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Quiz 3



Explain to your neighbour (use sketches) 

• What is PCA? What can it be used for? (3 min)

(switch roles)

• What is the Fourier transform? What can it be used for? (3 min)



0

0

<latexit sha1_base64="uv4aZbEIo5nkA5qpaRzNbFQHTk4=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAbBU9iVoB6DXjxGMA9IlmV2MkmGzM4sM71KXIK/4sWDIl79D2/+jZNkD5pY0FBUddPdFSWCG/C8b2dpeWV1bb2wUdzc2t7Zdff2G0almrI6VULpVkQME1yyOnAQrJVoRuJIsGY0vJ74zXumDVfyDkYJC2LSl7zHKQErhe5hR1lb8/4AiNbqIWOhPw7dklf2psCLxM9JCeWohe5Xp6toGjMJVBBj2r6XQJARDZwKNi52UsMSQoekz9qWShIzE2TT68f4xCpd3FPalgQ8VX9PZCQ2ZhRHtjMmMDDz3kT8z2un0LsMMi6TFJiks0W9VGBQeBIF7nLNKIiRJYRqbm/FdEA0oWADK9oQ/PmXF0njrOyflyu3lVL1Ko+jgI7QMTpFPrpAVXSDaqiOKHpEz+gVvTlPzovz7nzMWpecfOYA/YHz+QNQ6pXK</latexit>�!e1<latexit sha1_base64="xpCQqmY1zCFUw5PSdXa/ZSbr1Ss=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KUoi6LblxWsA9oQ5hMJ+3QSSbM3Cg1FH/FjQtF3Pof7vwbp20W2nrgwuGce7n3niARXIPjfFuFldW19Y3iZmlre2d3z94/aGmZKsqaVAqpOgHRTPCYNYGDYJ1EMRIFgrWD0fXUb98zpbmM72CcMC8ig5iHnBIwkm8f9aSxFR8MgSglHzLmVye+XXYqzgx4mbg5KaMcDd/+6vUlTSMWAxVE667rJOBlRAGngk1KvVSzhNARGbCuoTGJmPay2fUTfGqUPg6lMhUDnqm/JzISaT2OAtMZERjqRW8q/ud1UwgvvYzHSQospvNFYSowSDyNAve5YhTE2BBCFTe3YjokilAwgZVMCO7iy8ukVa2455Xaba1cv8rjKKJjdILOkIsuUB3doAZqIooe0TN6RW/Wk/VivVsf89aClc8coj+wPn8AUm+Vyw==</latexit>�!e2

<latexit sha1_base64="uv4aZbEIo5nkA5qpaRzNbFQHTk4=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAbBU9iVoB6DXjxGMA9IlmV2MkmGzM4sM71KXIK/4sWDIl79D2/+jZNkD5pY0FBUddPdFSWCG/C8b2dpeWV1bb2wUdzc2t7Zdff2G0almrI6VULpVkQME1yyOnAQrJVoRuJIsGY0vJ74zXumDVfyDkYJC2LSl7zHKQErhe5hR1lb8/4AiNbqIWOhPw7dklf2psCLxM9JCeWohe5Xp6toGjMJVBBj2r6XQJARDZwKNi52UsMSQoekz9qWShIzE2TT68f4xCpd3FPalgQ8VX9PZCQ2ZhRHtjMmMDDz3kT8z2un0LsMMi6TFJiks0W9VGBQeBIF7nLNKIiRJYRqbm/FdEA0oWADK9oQ/PmXF0njrOyflyu3lVL1Ko+jgI7QMTpFPrpAVXSDaqiOKHpEz+gVvTlPzovz7nzMWpecfOYA/YHz+QNQ6pXK</latexit>�!e1

<latexit sha1_base64="xpCQqmY1zCFUw5PSdXa/ZSbr1Ss=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KUoi6LblxWsA9oQ5hMJ+3QSSbM3Cg1FH/FjQtF3Pof7vwbp20W2nrgwuGce7n3niARXIPjfFuFldW19Y3iZmlre2d3z94/aGmZKsqaVAqpOgHRTPCYNYGDYJ1EMRIFgrWD0fXUb98zpbmM72CcMC8ig5iHnBIwkm8f9aSxFR8MgSglHzLmVye+XXYqzgx4mbg5KaMcDd/+6vUlTSMWAxVE667rJOBlRAGngk1KvVSzhNARGbCuoTGJmPay2fUTfGqUPg6lMhUDnqm/JzISaT2OAtMZERjqRW8q/ud1UwgvvYzHSQospvNFYSowSDyNAve5YhTE2BBCFTe3YjokilAwgZVMCO7iy8ukVa2455Xaba1cv8rjKKJjdILOkIsuUB3doAZqIooe0TN6RW/Wk/VivVsf89aClc8coj+wPn8AUm+Vyw==</latexit>�!e2
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Data before PCA Data after PCA

PCA

4

PCA consists in finding a new basis such that the covariance between variables is null in that 
new basis.

Connection between PCA and Fourier transform



<latexit sha1_base64="2HtejZB/MD71IEiDBBEkPNWVhIo=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7AekoWw2m3bpZjfsTpQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrTlLWpEkr3QmKY4JK1gYNgvVQzkoSCdcPx7czvPjJtuJIPMElZkJCh5DGnBKzk9594xEYE8t50UK25dXcOvEq8gtRQgdag+tWPFM0SJoEKYozvuSkEOdHAqWDTSj8zLCV0TIbMt1SShJkgn588xWdWiXCstC0JeK7+nshJYswkCW1nQmBklr2Z+J/nZxBfBzmXaQZM0sWiOBMYFJ79jyOuGQUxsYRQze2tmI6IJhRsShUbgrf88irpXNS9y3rjvlFr3hRxlNEJOkXnyENXqInuUAu1EUUKPaNX9OaA8+K8Ox+L1pJTzByjP3A+fwCoqJGD</latexit>

bX
<latexit sha1_base64="HrChqDEs9eFUHg4okGgF9jnp5sw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFQVxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaJKMykezTShQYxHgkWMYGMlvx9jMyaYZ3ezQbXm1t050CrxClKDAq1B9as/lCSNqTCEY619z01MkGFlGOF0VumnmiaYTPCI+pYKHFMdZPPIM3RmlSGKpLJPGDRXf29kONZ6God2Mo+ol71c/M/zUxNdBxkTSWqoIIuPopQjI1F+PxoyRYnhU0swUcxmRWSMFSbGtlSxJXjLJ6+SzkXdu6w3Hhq15k1RRxlO4BTOwYMraMI9tKANBCQ8wyu8OcZ5cd6dj8VoySl2juEPnM8fetWRZQ==</latexit>F <latexit sha1_base64="L7N7UZSS/wKQC2DQoJDTDfgLm4A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuKeM5Q==</latexit>

X

Fourier transform is a change of basis, which re-expresses an input sequence 
X into a new basis of sine and cosine functions (i.e. frequency domain):

where 

<latexit sha1_base64="L7N7UZSS/wKQC2DQoJDTDfgLm4A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuKeM5Q==</latexit>

X

<latexit sha1_base64="HrChqDEs9eFUHg4okGgF9jnp5sw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFQVxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaJKMykezTShQYxHgkWMYGMlvx9jMyaYZ3ezQbXm1t050CrxClKDAq1B9as/lCSNqTCEY619z01MkGFlGOF0VumnmiaYTPCI+pYKHFMdZPPIM3RmlSGKpLJPGDRXf29kONZ6God2Mo+ol71c/M/zUxNdBxkTSWqoIIuPopQjI1F+PxoyRYnhU0swUcxmRWSMFSbGtlSxJXjLJ6+SzkXdu6w3Hhq15k1RRxlO4BTOwYMraMI9tKANBCQ8wyu8OcZ5cd6dj8VoySl2juEPnM8fetWRZQ==</latexit>F

<latexit sha1_base64="2HtejZB/MD71IEiDBBEkPNWVhIo=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7AekoWw2m3bpZjfsTpQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrTlLWpEkr3QmKY4JK1gYNgvVQzkoSCdcPx7czvPjJtuJIPMElZkJCh5DGnBKzk9594xEYE8t50UK25dXcOvEq8gtRQgdag+tWPFM0SJoEKYozvuSkEOdHAqWDTSj8zLCV0TIbMt1SShJkgn588xWdWiXCstC0JeK7+nshJYswkCW1nQmBklr2Z+J/nZxBfBzmXaQZM0sWiOBMYFJ79jyOuGQUxsYRQze2tmI6IJhRsShUbgrf88irpXNS9y3rjvlFr3hRxlNEJOkXnyENXqInuUAu1EUUKPaNX9OaA8+K8Ox+L1pJTzByjP3A+fwCoqJGD</latexit>

bX
is the Fourier transform

is the Fourier representation

is the input sequence

Connection between PCA and Fourier transform



A  stationary process is a process whose joint probability distribution 
does not change when shifted in time:

source: https://en.wikipedia.org/wiki/Stationary_process

<latexit sha1_base64="0GMQnvYqGa/GNMCZACwC9l11yP8="></latexit>

p(xt1+⌧ , xt2+⌧ , ..., xtn+⌧ ) = p(xt1 , xt2 , ..., xtn)

for all ⌧ 2 R
for all n 2 N

<latexit sha1_base64="5ikqoPzWyRYIaOnnKi6Exiu4K5U="></latexit>

let {xt}t2R be a stationary process

then

Connection between PCA and Fourier transform



7

<latexit sha1_base64="tSt4AsScgkmYuQudhMaJyFxAPUI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBO0o0r</latexit>

...
<latexit sha1_base64="tSt4AsScgkmYuQudhMaJyFxAPUI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBO0o0r</latexit>

...

samples

<latexit sha1_base64="qC8X838iF7CeGPXijFOFD2yIC94=">AAACAHicbVC7TsMwFHV4lvAKMDCwWFRITFWCKmCsYGEsEn1IbRQ5rtNadezIdoAqysKvsDCAECufwcbf4LQZoOVIVzo6517de0+YMKq0635bS8srq2vrlQ17c2t7Z9fZ228rkUpMWlgwIbshUoRRTlqaaka6iSQoDhnphOPrwu/cE6mo4Hd6khA/RkNOI4qRNlLgHPaFsSUdjjSSUjxkj4GX27YdOFW35k4BF4lXkioo0Qycr/5A4DQmXGOGlOp5bqL9DElNMSO53U8VSRAeoyHpGcpRTJSfTR/I4YlRBjAS0hTXcKr+nshQrNQkDk1njPRIzXuF+J/XS3V06WeUJ6kmHM8WRSmDWsAiDTigkmDNJoYgLKm5FeIRkghrk1kRgjf/8iJpn9W881r9tl5tXJVxVMAROAanwAMXoAFuQBO0AAY5eAav4M16sl6sd+tj1rpklTMH4A+szx8kOJYZ</latexit>�!x1

<latexit sha1_base64="Z2rKiIB3Y+INIic8SuBYVZhYrOA=">AAACAHicbVC7TsMwFHXKq4RXgIGBxaJCYqqSqgLGChbGItGH1EaR47qtVceObAeooiz8CgsDCLHyGWz8DU6bAVqOdKWjc+7VvfeEMaNKu+63VVpZXVvfKG/aW9s7u3vO/kFbiURi0sKCCdkNkSKMctLSVDPSjSVBUchIJ5xc537nnkhFBb/T05j4ERpxOqQYaSMFzlFfGFvS0VgjKcVD+hjUMtu2A6fiVt0Z4DLxClIBBZqB89UfCJxEhGvMkFI9z421nyKpKWYks/uJIjHCEzQiPUM5iojy09kDGTw1ygAOhTTFNZypvydSFCk1jULTGSE9VoteLv7n9RI9vPRTyuNEE47ni4YJg1rAPA04oJJgzaaGICypuRXiMZIIa5NZHoK3+PIyadeq3nm1fluvNK6KOMrgGJyAM+CBC9AAN6AJWgCDDDyDV/BmPVkv1rv1MW8tWcXMIfgD6/MHJcCWGg==</latexit>�!x2
<latexit sha1_base64="k/Z/Dbtx6h4t5xoOMEALD1tSvAo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHtrkuleuuFV3BrJMvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJS6qcaEshEdYMdSSSPUfjY7dUJOrNInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCa/8jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdkQvMWXl0nzrOpdVM/vzyu1mzyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNEc6L8+58zFsLTj5zCH/gfP4AkESNVg==</latexit>

X =

<latexit sha1_base64="2gUKM8xh6wWEJDe6v1gIyww8gmo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+x7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwiGjaU=</latexit>

t1
<latexit sha1_base64="VfQlbjz14oEvJ+wNqJlCEmczKxA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3WO/1i9X3Ko7B1klXk4qkKPZL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRrVe+iWr+rVxrXeRxFOIFTOAcPLqEBt9CEFjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEKCo2m</latexit>

t2

<latexit sha1_base64="jTnJlG7rt+TGFMfMEiDd6yoxGvc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yrfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2T6jeI=</latexit>

tn

<latexit sha1_base64="ZIJHbxLN5R0xYOkaPD9Hn5RWuhY=">AAAB73icbVBNTwIxEJ31E/EL9eilkZjghewaol5MiFw8YiKwCWxIt3ShoduubZeEEP6EFw8a49W/481/Y4E9KPiSSV7em8nMvDDhTBvX/XbW1jc2t7ZzO/ndvf2Dw8LRcVPLVBHaIJJL5YdYU84EbRhmOPUTRXEcctoKh7WZ3xpRpZkUj2ac0CDGfcEiRrCxkl+To5J/gW67haJbdudAq8TLSBEy1LuFr05PkjSmwhCOtW57bmKCCVaGEU6n+U6qaYLJEPdp21KBY6qDyfzeKTq3Sg9FUtkSBs3V3xMTHGs9jkPbGWMz0MveTPzPa6cmugkmTCSpoYIsFkUpR0ai2fOoxxQlho8twUQxeysiA6wwMTaivA3BW355lTQvy95VufJQKVbvsjhycApnUAIPrqEK91CHBhDg8Ayv8OY8OS/Ou/OxaF1zspkT+APn8weMeI8B</latexit>

Cov(X) =

<latexit sha1_base64="2gUKM8xh6wWEJDe6v1gIyww8gmo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+x7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwiGjaU=</latexit>

t1
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The covariance of a dataset of samples drawn from a (periodic) stationary process is 
a circulant matrix:

Connection between PCA and Fourier transform



When PCA decomposition is computed over a circulant covariance
matrix, the resulting eigenvector basis is the Fourier basis:

where
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Conclusion: For any stationary process, performing Fourier transform is equivalent to 
performing PCA (except that in Fourier transform the basis is known and does need to be 
computed).

Connection between PCA and Fourier transform

time

frequency
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Cov(X) = F t⇤DF



Outline of the course

1. Mean, Standard Deviation, Standard Error, Confidence Intervals, T-test
2. Fourier Transform, Wavelet Transforms, Spectrograms, High-pass, Low-

pass filters
3. Principal Component Analysis (PCA) and Singular Value Decomposition 

(SVD)
4. Clustering Methods
5. Linear Regression / Logistic Regression
6. Non-linear Methods: Independant Component Analysis, t-Stochastic 

Neighbour Embedding, Random Forests, Deep Networks
7. Invited lectures from the biomedical industry

9



Definition of clustering
Clustering is grouping a collection of data points into subsets or “clusters”, such that the 
points within each cluster are closer to one another than points assigned to different clusters.
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Algebraic view of clustering

features
assignement 

matrix
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matrix

approximate 
factorization of X

data 
matrix

loss
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Clustering consists in approximating a data matrix by the product of a centroid matrix and an 
assignment matrix, which is a matrix with only one non-zero element per column: 



Clustering algorithms
• The number of possible partitions (i.e. grouping of points in clusters) grows very quickly with the 

number of points. For example, for 4 clusters of 19 points, there are more than 1010 potential 
partitions.

• Clustering algorithms are able to examine only a very small fraction of all possible partitions. The 
goal of clustering algorithms is to identify a small subset that is likely to contain the optimal one, 
or at least a good suboptimal partition. 

• Such feasible strategies are based on iterative greedy descent: (1) an initial partition is specified; 
(2) at each iterative step, the cluster assignments are changed in such a way that the value of the 
criterion is improved from its previous value. 

• There are many clustering algorithms, each with their advantages. In this lecture we will see two 
commonly used  algorithms: K-means and hierarchical clustering.



K-means clustering algorithm
K-means clustering starts with guesses for the ‘K’ cluster centers. Then it alternates the following 
steps until convergence: 
1) for each data point, the closest cluster center (in Euclidean distance) is identified; 
2) each cluster center is replaced by the coordinate-wise average of all data points that are closest 
to it (i.e., center of mass).

source: https://en.wikipedia.org/wiki/K-means_clustering



K-means clustering in action

source: https://dashee87.github.io/data%20science/general/Clustering-with-Scikit-with-GIFs/

https://dashee87.github.io/data%20science/general/Clustering-with-Scikit-with-GIFs/


How to choose the number of clusters ‘K’ in 
K-means?
• Sometimes the number of centroids ‘K’ is imposed by the constraints 

of your problem: e.g., you need to divide a dataset in ‘K’ streams for 
parallel processing.

• Sometimes there is a natural number of clusters in your data. You can 
find it by inspecting the clusters visually and deciding whether you 
are subdividing your data into too many or too few clusters.

• Sometimes natural clusters appear, sometimes not. In all cases, a 
clustering analysis can be useful.



Hierarchical clustering algorithm
Hierarchical clustering recursively merges a selected pair of clusters into a single cluster. This 
produces a grouping at the next higher level with one less cluster. The pair chosen for merging 
consists of the two groups with the smallest intergroup dissimilarity. 

source: https://en.wikipedia.org/wiki/Hierarchical_clustering 

Hierarchical clustersRaw data



• Single linkage agglomerative clustering takes the intergroup dissimilarity to be 
that of the closest (least dissimilar) pair.

• Complete linkage agglomerative clustering (furthest-neighbor technique) takes 
the intergroup dissimilarity to be that of the furthest (most dissimilar) pair 

• Group average linkage clustering uses the average dissimilarity between the 
groups 

Hierarchical clustering: linkage

Where is group ‘bc’ 
located?



Dendogram: definition
A dendogram is a binary tree representing the hierarchical clusters, such that the 
height of each node is proportional to the value of the intergroup dissimilarity 
between its two daughters. 

C



How to ‘cut’ a dendogram?
• Cutting the dendrogram horizontally at a particular height partitions the data into disjoint clusters represented 

by the vertical lines that intersect it. These are the clusters that would be produced by terminating the 
procedure when the optimal intergroup dissimilarity exceeds that threshold cut value. Groups that merge at high 
values, relative to the merger values of the subgroups contained within them lower in the tree, are candidates 
for natural clusters. Note that this may occur at several different levels, indicating a clustering hierarchy: that is, 
clusters nested within clusters.

C



Hierarchical clustering in action

source: https://dashee87.github.io/data%20science/general/Clustering-with-Scikit-with-GIFs/

https://dashee87.github.io/data%20science/general/Clustering-with-Scikit-with-GIFs/


Hierarchical Clustering vs. K-means

• The results of applying the K-means clustering algorithm depends on the choice 
for the number of clusters to be searched and a starting configuration 
assignment. In contrast, hierarchical clustering methods do not require such 
specifications. 

• The goal is sometimes to arrange the clusters into a natural hierarchy. Hierarchical 
clustering involves successively grouping the clusters themselves so that at each 
level of the hierarchy, clusters within the same group are more similar to each 
other than those in different groups. It is up to the user to decide which level (if 
any) actually represents a “natural” clustering in the sense that observations 
within each of its groups are sufficiently more similar to each other than to 
observations assigned to different groups at that level.



Steps to perform clustering on a computer

1. Prepare your data into a matrix of size ‘samples’ x ‘features’. 

2. Feed this matrix into a clustering algorithm (e.g., K-means or hierarchical 
clustering)

3. Vizualise the clusters obtained (e.g., with a dendogram for hierarchical 
clustering, or by superposing all elements of each cluster for K-means)

4. Adjust the clustering parameters according to your specific criteria (i.e., 
readjust ‘K’ in K-means, or adjust the vertical cut of the dendogram in 
hierarchical clustering)
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Case study 1: genetic analysis of tumor patients

source: The Elements of Statistical Learning, Hastie, Tibshirani, Friedman (2017)  



Case study 1: genetic analysis of tumor patients



Case study 1: genetic analysis of tumor patients

Like K-means clustering, hierarchical clustering is
successful at clustering simple cancers together.
However it has other nice features. By cutting off
the dendrogram at various heights, different
numbers of clusters emerge, and the sets of clusters
are nested within one another.



Case study 1: genetic analysis of tumor patients
Secondly, it gives some partial ordering information about the samples. 
In Figure 14.14, we have arranged the genes (rows) and samples 
(columns) of the expression matrix in orderings derived from 
hierarchical clustering. 



Case study 2: Understanding retinal coding

Photoreceptors

Bipolar cells

Ganglion cells

cone rod

Horizontal cells

Amacrine cells

Optic nerve
How is visual information encoded at the output of the retina?

cone rod



cone rod

~ 100 types of cells in the retina ~ 30 types of ganglion cells

- Multiple stages of processing in the retina
- A non-local processing
- A complex encoding of visual information

Case study 2: Understanding retinal coding
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Case study 2: Understanding retinal coding
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Case study 2: Understanding retinal coding
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Limitations and risks associated to clustering

• K-means clustering will always find clusters, even if they don’t 
exist. Similarly, hierarchical clustering imposes hierarchical
structure whether or not such structure actually exists in the data.

e.g., here when K-means is applied with K = 3, it arbitrarily subdivides 
a group of points in two clusters

• Classical clustering methods can be inadapted to the structure of 
the data. 

Note: advanced clustering methods exist, e.g. spectral clustering with 
non-euclidean kernels, t-SNE embeddings



Next lecture

• Principal Component Analysis (PCA) and Singular Value 
Decomposition (SVD) (part II)


