO4Q+czx9E8Y3N</latexit>

Zt

<latexit sha1_base64="FFHSYAxa6sDbQ7g/qjI0rNaPFgA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9CUA8eI5oHJEuYnXSSIbOzy8ysEJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqN59QaR7JRzOO0Q/pQPI+Z9RY6eGK3HaLJbfszkCWiZeREmSodYtfnV7EkhClYYJq3fbc2PgpVYYzgZNCJ9EYUzaiA2xbKmmI2k9np07IiVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvqXfsplnBiUbL6onwhiIjL9m/S4QmbE2BLKFLe3EjakijJj0ynYELzFl5dJ46zsnZcr95VS9TqLIw9HcAyn4MEFVOEOalAHBgN4hld4c4Tz4rw7H/PWnJPNHMIfOJ8/cb6NQg==</latexit>

= D

data matrix 
in new basis

data matrix 
in new basis 
(transposed)

covariance 
matrix of Z

Algebraic view of PCA (4)

<latexit sha1_base64="N8DG4hZfVwibs7V+lC2Ds+zZkaQ=">AAACAXicbVBNS8NAEN34WetX1IvgJVgETyUpRT0WvXisYD+gDWGz3bRLN7thd6LUUC/+FS8eFPHqv/Dmv3Hb5qCtDwYe780wMy9MONPgut/W0vLK6tp6YaO4ubW9s2vv7Te1TBWhDSK5VO0Qa8qZoA1gwGk7URTHIaetcHg18Vt3VGkmxS2MEurHuC9YxAgGIwX2YVcaW7H+ALBS8j57CDIIKuNxYJfcsjuFs0i8nJRQjnpgf3V7kqQxFUA41rrjuQn4GVbACKfjYjfVNMFkiPu0Y6jAMdV+Nv1g7JwYpedEUpkS4EzV3xMZjrUexaHpjDEM9Lw3Ef/zOilEF37GRJICFWS2KEq5A9KZxOH0mKIE+MgQTBQztzpkgBUmYEIrmhC8+ZcXSbNS9s7K1ZtqqXaZx1FAR+gYnSIPnaMaukZ11EAEPaJn9IrerCfrxXq3PmatS1Y+c4D+wPr8AePil9M=</latexit>�!zt2

25

<latexit sha1_base64="N8DG4hZfVwibs7V+lC2Ds+zZkaQ=">AAACAXicbVBNS8NAEN34WetX1IvgJVgETyUpRT0WvXisYD+gDWGz3bRLN7thd6LUUC/+FS8eFPHqv/Dmv3Hb5qCtDwYe780wMy9MONPgut/W0vLK6tp6YaO4ubW9s2vv7Te1TBWhDSK5VO0Qa8qZoA1gwGk7URTHIaetcHg18Vt3VGkmxS2MEurHuC9YxAgGIwX2YVcaW7H+ALBS8j57CDIIKuNxYJfcsjuFs0i8nJRQjnpgf3V7kqQxFUA41rrjuQn4GVbACKfjYjfVNMFkiPu0Y6jAMdV+Nv1g7JwYpedEUpkS4EzV3xMZjrUexaHpjDEM9Lw3Ef/zOilEF37GRJICFWS2KEq5A9KZxOH0mKIE+MgQTBQztzpkgBUmYEIrmhC8+ZcXSbNS9s7K1ZtqqXaZx1FAR+gYnSIPnaMaukZ11EAEPaJn9IrerCfrxXq3PmatS1Y+c4D+wPr8AePil9M=</latexit>�!zt2

<latexit sha1_base64="2GBb9r78PUp2Nb3c/0s5vjofpII=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieCqJFPVY9OKxgv2ANoTNdtsu3eyG3YlSQ7z4V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzLww5kyD635bhaXlldW14nppY3Nre8fe3WtqmShCG0Ryqdoh1pQzQRvAgNN2rCiOQk5b4ehq4rfuqNJMilsYx9SP8ECwPiMYjBTYB11pbMUGQ8BKyfv0IUgh8LIssMtuxZ3CWSReTsooRz2wv7o9SZKICiAca93x3Bj8FCtghNOs1E00jTEZ4QHtGCpwRLWfTj/InGOj9Jy+VKYEOFP190SKI63HUWg6IwxDPe9NxP+8TgL9Cz9lIk6ACjJb1E+4A9KZxOH0mKIE+NgQTBQztzpkiBUmYEIrmRC8+ZcXSfO04p1VqjfVcu0yj6OIDtEROkEeOkc1dI3qqIEIekTP6BW9WU/Wi/VufcxaC1Y+s4/+wPr8AeJcl9I=</latexit>�!zt1

<latexit sha1_base64="2GBb9r78PUp2Nb3c/0s5vjofpII=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieCqJFPVY9OKxgv2ANoTNdtsu3eyG3YlSQ7z4V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzLww5kyD635bhaXlldW14nppY3Nre8fe3WtqmShCG0Ryqdoh1pQzQRvAgNN2rCiOQk5b4ehq4rfuqNJMilsYx9SP8ECwPiMYjBTYB11pbMUGQ8BKyfv0IUgh8LIssMtuxZ3CWSReTsooRz2wv7o9SZKICiAca93x3Bj8FCtghNOs1E00jTEZ4QHtGCpwRLWfTj/InGOj9Jy+VKYEOFP190SKI63HUWg6IwxDPe9NxP+8TgL9Cz9lIk6ACjJb1E+4A9KZxOH0mKIE+NgQTBQztzpkiBUmYEIrmRC8+ZcXSfO04p1VqjfVcu0yj6OIDtEROkEeOkc1dI3qqIEIekTP6BW9WU/Wi/VufcxaC1Y+s4/+wPr8AeJcl9I=</latexit>�!zt1

<latexit sha1_base64="Gr9aIpJv4y5s92WdMLLJqEORyZs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSKIizIjRV0W3bisYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Fth4IHM65l5x7wkRwA6777ZTW1jc2t8rblZ3dvf2D6uFRx6hUU9amSijdC4lhgkvWBg6C9RLNSBwK1g0nd7nffWLacCUfYZqwICYjySNOCVjJ78cExpSI7GI2qNbcujsHXiVeQWqoQGtQ/eoPFU1jJoEKYozvuQkEGdHAqWCzSj81LCF0QkbMt1SSmJkgm0ee4TOrDHGktH0S8Fz9vZGR2JhpHNrJPKJZ9nLxP89PIboJMi6TFJiki4+iVGBQOL8fD7lmFMTUEkI1t1kxHRNNKNiWKrYEb/nkVdK5rHtX9cZDo9a8LeoooxN0is6Rh65RE92jFmojihR6Rq/ozQHnxXl3PhajJafYOUZ/4Hz+AFBJkUk=</latexit>⇤



PCA consists in finding an (orthonormal) basis such that the covariance of the data is diagonal in that basis.

Formal definition of PCA

<latexit sha1_base64="636u35FR0nOlR2cqdUOzQIV2z+4=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUr0IRRE8VrAftF1KNs22oUl2SbJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZya+sbm1v57cLO7t7+QfHwqKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWML6d+a0nqjSL5KOZxNQXeChZyAg2Vup00DW6a/d7IukXS27ZnQOtEi8jJchQ7xe/eoOIJIJKQzjWuuu5sfFTrAwjnE4LvUTTGJMxHtKupRILqv10fvEUnVllgMJI2ZIGzdXfEykWWk9EYDsFNiO97M3E/7xuYsIrP2UyTgyVZLEoTDgyEZq9jwZMUWL4xBJMFLO3IjLCChNjQyrYELzll1dJ86LsVcuVh0qpdpPFkYcTOIVz8OASanAPdWgAAQnP8ApvjnZenHfnY9Gac7KZY/gD5/MHMUGP+A==</latexit>

Z = EXµ

In equations: we want to find a change of basis E such that, for 

we have where D is a diagonal matrix

,  the dataset expressed in this new basis,
<latexit sha1_base64="mVVMHgEQT3JtmNK1ZT02CNJMV6Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoiRb0IxXrwWMF+YBrKZrtpl252w+6kUEp/hhcPinj113jz35i0OWjrg4HHezPMzPMjwQ3Y9reVW1vf2NzKbxd2dvf2D4qHRy2jYk1ZkyqhdMcnhgkuWRM4CNaJNCOhL1jbH9VTvz1m2nAlH2ESMS8kA8kDTgkkkltX4/LTOb7Bd4VesWRX7DnwKnEyUkIZGr3iV7evaBwyCVQQY1zHjsCbEg2cCjYrdGPDIkJHZMDchEoSMuNN5yfP8Fmi9HGgdFIS8Fz9PTEloTGT0E86QwJDs+yl4n+eG0Nw7U25jGJgki4WBbHAoHD6P+5zzSiISUII1Ty5FdMh0YRCklIagrP88ippXVScy0r1oVqq3WZx5NEJOkVl5KArVEP3qIGaiCKFntErerPAerHerY9Fa87KZo7RH1ifP6w9j48=</latexit>

Cov(Z) = D

Properties of E such the E qualifies as an orthonormal change of basis:
<latexit sha1_base64="q5ywcBZzUQ87EOd6kOjbFTioeMc=">AAACCHicbVDLSgMxFM34rPU16tKFwSK4KjOlqBuh6MZlBfuAdhgyadqGZpIhyShlpks3/oobF4q49RPc+Tdm2llo64HA4ZxzubkniBhV2nG+raXlldW19cJGcXNre2fX3ttvKhFLTBpYMCHbAVKEUU4ammpG2pEkKAwYaQWj68xv3ROpqOB3ehwRL0QDTvsUI20k3z5K064wAUkHQ42kFA8J8ekkTf0KvIRu0bdLTtmZAi4SNyclkKPu21/dnsBxSLjGDCnVcZ1IewmSmmJGJsVurEiE8AgNSMdQjkKivGR6yASeGKUH+0KaxzWcqr8nEhQqNQ4DkwyRHqp5LxP/8zqx7l94CeVRrAnHs0X9mEEtYNYK7FFJsGZjQxCW1PwV4iGSCGvTXVaCO3/yImlWyu5ZuXpbLdWu8joK4BAcg1PggnNQAzegDhoAg0fwDF7Bm/VkvVjv1scsumTlMwfgD6zPH5dqmak=</latexit>

||�!ei ||2 = 1

<latexit sha1_base64="6yoCNfin8uXMGPYvIiBE4D2N0Po=">AAACFnicbVDLSsNAFJ34rPUVdelmsAhuDIkUdSMU3bisYB/QhjCZTtqxk5kwM1FK6Fe48VfcuFDErbjzb5y0WWjrgQuHc+7l3nvChFGlXffbWlhcWl5ZLa2V1zc2t7btnd2mEqnEpIEFE7IdIkUY5aShqWaknUiC4pCRVji8yv3WPZGKCn6rRwnxY9TnNKIYaSMF9nFXGFvS/kAjKcVDRgI6dubFu/EFdMuBXXEddwI4T7yCVECBemB/dXsCpzHhGjOkVMdzE+1nSGqKGRmXu6kiCcJD1CcdQzmKifKzyVtjeGiUHoyENMU1nKi/JzIUKzWKQ9MZIz1Qs14u/ud1Uh2d+xnlSaoJx9NFUcqgFjDPCPaoJFizkSEIS2puhXiAJMLaJJmH4M2+PE+aJ4536lRvqpXaZRFHCeyDA3AEPHAGauAa1EEDYPAInsEreLOerBfr3fqYti5Yxcwe+APr8weuc6BI</latexit>�!ei .�!ej = 0

for all i

for all i≠j

After calculations (see supplementary slide), we can show that, if E satisfies the conditions of PCA, then
the covariance matrix of the data X can be decomposed in the following product:

where D is a diagonal matrix and E orthonormal
<latexit sha1_base64="A2saWFEaqp3KDjqwC+8AIyCkSb8=">AAAB9XicbVBdSwJBFJ21L7Mvq8dehiSwF9kNqV4CyYQeDfIDdJXZcVYHZ3eWmbuGiP+jlx6K6LX/0lv/plH3obQDFw7n3Mu993iR4Bps+9tKra1vbG6ltzM7u3v7B9nDo7qWsaKsRqWQqukRzQQPWQ04CNaMFCOBJ1jDG5ZnfmPElOYyfIRxxNyA9EPuc0rASJ2yHOWb5/gGVzpwV+lmc3bBngOvEichOZSg2s1+tXuSxgELgQqidcuxI3AnRAGngk0z7ViziNAh6bOWoSEJmHYn86un+MwoPexLZSoEPFd/T0xIoPU48ExnQGCgl72Z+J/XisG/dic8jGJgIV0s8mOBQeJZBLjHFaMgxoYQqri5FdMBUYSCCSpjQnCWX14l9YuCc1koPhRzpdskjjQ6Qacojxx0hUroHlVRDVGk0DN6RW/Wk/VivVsfi9aUlcwcoz+wPn8AIoyQ/Q==</latexit>

Cov(X) = EtDE

source: https://en.wikipedia.org/wiki/Principal_component_analysis 26



<latexit sha1_base64="A2saWFEaqp3KDjqwC+8AIyCkSb8=">AAAB9XicbVBdSwJBFJ21L7Mvq8dehiSwF9kNqV4CyYQeDfIDdJXZcVYHZ3eWmbuGiP+jlx6K6LX/0lv/plH3obQDFw7n3Mu993iR4Bps+9tKra1vbG6ltzM7u3v7B9nDo7qWsaKsRqWQqukRzQQPWQ04CNaMFCOBJ1jDG5ZnfmPElOYyfIRxxNyA9EPuc0rASJ2yHOWb5/gGVzpwV+lmc3bBngOvEichOZSg2s1+tXuSxgELgQqidcuxI3AnRAGngk0z7ViziNAh6bOWoSEJmHYn86un+MwoPexLZSoEPFd/T0xIoPU48ExnQGCgl72Z+J/XisG/dic8jGJgIV0s8mOBQeJZBLjHFaMgxoYQqri5FdMBUYSCCSpjQnCWX14l9YuCc1koPhRzpdskjjQ6Qacojxx0hUroHlVRDVGk0DN6RW/Wk/VivVsfi9aUlcwcoz+wPn8AIoyQ/Q==</latexit>

Cov(X) = EtDE

Definitions: eigenvectors, eigenvalues and scores

eigendecomposition of Cov(X)

<latexit sha1_base64="ZHlhKowLL3qGcSH28nDbj++WOjE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ie0Q8lkMm1okhmSjFCGfoUbF4q49XPc+Tem01lo64HA4Zxzyb0nSDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7CmnEnaNsxw2ksUxSLgtBtMbud+94kqzWL5YKYJ9QUeSRYxgo2VHgfcRkM89IbVmlt3c6BV4hWkBgVaw+rXIIxJKqg0hGOt+56bGD/DyjDC6awySDVNMJngEe1bKrGg2s/yhWfozCohimJlnzQoV39PZFhoPRWBTQpsxnrZm4v/ef3URNd+xmSSGirJ4qMo5cjEaH49CpmixPCpJZgoZndFZIwVJsZ2VLEleMsnr5LORd27rDfuG7XmTVFHGU7gFM7Bgytowh20oA0EBDzDK7w5ynlx3p2PRbTkFDPH8AfO5w9pvZAq</latexit>

�1
<latexit sha1_base64="jPK9ZxvhCyGEEsDEshQf5ISOajU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUUl0W3bisYB/SDiWTybShSWZIMkIZ+hVuXCji1s9x59+YtrPQ1gOBwznnkntPkHCmjet+O4WNza3tneJuaW//4PCofHzS0XGqCG2TmMeqF2BNOZO0bZjhtJcoikXAaTeY3M797hNVmsXywUwT6gs8kixiBBsrPQ64jYZ4WBuWK27VXQCtEy8nFcjRGpa/BmFMUkGlIRxr3ffcxPgZVoYRTmelQappgskEj2jfUokF1X62WHiGLqwSoihW9kmDFurviQwLracisEmBzVivenPxP6+fmujaz5hMUkMlWX4UpRyZGM2vRyFTlBg+tQQTxeyuiIyxwsTYjkq2BG/15HXSqVW9RrV+X680b/I6inAG53AJHlxBE+6gBW0gIOAZXuHNUc6L8+58LKMFJ585hT9wPn8Aa0GQKw==</latexit>

�2

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

eigenvalues

<latexit sha1_base64="o7s2M088//+8ixLj3jxAnbg3gu8=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9CUA8eo5gHJCHMTmaTIbOzy0yvEJb8gRcPinj1j7z5N06SPWhiQUNR1U13lx9LYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3fKp4VIoXkeBkrdizWnoS970RzdTv/nEtRGResRxzLshHSgRCEbRSg+3V71iyS27M5Bl4mWkBBlqveJXpx+xJOQKmaTGtD03xm5KNQom+aTQSQyPKRvRAW9bqmjITTedXTohJ1bpkyDSthSSmfp7IqWhMePQt50hxaFZ9Kbif147weCymwoVJ8gVmy8KEkkwItO3SV9ozlCOLaFMC3srYUOqKUMbTsGG4C2+vEwaZ2XvvFy5r5Sq11kceTiCYzgFDy6gCndQgzowCOAZXuHNGTkvzrvzMW/NOdnMIfyB8/kDHAKNGA==</latexit>

D =

eigenvectors

<latexit sha1_base64="AZGofGjcF12xxU9WiXB1IOX5jTY=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AInkoiRT0WvXisYD+gDWGznbRLN7thd6OUUPCvePGgiFd/hzf/jZs2B219MPB4b4aZeWHCqNKu+22VVlbX1jfKm5Wt7Z3dPXv/oK1EKgm0iGBCdkOsgFEOLU01g24iAcchg044vsn9zgNIRQW/15ME/BgPOY0owdpIgX3UF8aWdDjSWErxmEHgTSuBXXVr7gzOMvEKUkUFmoH91R8IksbANWFYqZ7nJtrPsNSUMJhW+qmCBJMxHkLPUI5jUH42O3/qnBpl4ERCmuLamam/JzIcKzWJQ9MZYz1Si14u/uf1Uh1d+RnlSaqBk/miKGWOFk6ehTOgEohmE0MwkdTc6pARlphok1gegrf48jJpn9e8i1r9rl5tXBdxlNExOkFnyEOXqIFuURO1EEEZekav6M16sl6sd+tj3lqyiplD9AfW5w+NiZXe</latexit>�!e1
<latexit sha1_base64="5YRTxFyTjVGo8m6fls5SZNQgLx4=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5KUoh6LXjxWsB/QhrDZTtqlm2zY3SglFPwrXjwo4tXf4c1/46bNQVsfDDzem2FmXpBwprTjfFsrq2vrG5ulrfL2zu7evn1w2FYilRRaVHAhuwFRwFkMLc00h24igUQBh04wvsn9zgNIxUR8rycJeBEZxixklGgj+fZxXxhbsuFIEynFYwZ+bVr27YpTdWbAy8QtSAUVaPr2V38gaBpBrCknSvVcJ9FeRqRmlMO03E8VJISOyRB6hsYkAuVls/On+MwoAxwKaSrWeKb+nshIpNQkCkxnRPRILXq5+J/XS3V45WUsTlINMZ0vClOOtcB5FnjAJFDNJ4YQKpm5FdMRkYRqk1gegrv48jJp16ruRbV+V680ros4SugEnaJz5KJL1EC3qIlaiKIMPaNX9GY9WS/Wu/Uxb12xipkj9AfW5w+PD5Xf</latexit>�!e2

<latexit sha1_base64="+XHK3qhDODDunvB7YVEWYAsEMVg=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9CUASPUcwDkhBmJ7PJkNnZZaZXCEv+wIsHRbz6R978GyfJHjSxoKGo6qa7y4+lMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaMbrLJKRbvnUcCkUr6NAyVux5jT0JW/6o5up33zi2ohIPeI45t2QDpQIBKNopYfbq16x5JbdGcgy8TJSggy1XvGr049YEnKFTFJj2p4bYzelGgWTfFLoJIbHlI3ogLctVTTkppvOLp2QE6v0SRBpWwrJTP09kdLQmHHo286Q4tAselPxP6+dYHDZTYWKE+SKzRcFiSQYkenbpC80ZyjHllCmhb2VsCHVlKENp2BD8BZfXiaNs7J3Xq7cV0rV6yyOPBzBMZyCBxdQhTuoQR0YBPAMr/DmjJwX5935mLfmnGzmEP7A+fwBHYeNGQ==</latexit>

E =

<latexit sha1_base64="636u35FR0nOlR2cqdUOzQIV2z+4=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUr0IRRE8VrAftF1KNs22oUl2SbJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZya+sbm1v57cLO7t7+QfHwqKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWML6d+a0nqjSL5KOZxNQXeChZyAg2Vup00DW6a/d7IukXS27ZnQOtEi8jJchQ7xe/eoOIJIJKQzjWuuu5sfFTrAwjnE4LvUTTGJMxHtKupRILqv10fvEUnVllgMJI2ZIGzdXfEykWWk9EYDsFNiO97M3E/7xuYsIrP2UyTgyVZLEoTDgyEZq9jwZMUWL4xBJMFLO3IjLCChNjQyrYELzll1dJ86LsVcuVh0qpdpPFkYcTOIVz8OASanAPdWgAAQnP8ApvjnZenHfnY9Gac7KZY/gD5/MHMUGP+A==</latexit>

Z = EXµ PC scores
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Eigenvalues and Explained Variance 

<latexit sha1_base64="YPfEHoUIxADY0yo0JK/8dPU/Vdo=">AAACEXicbVDLSgMxFM34rONr1KWbYBHqpsxIUTdC0Y3LCvYBbRnuZNI2NDMZkoxShv6CG3/FjQtF3Lpz59+YtrPQ1gOBwznnJrknSDhT2nW/raXlldW19cKGvbm1vbPr7O03lEgloXUiuJCtABTlLKZ1zTSnrURSiAJOm8HweuI376lUTMR3epTQbgT9mPUYAW0k3yk1QJZa5Y4wIcn6Aw1SioeM+mxsn+BL3OHmrhB85jtFt+xOgReJl5MiylHzna9OKEga0VgTDkq1PTfR3QykZoTTsd1JFU2ADKFP24bGEFHVzaYbjfGxUULcE9KcWOOp+nsig0ipURSYZAR6oOa9ifif105176KbsThJNY3J7KFeyrEWeFIPDpmkRPORIUAkM3/FZAASiDYl2qYEb37lRdI4LXtn5cptpVi9yusooEN0hErIQ+eoim5QDdURQY/oGb2iN+vJerHerY9ZdMnKZw7QH1ifP4oXnNY=</latexit>

V ar(X.�!ei ) = �i for all i

0
<latexit sha1_base64="uv4aZbEIo5nkA5qpaRzNbFQHTk4=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAbBU9iVoB6DXjxGMA9IlmV2MkmGzM4sM71KXIK/4sWDIl79D2/+jZNkD5pY0FBUddPdFSWCG/C8b2dpeWV1bb2wUdzc2t7Zdff2G0almrI6VULpVkQME1yyOnAQrJVoRuJIsGY0vJ74zXumDVfyDkYJC2LSl7zHKQErhe5hR1lb8/4AiNbqIWOhPw7dklf2psCLxM9JCeWohe5Xp6toGjMJVBBj2r6XQJARDZwKNi52UsMSQoekz9qWShIzE2TT68f4xCpd3FPalgQ8VX9PZCQ2ZhRHtjMmMDDz3kT8z2un0LsMMi6TFJiks0W9VGBQeBIF7nLNKIiRJYRqbm/FdEA0oWADK9oQ/PmXF0njrOyflyu3lVL1Ko+jgI7QMTpFPrpAVXSDaqiOKHpEz+gVvTlPzovz7nzMWpecfOYA/YHz+QNQ6pXK</latexit> �!e 1

Activity in region 1 

Ac
ti

vi
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 in
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 2

The eigenvalues are equal to the variance of the data projected along their 
corresponding eigenvector:

<latexit sha1_base64="ZHlhKowLL3qGcSH28nDbj++WOjE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ie0Q8lkMm1okhmSjFCGfoUbF4q49XPc+Tem01lo64HA4Zxzyb0nSDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7CmnEnaNsxw2ksUxSLgtBtMbud+94kqzWL5YKYJ9QUeSRYxgo2VHgfcRkM89IbVmlt3c6BV4hWkBgVaw+rXIIxJKqg0hGOt+56bGD/DyjDC6awySDVNMJngEe1bKrGg2s/yhWfozCohimJlnzQoV39PZFhoPRWBTQpsxnrZm4v/ef3URNd+xmSSGirJ4qMo5cjEaH49CpmixPCpJZgoZndFZIwVJsZ2VLEleMsnr5LORd27rDfuG7XmTVFHGU7gFM7Bgytowh20oA0EBDzDK7w5ynlx3p2PRbTkFDPH8AfO5w9pvZAq</latexit>

�1
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Case study: applying PCA to the fly brain
Eigenvectors

Ei
ge
nv
al
ue

s

Rank

Scores

<latexit sha1_base64="AZGofGjcF12xxU9WiXB1IOX5jTY=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AInkoiRT0WvXisYD+gDWGznbRLN7thd6OUUPCvePGgiFd/hzf/jZs2B219MPB4b4aZeWHCqNKu+22VVlbX1jfKm5Wt7Z3dPXv/oK1EKgm0iGBCdkOsgFEOLU01g24iAcchg044vsn9zgNIRQW/15ME/BgPOY0owdpIgX3UF8aWdDjSWErxmEHgTSuBXXVr7gzOMvEKUkUFmoH91R8IksbANWFYqZ7nJtrPsNSUMJhW+qmCBJMxHkLPUI5jUH42O3/qnBpl4ERCmuLamam/JzIcKzWJQ9MZYz1Si14u/uf1Uh1d+RnlSaqBk/miKGWOFk6ehTOgEohmE0MwkdTc6pARlphok1gegrf48jJpn9e8i1r9rl5tXBdxlNExOkFnyEOXqIFuURO1EEEZekav6M16sl6sd+tj3lqyiplD9AfW5w+NiZXe</latexit>�!e1
<latexit sha1_base64="5YRTxFyTjVGo8m6fls5SZNQgLx4=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5KUoh6LXjxWsB/QhrDZTtqlm2zY3SglFPwrXjwo4tXf4c1/46bNQVsfDDzem2FmXpBwprTjfFsrq2vrG5ulrfL2zu7evn1w2FYilRRaVHAhuwFRwFkMLc00h24igUQBh04wvsn9zgNIxUR8rycJeBEZxixklGgj+fZxXxhbsuFIEynFYwZ+bVr27YpTdWbAy8QtSAUVaPr2V38gaBpBrCknSvVcJ9FeRqRmlMO03E8VJISOyRB6hsYkAuVls/On+MwoAxwKaSrWeKb+nshIpNQkCkxnRPRILXq5+J/XS3V45WUsTlINMZ0vClOOtcB5FnjAJFDNJ4YQKpm5FdMRkYRqk1gegrv48jJp16ruRbV+V680ros4SugEnaJz5KJL1EC3qIlaiKIMPaNX9GY9WS/Wu/Uxb12xipkj9AfW5w+PD5Xf</latexit>�!e2

<latexit sha1_base64="mYyBE2kdVYSpzksMV+65efbyZGs=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae2Q8lkMm1oJhmSjFCG/oUbF4q49W/c+Tdm2llo64HA4Zxzyb0nSDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6AdaUM0HbhhlOe4miOA447QaT29zvPlGlmRQPZppQP8YjwSJGsLHS44DbaIiHXmVYrbl1dw60SryC1KBAa1j9GoSSpDEVhnCsdd9zE+NnWBlGOJ1VBqmmCSYTPKJ9SwWOqfaz+cYzdGaVEEVS2ScMmqu/JzIcaz2NA5uMsRnrZS8X//P6qYmu/YyJJDVUkMVHUcqRkSg/H4VMUWL41BJMFLO7IjLGChNjS8pL8JZPXiWdi7p3WW/cN2rNm6KOMpzAKZyDB1fQhDtoQRsICHiGV3hztPPivDsfi2jJKWaO4Q+czx+hJpA+</latexit>

�1

<latexit sha1_base64="K3dazPSpZfT3WyG+N3ASPhiXUTo=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCp7JbinosevFYwbZiu5RsNtuGJtklyQpl6b/w4kERr/4bb/4bs+0etHUgMMzMI+9NkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU1XGqCO2QmMfqIcCaciZpxzDD6UOiKBYBp71gcpP7vSeqNIvlvZkm1Bd4JFnECDZWehxwGw3xsFEZVmtu3Z0DrRKvIDUo0B5WvwZhTFJBpSEca9333MT4GVaGEU5nlUGqaYLJBI9o31KJBdV+Nt94hs6sEqIoVvZJg+bq74kMC62nIrBJgc1YL3u5+J/XT0105WdMJqmhkiw+ilKOTIzy81HIFCWGTy3BRDG7KyJjrDAxtqS8BG/55FXSbdS9i3rzrllrXRd1lOEETuEcPLiEFtxCGzpAQMIzvMKbo50X5935WERLTjFzDH/gfP4AoquQPw==</latexit>

�2

<latexit sha1_base64="CkvWMs5CBQDeOEfg7y+s5LHADKQ=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5JIUY9FLx4r2A9oQ9hsN+3STTbsTpQaCv4VLx4U8erv8Oa/cdPmoK0PBh7vzTAzL0gE1+A439bS8srq2nppo7y5tb2za+/tt7RMFWVNKoVUnYBoJnjMmsBBsE6iGIkCwdrB6Dr32/dMaS7jOxgnzIvIIOYhpwSM5NuHPWlsxQdDIErJh+zRdydl3644VWcKvEjcglRQgYZvf/X6kqYRi4EKonXXdRLwMqKAU8Em5V6qWULoiAxY19CYREx72fT8CT4xSh+HUpmKAU/V3xMZibQeR4HpjAgM9byXi/953RTCSy/jcZICi+lsUZgKDBLnWeA+V4yCGBtCqOLmVkyHRBEKJrE8BHf+5UXSOqu659Xaba1SvyriKKEjdIxOkYsuUB3doAZqIooy9Ixe0Zv1ZL1Y79bHrHXJKmYO0B9Ynz+tsZXz</latexit>�!z1

<latexit sha1_base64="x3SpO+izm7uLbAQeL6XZFL1Rvj4=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJWkFPVY9OKxgv2ANoTNdtsu3WTD7kSpoeBf8eJBEa/+Dm/+GzdtDtr6YODx3gwz84JYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKVloihrUimk6gREM8Ej1gQOgnVixUgYCNYOxteZ375nSnMZ3cEkZl5IhhEfcErASL591JPGVnw4AqKUfEgf/eq05Ntlp+LMgJeJm5MyytHw7a9eX9IkZBFQQbTuuk4MXkoUcCrYtNRLNIsJHZMh6xoakZBpL52dP8WnRunjgVSmIsAz9fdESkKtJ2FgOkMCI73oZeJ/XjeBwaWX8ihOgEV0vmiQCAwSZ1ngPleMgpgYQqji5lZMR0QRCiaxLAR38eVl0qpW3PNK7bZWrl/lcRTRMTpBZ8hFF6iOblADNRFFKXpGr+jNerJerHfrY95asPKZQ/QH1ucPrzeV9A==</latexit>�!z2
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Insights from applying PCA to the fly brain

•  A few dimensions can explain quite a lot of the variability in the data.

• The whole brain activity is the dominant source of variability in the 
data.

• There is some interesting structure in the activity: for example, the 
two hemispheres exhibit sharp events which look pretty independant.
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Steps to perform PCA on a computer

1. Subtract the mean of the data (computed over samples):

2. Compute the covariance matrix of the data:

3. Compute eigendecomposition of Cov(X) using a precoded algorithm:

4. Plot (ranked) eigenvalues and interpret the dimensionality of the dataset.

5. Plot eigenvectors and interpret them.

6. (Sometimes) Compute and plot PC scores          and interpret them.

<latexit sha1_base64="TLQPabL2wM/7dHjd7JQcK/xp84M=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMSFE3QrEblxVsO9COQyZN29BkMiSZQhm78FfcuFDErb/hzr8xbWehrQfu5XDOveTmhDGjSjvOt5VbWV1b38hvFra2d3b37P2DphKJxKSBBRPSC5EijEakoalmxIslQTxkpBUOa1O/NSJSURHd63FMfI76Ee1RjLSRAvuoJkYl7+waekGHJ1l/0IFddMrODHCZuBkpggz1wP7qdAVOOIk0ZkiptuvE2k+R1BQzMil0EkVihIeoT9qGRogT5aez+yfw1Chd2BPSVKThTP29kSKu1JiHZpIjPVCL3lT8z2snunflpzSKE00iPH+olzCoBZyGAbtUEqzZ2BCEJTW3QjxAEmFtIiuYENzFLy+T5nnZvShX7irF6k0WRx4cgxNQAi64BFVwC+qgATB4BM/gFbxZT9aL9W59zEdzVrZzCP7A+vwB2H2Uug==</latexit>

Cov(X) = XµX
t
µ

<latexit sha1_base64="W2Jbj64xi8GoMSc67y66ISyUxJo=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSLUS0mkqBehWAseK9gPaGPZbDft0k027m4KJfR3ePGgiFd/jDf/jds2B219MPB4b4aZeV7EmdK2/W2trK6tb2xmtrLbO7t7+7mDw4YSsSS0TgQXsuVhRTkLaV0zzWkrkhQHHqdNb1iZ+s0RlYqJ8EGPI+oGuB8ynxGsjeRWxKjQOrtG1Ud9W+3m8nbRngEtEycleUhR6+a+Oj1B4oCGmnCsVNuxI+0mWGpGOJ1kO7GiESZD3KdtQ0McUOUms6Mn6NQoPeQLaSrUaKb+nkhwoNQ48ExngPVALXpT8T+vHWv/yk1YGMWahmS+yI850gJNE0A9JinRfGwIJpKZWxEZYImJNjllTQjO4svLpHFedC6KpftSvnyTxpGBYziBAjhwCWW4gxrUgcATPMMrvFkj68V6tz7mrStWOnMEf2B9/gDKUJDT</latexit>

Cov(X) = EtDE

<latexit sha1_base64="636u35FR0nOlR2cqdUOzQIV2z+4=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUr0IRRE8VrAftF1KNs22oUl2SbJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZya+sbm1v57cLO7t7+QfHwqKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWML6d+a0nqjSL5KOZxNQXeChZyAg2Vup00DW6a/d7IukXS27ZnQOtEi8jJchQ7xe/eoOIJIJKQzjWuuu5sfFTrAwjnE4LvUTTGJMxHtKupRILqv10fvEUnVllgMJI2ZIGzdXfEykWWk9EYDsFNiO97M3E/7xuYsIrP2UyTgyVZLEoTDgyEZq9jwZMUWL4xBJMFLO3IjLCChNjQyrYELzll1dJ86LsVcuVh0qpdpPFkYcTOIVz8OASanAPdWgAAQnP8ApvjnZenHfnY9Gac7KZY/gD5/MHMUGP+A==</latexit>

Z = EXµ

<latexit sha1_base64="GmJS+bl/AWsuBvjHmwkmtKsrHoo=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgxjIjRd0IRTcuK9h2oB2GTJppQ5PMkGTEYai/4saFIm79EHf+jWk7C209cOHknHvJvSdMGFXacb6t0srq2vpGebOytb2zu2fvH3RUnEpM2jhmsfRCpAijgrQ11Yx4iSSIh4x0w/HN1O8+EKloLO51lhCfo6GgEcVIGymwq16Q93k6gVfQg6fwMTCPwK45dWcGuEzcgtRAgVZgf/UHMU45ERozpFTPdRLt50hqihmZVPqpIgnCYzQkPUMF4kT5+Wz5CTw2ygBGsTQlNJypvydyxJXKeGg6OdIjtehNxf+8XqqjSz+nIkk1EXj+UZQyqGM4TQIOqCRYs8wQhCU1u0I8QhJhbfKqmBDcxZOXSees7p7XG3eNWvO6iKMMDsEROAEuuABNcAtaoA0wyMAzeAVv1pP1Yr1bH/PWklXMVMEfWJ8//h6Ttg==</latexit>

Xµ = X � xµ
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Risks associated with interpreting PCA

• Reducing dimensionality can result in losing some small but important 
signals.

• PCA can be blind to some complex structure present in the data (see 
board for examples).

• PCA always gives a decomposition, even on a random dataset. This 
decomposition is not always meaningful.
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Next lecture

• Clustering methods
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Supplementary material
(can be ignored)
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<latexit sha1_base64="BBocZACozzieSze3BGKCYcG2Mz4=">AAACBXicbVDLSgMxFM3UV62vUZe6CBah3ZQZKepGKBbBZQX7wHYcMmmmDU1mhiRTKEM3bvwVNy4Uces/uPNvzLQVtPXA5R7OuZfkHi9iVCrL+jIyS8srq2vZ9dzG5tb2jrm715BhLDCp45CFouUhSRgNSF1RxUgrEgRxj5GmN6imfnNIhKRhcKtGEXE46gXUpxgpLbnmYTUcFu6K8AIWrlpuh8fFn36vcq6Zt0rWBHCR2DOSBzPUXPOz0w1xzEmgMENStm0rUk6ChKKYkXGuE0sSITxAPdLWNECcSCeZXDGGx1rpQj8UugIFJ+rvjQRxKUfc05Mcqb6c91LxP68dK//cSWgQxYoEePqQHzOoQphGArtUEKzYSBOEBdV/hbiPBMJKB5eGYM+fvEgaJyX7tFS+Kecrl7M4suAAHIECsMEZqIBrUAN1gMEDeAIv4NV4NJ6NN+N9OpoxZjv74A+Mj2+EwZYO</latexit>

Cov(Z) = (EXµ)(EXµ)
t

<latexit sha1_base64="GgVSgaWWsTtndtMpyT68XUggLZI=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiRS1I1QLAWXFewD2xgm00k7dJIJM5NCCd258VfcuFDErb/gzr9x0mahrQfmcjjnXu7c40WMSmVZ38bS8srq2npuI7+5tb2za+7tNyWPBSYNzBkXbQ9JwmhIGooqRtqRICjwGGl5w2rqt0ZESMrDOzWOiBOgfkh9ipHSkmseVfmoeH8Kr2Ct7XaDGM7qg4I1XfKuWbBK1hRwkdgZKYAMddf86vY4jgMSKsyQlB3bipSTIKEoZmSS78aSRAgPUZ90NA1RQKSTTO+YwBOt9KDPhX6hglP190SCAinHgac7A6QGct5Lxf+8Tqz8SyehYRQrEuLZIj9mUHGYhgJ7VBCs2FgThAXVf4V4gATCSkeXhmDPn7xImmcl+7xUvi0XKtdZHDlwCI5BEdjgAlTADaiDBsDgETyDV/BmPBkvxrvxMWtdMrKZA/AHxucP8C6W0g==</latexit>

Cov(Z) = EXµX
t
µE

t

<latexit sha1_base64="J3S7dOcGTbRWB6VCNLUu8Jgkfhg=">AAACAHicbZDLSgMxFIYz9VbrbdSFCzfBIrSbMiNF3QjFIrisYC/YjiWTZtrQTDIkmUIZuvFV3LhQxK2P4c63MdN2oa0/BD7+cw4n5/cjRpV2nG8rs7K6tr6R3cxtbe/s7tn7Bw0lYolJHQsmZMtHijDKSV1TzUgrkgSFPiNNf1hN680RkYoKfq/HEfFC1Oc0oBhpY3Xto6oYFR6K8ArewBRbRQOPOte1807JmQougzuHPJir1rW/Oj2B45BwjRlSqu06kfYSJDXFjExynViRCOEh6pO2QY5CorxkesAEnhqnBwMhzeMaTt3fEwkKlRqHvukMkR6oxVpq/ldrxzq49BLKo1gTjmeLgphBLWCaBuxRSbBmYwMIS2r+CvEASYS1ySwNwV08eRkaZyX3vFS+K+cr1/M4suAYnIACcMEFqIBbUAN1gMEEPINX8GY9WS/Wu/Uxa81Y85lD8EfW5w8P5pOB</latexit>

Cov(Z) = ECov(X)Et

And so we are looking for E such that
<latexit sha1_base64="arTV/zR7rQMHBY7yfe12RcYKdM8=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQN2VGiroRirXgsoJ9QDuWTJppQzPJkGSKpfRX3LhQxK0/4s6/MdPOQlsPXDiccy/33uNHjCrtON9WZm19Y3Mru53b2d3bP7AP800lYolJAwsmZNtHijDKSUNTzUg7kgSFPiMtf1RN/NaYSEUFf9CTiHghGnAaUIy0kXp2vgarYlxsn8EafNTwGt7menbBKTlzwFXipqQAUtR79le3L3AcEq4xQ0p1XCfS3hRJTTEjs1w3ViRCeIQGpGMoRyFR3nR++wyeGqUPAyFNcQ3n6u+JKQqVmoS+6QyRHqplLxH/8zqxDq68KeVRrAnHi0VBzKAWMAkC9qkkWLOJIQhLam6FeIgkwtrElYTgLr+8SprnJfeiVL4vFyo3aRxZcAxOQBG44BJUwB2ogwbA4Ak8g1fwZs2sF+vd+li0Zqx05gj8gfX5A92jkcA=</latexit>

ECov(X)Et = D

<latexit sha1_base64="vthB75WIfWabf6rc88waAFomDcg=">AAAB9XicbVBNT8JAEN36ifiFevSykZjghbSGqBcTIhePmMhHgEK2yxY2bHeb3SmGEP6HFw8a49X/4s1/Yws9KPiSSV7em8nMPC8U3IBtf1tr6xubW9uZnezu3v7BYe7ouG5UpCmrUSWUbnrEMMElqwEHwZqhZiTwBGt4o0riN8ZMG67kI0xC5gZkILnPKYFY6lbUuNC6wLe41epCtpfL20V7DrxKnJTkUYpqL/fV6SsaBUwCFcSYtmOH4E6JBk4Fm2U7kWEhoSMyYO2YShIw407nV8/weaz0sa90XBLwXP09MSWBMZPAizsDAkOz7CXif147Av/GnXIZRsAkXSzyI4FB4SQC3OeaURCTmBCqeXwrpkOiCYU4qCQEZ/nlVVK/LDpXxdJDKV++S+PIoFN0hgrIQdeojO5RFdUQRRo9o1f0Zj1ZL9a79bFoXbPSmRP0B9bnDw2ykO8=</latexit>

Cov(Z) = ZZt

<latexit sha1_base64="636u35FR0nOlR2cqdUOzQIV2z+4=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUr0IRRE8VrAftF1KNs22oUl2SbJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZya+sbm1v57cLO7t7+QfHwqKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWML6d+a0nqjSL5KOZxNQXeChZyAg2Vup00DW6a/d7IukXS27ZnQOtEi8jJchQ7xe/eoOIJIJKQzjWuuu5sfFTrAwjnE4LvUTTGJMxHtKupRILqv10fvEUnVllgMJI2ZIGzdXfEykWWk9EYDsFNiO97M3E/7xuYsIrP2UyTgyVZLEoTDgyEZq9jwZMUWL4xBJMFLO3IjLCChNjQyrYELzll1dJ86LsVcuVh0qpdpPFkYcTOIVz8OASanAPdWgAAQnP8ApvjnZenHfnY9Gac7KZY/gD5/MHMUGP+A==</latexit>

Z = EXµ

<latexit sha1_base64="mVVMHgEQT3JtmNK1ZT02CNJMV6Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoiRb0IxXrwWMF+YBrKZrtpl252w+6kUEp/hhcPinj113jz35i0OWjrg4HHezPMzPMjwQ3Y9reVW1vf2NzKbxd2dvf2D4qHRy2jYk1ZkyqhdMcnhgkuWRM4CNaJNCOhL1jbH9VTvz1m2nAlH2ESMS8kA8kDTgkkkltX4/LTOb7Bd4VesWRX7DnwKnEyUkIZGr3iV7evaBwyCVQQY1zHjsCbEg2cCjYrdGPDIkJHZMDchEoSMuNN5yfP8Fmi9HGgdFIS8Fz9PTEloTGT0E86QwJDs+yl4n+eG0Nw7U25jGJgki4WBbHAoHD6P+5zzSiISUII1Ty5FdMh0YRCklIagrP88ippXVScy0r1oVqq3WZx5NEJOkVl5KArVEP3qIGaiCKFntErerPAerHerY9Fa87KZo7RH1ifP6w9j48=</latexit>

Cov(Z) = DWe are looking for a change of basis E for X such that

and where

We can rewrite Cov(Z) as: by the definition of covariance and because Z is mean-centered

by the definition of Z

this is how the transpose operator applies to a matrix 
product

by definition of the covariance of X

where D is diagonal

where D is diagonal

Calculation showing how to arrive to the equation of PCA

<latexit sha1_base64="A2saWFEaqp3KDjqwC+8AIyCkSb8=">AAAB9XicbVBdSwJBFJ21L7Mvq8dehiSwF9kNqV4CyYQeDfIDdJXZcVYHZ3eWmbuGiP+jlx6K6LX/0lv/plH3obQDFw7n3Mu993iR4Bps+9tKra1vbG6ltzM7u3v7B9nDo7qWsaKsRqWQqukRzQQPWQ04CNaMFCOBJ1jDG5ZnfmPElOYyfIRxxNyA9EPuc0rASJ2yHOWb5/gGVzpwV+lmc3bBngOvEichOZSg2s1+tXuSxgELgQqidcuxI3AnRAGngk0z7ViziNAh6bOWoSEJmHYn86un+MwoPexLZSoEPFd/T0xIoPU48ExnQGCgl72Z+J/XisG/dic8jGJgIV0s8mOBQeJZBLjHFaMgxoYQqri5FdMBUYSCCSpjQnCWX14l9YuCc1koPhRzpdskjjQ6Qacojxx0hUroHlVRDVGk0DN6RW/Wk/VivVsfi9aUlcwcoz+wPn8AIoyQ/Q==</latexit>

Cov(X) = EtDEFinally we can rewrite this equation as as 
<latexit sha1_base64="T31fcylwQdUc3S06w3Hl7JrJho4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG8WHalqBehKAWPFewHbLclm6ZtaDZZklmhLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXhgLbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DAq0ZTVqRJKt0JimOCS1YGDYK1YMxKFgjXD0d3Ubz4xbbiSjzCOWRCRgeR9TglYya920nNvgm+qHegWim7JnQEvEy8jRZSh1i18tXuKJhGTQAUxxvfcGIKUaOBUsEm+nRgWEzoiA+ZbKknETJDOTp7gU6v0cF9pWxLwTP09kZLImHEU2s6IwNAselPxP89PoH8dpFzGCTBJ54v6icCg8PR/3OOaURBjSwjV3N6K6ZBoQsGmlLcheIsvL5PGRcm7LJUfysXKbRZHDh2jE3SGPHSFKuge1VAdUaTQM3pFbw44L8678zFvXXGymSP0B87nD+bgkF4=</latexit>

E�1 = Et
for any orthonormal 
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Iterative algo to compute PCA

source: https://en.wikipedia.org/wiki/Principal_component_analysis
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