Statistical Mechanics
EO0415

Fall 2023, lecture 3
Correlations & Dissipation



‘paper’ groups

1. Negative temperatures Aron Dahlberg, Miklés Nemesszeghy, Emil Straka (7.10)

2. Physics & single cell biology Eero Saariniemi, Jere Haavisto, Urho Koljonen (14.10)

3. Non-equilibrium transition & Game of Life Alisa Haukisalmi, Juuso Attenberg, Jan Loder (28.)
4. Jarzynski inequality Angelos Stathakis, Kiran Thamke, Clara Précheur Llarena, Tharindu
Koralage ( 4.11)

5. Negative Representation and Instability in Democratic Elections Anna Huttunen, Emma Lehto,
Heidi Kivijarvi, Atso lkaheimo (11.)

6. Quantum phase transition Pelin Yildrim, Jonas Tjepkema, Evren Korkmazgil (18.)

7. Entropy production Ville-Eemeli Kovanen, ALgot Silvennoinen, Mikael Tuokkola (25.11)

8. Avalanches and their shape Sofia Boling, Gentrit Zenuni, Valtteri Turkki (2.12)

9. Sinan Inel, (Zeno effect TBD), TBD



Take home 2

In the event that the coin is not fair, the distributions change.

If the subsequent outcomes are positively correlated, such that the possibility of going left (losing money)
is increased if we previously moved left or vice versa, then the game would end faster and the distribution
of steps would peak more to the smaller values for both Xr= 0 and Xr= 20.

If the subsequent outcomes are negatively correlated, such that the possibility of going left

(losing money) is decreased if we previously moved left or vice versa, then the game would last longer

as the amount of coins would tend to stay put leading to a distribution with higher number of steps.
2.t

Let us turn this into an exercise in gambling. You play heads and tails (toss a coin, and
guess the outcome: win or lose the coin). Three questions: you start with 10 coins. Give
an argument how the distribution of times it takes for you to lose all your coins looks like.
What happens if you play till you have zero, or until you won all the 10 coins of your
friend” Let us now consider the case where the coin is not fair: the fractional Brownian
motion, where the subsequent outcomes are correlated (positively or negatively). How does
that influence qualitatively those outcomes?




Comments:

The first question is actually a so-called First Passage problem. For an
unbounded domain (your friend is immensely rich so you can win ad
infinitum) the average time is... infinite. That Is b/c the first passage
time (to reach zero) t scales with an exponent of -3/2 (is a power-law).
You may note that this is related to the Gaussian distribution of -1/2
exponent, and the FP time is its derivative. “Diffusive flux”.

fBm: trends and anti-trends



Correlation functions

“Fields” s(x,y): how to find
regularities?

Cyo*(r) = (S(x,t)8(x +r,t))
Clr,7) = {(5(x,t)5(x+r,t 4+ 7))

s: height, magnetization, activity..
Limiting behaviors (t, x —00)!

Scale-free behavior (2™ order phase
transitions).

Check Google Maps for s(x,y)...
Retkeilypaikka...
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Fig. 10.1 Phase separation
an Ilmng model, quenched (abroptly

cooled) from high temperatures to sero
temperature [124]. The model quickly
separates mto local blobs of up- and
down-sping, which grow and merge,
coarsening to lurger blob sizes (Sec-
tiom 11.4.1).
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Fig. 10.5 Power-law correlations.
The schematic correlation function of
figure 10.4 on a log—log plot, both at T:
(straight line, representing the power
law € ~ r{d=241)) and above T.
(where the dependence shifts to C ~
e~ "/2T) 4t distances beyond the cor-
relation length £(T)). See Chapter 12.

Fig. 10.2 Surfare annealing. An
H-I-.l'i] irniw! ﬂE il :il]rFi'J::l.". L'."'!’.‘I:IJ.L‘d. .::l:"
bombarding a close-packed gold sur-
face with noble-gas atoms, and then
allewing the wregular surface to ther-
mally relax {Tatjana Curcic and Bar-
bara H. Cooper [32]). The figure shows
mdividual atomic-height steps; the ar-
rows each show a single step pit mmside
another pit. The charactenstic sizes of
the pits and slands grow as the surface
evolves and fattens.




Experimental measures

X-rays, neutrons scatter (from what? Electrons,

Nuclear spins...) and produce... the Fourier Transform of the equal-time

Correlation function. How?
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Fig. 10.8 X-ray scattering. A beam
of wavevector kg scatters off a density
variation g(x) with wavevector k to a
final wavevector kp + k; the intensity
of the scattered beam is proportional
to |#(k)|? [9, chapter 6].




ldeal gases: equal time correlations

Easiest, illustrative case (with no Pl o). ) — poy kT (o) — 1]
correlations). We need to compute  Hemholtz' e
from the FE free energy and and its derivative o= S < kT/m = /i

density the fluctuations, and then
consider what happens if we break Flo)

—
%]

. —a(p — po)”, P{p(x)} e AR ] S
the system into many sub-volumes :
(un-correlated). Distributions of free energy and
D e ) density fluctuations in equilibrium
lp—po)”) = -
' ' Ja Al
videal - l f
Dirac’ delta-function: no correlations. C (r,0) = —dé(r).

e Ta



Enter Onsager...



Lars Onsager

Lars Onsager (November 27, 1903
- October 5, 1976): Norvegian
physicist/chemist.

Known for: electrolytes... phase
transitions... Onsager relations....

Nobel prize (in Chemistry) in 1968.




Enter Onsager...

How to treat deviations from the
equilibrium (read: correlations)?

O’s regression hypothesis:

...we may assume that a spontaneous deviation from the
equilibrium decays according to the same laws as one that
has been produced artificially.

Average over initial conditions,
thermal history. We get for the C
the diffusion equation, again:
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Fig. 10.7T MNoisy decay of a fluctu-
ation. An unusual fluctuation at ¢t =0
will slowly decay to a more typical ther-
mal configuration at a later time 7.
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Fig. 10.8 Deterministic decay of
an initial state. An initial condition
with the same density will slowly decay
to zero.



Susceptibility and linear response

The idea: define a measure for the
response to a perturbation.

We assume that this can be
measured “based on the past” via a
response function . Note how and
why this is linear (in f).

Then FT everything, and call y as the
AC susceptibility (language of
magnets).

(Electricity: polarizability,

Magnetism: susceptibility again)

Fe(t) = — [ dx f{x,t)s(x,t).

s(x,t) = [-:l:h:“ / dt’ vix—x",t —t") f(x'.t").

ik, w) = ¥(k,w) f(k,w),



Dissipation

v splits into real and imaginary

parts and Im y relates to the x(k,w) = [-:1:-: dt e“te—E*y(x,t) = ¥ (k,w) + ix" (k, w)
“lag” of the response and to

the dissipation per cycle

: w|ful2 [ w| fu|? ;
(oscillatory force). plw) = #/ dr x () sin(wr) = ”_:;'l Tm[¥ (w)]

—

2
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The zero-frequency limit
(electrical analogue) relates
the conductivity to limit of the o= lim w’é&|w)
polarizability. w - 0



Static susceptibility

Define via perturbed equilibrium
(no time-dependence).

Fluctuation-dissipation relation:
susceptibility vs. correlation
function in the zero frequency
limit.

Relation of these to fluctuations in
equilibrium and their (non-
extensive) scaling.

8(x) = /flx’\.,{x — x")f(x").
yvol(r) = AC(r,0).

volk) = vik,w =0).

kgTo(k=0)=C(k=0,t =0) = [':11‘ (s(r + x)s(x))
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Fluctuation-dissipation theorem

Susceptibility ¢ relates to the
correlations, thus the field and its 9C(x, 1)
fluctuations. o1

In frequency domain, the imaginary
part does the same. i v B

Thus also dissipated power: =
fluctuations are related to dissipation.

[FYI: there is a large universe of attempts to use p(w) = =2V _
this in out of equilibrium systems: measure y 8| fu|? ~
and C, in order to define an effective =—g Clw)
temperature P_.]




Role of causality

The FT (frequency-dependent) susceptibility
has real and imaginary parts: two functions
instead of one (y(t)).

This can used (Kramers-Konig -relation) to
relate these to each other. The derivation
follows from Cauchy’s theorem in complex
analysis (with the K-K contour).

’ — J. - I _'.:',J__"'] . 1 o ”I';'_,;_.'r.:
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Fig. 10.12 Kramers—Kronig con-
tour. A contour ., in the complex w’
plane. The horizontal axis is He[w'] and
the vertical axis is Im[w’]. The inte-
gration contour runs along the real axis
from —aoo to oo with a tiny semicircu-
lar detour near a pole at w. The con-
tour is closed with a semicircle back at
infinity, where y(w') vanishes rapidly.
The contour encloses no singularities,
g0 Cauchy's theorem tells us the inte-
eral around it is zero.



2.3 Generating random walks (Sethna 2.5 p. 28) HOMEWORK (5 points)

m Plesss note that this exercize 15 compuistional, so in order to get help with possible prob-
O e W O r lems, take a laptop to the exercise session or alternatively send your code and problem
in sdvance to the TA. The preferred programming tool to use (from the point of view of

debugging and getting TA help) is Python, but slso others are acceptahle.

fa) Write a roufine {0 generofe an NW-siep rondom walk in d dimensions, with cach sfep
uraformly digrbuled in the range (—1/2,1/2) in cach dimension. (Generafe the steps
first as an |N x d| ermy, then do o comulafive sum. ) FPlof 1, versus £ for a few 10
(Ol step rondom walks.  Plof © versus y for a few fwo dimensone] mndom walks, wifh
N = 10, 1000, 100000, (Try fo keep ihe aspect rofio of the XY plof equal fo ome ) Does
mulliplying the number of deps by one hundrod roughly inorease the nef disfance by fen?

Erch random walk = different and unpredictable, but the ensemble of rendom walks hes
elegant, predictable properties.

(b Write o rouline fo coleulatc the endpoints of W rondom walks with N seps coch in d
dimengons. Do a scaffer plof of the endpoinds of 1000 rendom walks wiEth N = 1 and
10, supcrimpozcd on the same plof Nofice thof the longer random walks are disiribufed
in o arcwlerly symmeinc paffern, cven though the single sfep rondom walk N = 1 has a
sguare probabilify disfribudion fansing from the single sfep range, see Fig 210 from Sethna
p. 25)

Thiz 1= an emergent symmetry; even though the walker steps longer distances along the
diagonals of a square, & random walk several steps long hes nearly perfect rotational
symmetry. The most useful property of random walks 15 the central limit theorem. The
endpoints of an ensemble of N step one-dimensional random walks with root-mean-square
[RME) step-sie o has a Gaussian or normal probability distribution as ¥ — oo,

plz) = exp(—1 /207, (1)

1
V2ro
with o = ' Na.

{c) Caleulafe the RMS step-size a for one-dimensional steps uniformily distribubed in (—1/2, 1/2).
Wrrite a roufine thaf plots o histogram of the endpoinds of W one-dimensonal random walks
with N steps and 56 bins, along with the predicion of above equation for = in (-3, 30). Do

o hisfogram with W = 10000 and & = 1,2, 3, 5. How quickly does the Goussian disfnbufion
become o good apprommalion fo the random walk?



Take home

This lecture looks at the classical measures of correlations and their decay. We shall get
back to these topics later on, but you should read through the chapter and think of
conditional probabilities. Read first the Chapter and check then the lecture slides again.

The take home consists of answering to the following three questions:

Give an example of X and Y that are correlated but there is no causal relation (X because
of Y or X because of Y happened before) between them.

Take a (time) series of the binary kind 0110110011000111.... (or subtract -1/2 from all
the values so that the average might become zero). When would this be correlated?

Take instead a series like this: ...00001111111(...)111000.... This is clearly not a random
one. Now start tossing a coin (0/1) and replace according to each toss one of the values
with the new one. Does this correspond to the Onsager hypothesis and why? If the coin
is biased, does the process relate to linear response?



