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Outline of the course

1. Mean, Standard Deviation, Standard Error, Confidence Intervals, T-test
2. Fourier Transform, Wavelet Transforms, Spectrograms, High-pass, Low-

pass filters
3. Covariance and Principal Component Analysis (PCA)
4. Clustering Methods
5. Pearson Correlation, PCA and SVD 
6. Linear Regression / Logistic Regression
7. Non-linear Methods: Independant Component Analysis, t-Stochastic 

Neighbour Embedding, Random Forests, Deep Networks
8. Invited lectures from the biomedical industry
9. Solving oral exam problems of last year in class
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Do you know these persons?
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“the one grandson [of Erasmus Darwin], Charles Darwin, collected the facts which had to be dealt with and 
linked them together by wide-reaching hypotheses; the other grandson, Francis Galton, provided the methods 
by which they could be tested...” 
— Karl Pearson

1809-1982 1822-1911

Charles Darwin Francis Galton
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The troubled history of statistics



The troubled history of statistics
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• Given two paired variables

• Their (Pearson) correlation coefficient is given by

• It is a normalized version of the covariance, such that the result always has a 
value between −1 and 1. There exists tests to decide whether the correlation is 
statistically significant or not.
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Y = {y1, y2, ..., yN}
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X = {x1, x2, ..., xN}
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Definition: Pearson correlation
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Examples of Pearson correlation coefficients
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Correlations can be useful to observe...
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https://ourworldindata.org/smoking-big-problem-in-brief



... but correlation ≠ causation

11source: https://www.statology.org/correlation-does-not-imply-causation-examples/
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... but correlation ≠ causation

https://twitter.com/sc_cath/status/1701275606296519002 
(Sylvain Catherine, Economist. Assistant Professor of Finance at Wharton)

https://twitter.com/sc_cath/status/1701275606296519002


0

0
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Data before PCA Data after PCA

PCA
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Reminder about PCA
PCA finds an orthonormal basis ‘E’ such that ‘D’, the covariance of ‘X’, is diagonal in that 
basis:
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Cov(X) = EtDE



Subtle question: in PCA, can we replace the covariance 
matrix with the correlation matrix of the data?

• Yes! If the scale of individual dimensions is not meaningful, it can be a 
good idea to z-score the data before doing PCA

<latexit sha1_base64="oRlSp6uyaJv3qYJngPuXQgzo2cc="></latexit>

eX =
X ��!xµ

�!�

1. Covariance matrix of X: 
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Cov(X) = XµX
t
µ
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Xµ = X ��!xµ

2. Correlation matrix of X: 
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Corr(X) = eX eXt
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Now, we will see 3 case studies of PCA

1. Visualizing a breast cancer data set
source: https://towardsdatascience.com/principal-component-analysis-pca-101-using-r-
361f4c53a9ff

2. Denoising an electrocardiogram
source: https://medium.com/@andrewtan_36013/principal-components-of-
electrocardiograms-14874b3a96b1

3. Modelling the dynamics of C. elegans
source: Stephens at al. 2008, PloS Computational Biology
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1. Visualizing a breast cancer dataset
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- Features are computed from a digitized image of a fine 
needle aspirate (FNA) of a breast mass. They describe 
characteristics of the cell nuclei present in the image.

- 569 samples including their diagnostic

Breast Cancer Wisconsin Diagnostic Dataset

Description:



1. Visualizing a breast cancer dataset
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Features:
a) radius (mean of distances from center to points on 
the perimeter) 
b) texture (standard deviation of gray-scale values) 
c) perimeter 
d) area 
e) smoothness (local variation in radius lengths) 
f) compactness (perimeter^2 / area - 1.0) 
g) concavity (severity of concave portions of the 
contour) 
h) concave points (number of concave portions of the 
contour) 
i) symmetry 
j) fractal dimension ("coastline approximation" - 1)

The mean, standard error, and “worst” or largest 
(mean of the three largest values) of these features 
were computed for each image, resulting in 30 features

- Features are computed from a digitized image of a fine 
needle aspirate of a breast mass. They describe 
characteristics of the cell nuclei present in the image.

- 569 samples including their diagnostic

Breast Cancer Wisconsin Diagnostic Dataset

Description:



1. Visualizing a breast cancer dataset
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Applying PCA:



1. Visualizing a breast cancer dataset
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Plotting the eigenvalues:

The 6 first components can explain almost 90% of the variance of the data



1. Visualizing a breast cancer dataset
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Applying PCA:



1. Visualizing a breast cancer dataset
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1. Visualizing a breast cancer dataset
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2. Denoising an electrocardiogram
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An electrocardiogram or ECG is a signal
representation of the heart. It is a recording of
the heart’s electrical activity providing useful
information about its overall functioning
behaviour. Medical devices called Holter
monitors are placed on patients to provide a
continual ECG. They can be used to diagnose
various cardiac diseases and some are able to
sense the failure of a heart and provide an
electrical jolt to defibrillate a dying patient.



2. Denoising an electrocardiogram
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A typical waveform can be broken down into several different 
waves and segments:

P-wave: The depolarization of the atria, the upper chambers of 
the heart. Blood now begins to flow from the atria into the 
ventricles, the lower chambers of the heart.

PR Segment: Represents the time delay to allow the ventricles 
to fill.

QRS Complex: The main contraction of the heart where the 
ventricles depolarize.

ST Segment: The time delay between depolarization and 
repolarization of the ventricles.

T-wave: Repolarization of the ventricles.

Abnormalities in the function of the heart can be found by 
closely examining the appearance of these features.



2. Denoising an electrocardiogram
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“However there are problems in 
practice with gathering sufficient 
clean ECG recordings to properly 
view these features. Noise filtering 
is a must in any ECG setup as a 
patient’s breathing, muscle 
movement, perspiration and nearby 
transmission lines all contribute to 
noise in the signal. The above figure 
shows an actual ECG recording, 
albeit cleaner than most signals 
there are still some small artifacts 
present.”



2. Denoising an electrocardiogram
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2. Denoising an electrocardiogram
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“In the example above, I generated a 
dataset of PQRST waveforms from a 30-
minute ECG record and ran the PCA 
algorithm with 1, 20 and 100 components. 
The example shows the original signal 
alongside several augmented signals where 
the original was reduced to a smaller 
number of components and then re-
projected back onto the original signal 
space.”



2. Denoising an electrocardiogram
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“The final processing step is to 
restitch each interval together.”



3. Modelling the dynamics of C. elegans
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3. Modelling the dynamics of C. elegans
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3. Modelling the dynamics of C. elegans
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Figure 2

(B) We find the eigenvalues of and compute 
the fraction of the total variance captured 
by keeping K modes 

(C) Associated with each dominant mode is 
an eigenvector and we refer to these as 
eigenworms. The population-mean 
eigenworms (red) are highly reproducible 
across individual worms (black). 



3. Modelling the dynamics of C. elegans
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3. Modelling the dynamics of C. elegans
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C



3. Modelling the dynamics of C. elegans
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Figure 5
(D) Worm ‘‘steering.’’ A thermal impulse conditioned on 
the instantaneous phase was delivered automatically 
and repeatedly, causing an orientation change in the 
worm’s trajectory.



• PCA finds an orthonormal basis ‘E’ such that ‘D’, the covariance of ‘X’, is diagonal in 
that basis:

• SVD directly decomposes          into a product of matrices:

PCA vs Singular Value Decomposition (SVD) 
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Cov(X) = EtDE
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Xµ = USV t

where ‘U, V’ are orthornormal matrices and ‘S’ is a diagonal matrix

source: https://en.wikipedia.org/wiki/Singular_value_decomposition#Based_on_the_spectral_theorem
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Mathematical connection between SVD and PCA
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Cov(X) = EtDE
<latexit sha1_base64="PdRUKUBAR9qIrd1d9+6txsK9EWU=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE1ItQ9OKxomkLbQyb7bZdupuE3UmhhP4TLx4U8eo/8ea/cdPmoK0PBh7vzTAzL0wE1+A431ZpZXVtfaO8Wdna3tnds/cPmjpOFWUejUWs2iHRTPCIecBBsHaiGJGhYK1wdJv7rTFTmsfRI0wS5ksyiHifUwJGCmy7HWRdmU7xNfYemk9QCeyqU3NmwMvELUgVFWgE9le3F9NUsgioIFp3XCcBPyMKOBVsWummmiWEjsiAdQyNiGTaz2aXT/GJUXq4HytTEeCZ+nsiI1LriQxNpyQw1IteLv7ndVLoX/kZj5IUWETni/qpwBDjPAbc44pREBNDCFXc3IrpkChCwYSVh+AuvrxMmmc196J2fn9erd8UcZTRETpGp8hFl6iO7lADeYiiMXpGr+jNyqwX6936mLeWrGLmEP2B9fkD/BCSmA==</latexit>

Xµ = USV t

<latexit sha1_base64="636u35FR0nOlR2cqdUOzQIV2z+4=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUr0IRRE8VrAftF1KNs22oUl2SbJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZya+sbm1v57cLO7t7+QfHwqKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWML6d+a0nqjSL5KOZxNQXeChZyAg2Vup00DW6a/d7IukXS27ZnQOtEi8jJchQ7xe/eoOIJIJKQzjWuuu5sfFTrAwjnE4LvUTTGJMxHtKupRILqv10fvEUnVllgMJI2ZIGzdXfEykWWk9EYDsFNiO97M3E/7xuYsIrP2UyTgyVZLEoTDgyEZq9jwZMUWL4xBJMFLO3IjLCChNjQyrYELzll1dJ86LsVcuVh0qpdpPFkYcTOIVz8OASanAPdWgAAQnP8ApvjnZenHfnY9Gac7KZY/gD5/MHMUGP+A==</latexit>

Z = EXµ

PCA SVD

<latexit sha1_base64="rnXzZwKx8cAAmzalWY3m5W+uLOw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9CUASPEdwkkKxhdjKbDJl9MNMrhCUf4cWDIl79Hm/+jZNkD5pY0FBUddPd5SdSaLTtb6uwsrq2vlHcLG1t7+zulfcPmjpOFeMui2Ws2j7VXIqIuyhQ8naiOA19yVv+6Gbqt5640iKOHnCccC+kg0gEglE0UsslV+T2EXvlil21ZyDLxMlJBXI0euWvbj9macgjZJJq3XHsBL2MKhRM8kmpm2qeUDaiA94xNKIh1142O3dCTozSJ0GsTEVIZurviYyGWo9D33SGFId60ZuK/3mdFINLLxNRkiKP2HxRkEqCMZn+TvpCcYZybAhlSphbCRtSRRmahEomBGfx5WXSPKs659Xafa1Sv87jKMIRHMMpOHABdbiDBrjAYATP8ApvVmK9WO/Wx7y1YOUzh/AH1ucP+uiOsg==</latexit>

U = Et
<latexit sha1_base64="mZkJLDXL687XS8Q2DHTCMa4k6k8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHiOaByRpmJ7PJkNmHM71CWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dXiyFRtv+tnJLyyura/n1wsbm1vZOcXevoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3vJr4zSeutIjCOxzF3A1oPxS+YBSN1LptPCC5IPfdYsku21OQReJkpAQZat3iV6cXsSTgITJJtW47doxuShUKJvm40Ek0jykb0j5vGxrSgGs3nd47JkdG6RE/UqZCJFP190RKA61HgWc6A4oDPe9NxP+8doL+uZuKME6Qh2y2yE8kwYhMnic9oThDOTKEMiXMrYQNqKIMTUQFE4Iz//IiaZyUndNy5aZSql5mceThAA7hGBw4gypcQw3qwEDCM7zCm/VovVjv1sesNWdlM/vwB9bnD8MajyU=</latexit>

SV t = Z

DefinitionDefinition

Connections with PCA:
<latexit sha1_base64="ZHlhKowLL3qGcSH28nDbj++WOjE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ie0Q8lkMm1okhmSjFCGfoUbF4q49XPc+Tem01lo64HA4Zxzyb0nSDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7CmnEnaNsxw2ksUxSLgtBtMbud+94kqzWL5YKYJ9QUeSRYxgo2VHgfcRkM89IbVmlt3c6BV4hWkBgVaw+rXIIxJKqg0hGOt+56bGD/DyjDC6awySDVNMJngEe1bKrGg2s/yhWfozCohimJlnzQoV39PZFhoPRWBTQpsxnrZm4v/ef3URNd+xmSSGirJ4qMo5cjEaH49CpmixPCpJZgoZndFZIwVJsZ2VLEleMsnr5LORd27rDfuG7XmTVFHGU7gFM7Bgytowh20oA0EBDzDK7w5ynlx3p2PRbTkFDPH8AfO5w9pvZAq</latexit>

�1
<latexit sha1_base64="jPK9ZxvhCyGEEsDEshQf5ISOajU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUUl0W3bisYB/SDiWTybShSWZIMkIZ+hVuXCji1s9x59+YtrPQ1gOBwznnkntPkHCmjet+O4WNza3tneJuaW//4PCofHzS0XGqCG2TmMeqF2BNOZO0bZjhtJcoikXAaTeY3M797hNVmsXywUwT6gs8kixiBBsrPQ64jYZ4WBuWK27VXQCtEy8nFcjRGpa/BmFMUkGlIRxr3ffcxPgZVoYRTmelQappgskEj2jfUokF1X62WHiGLqwSoihW9kmDFurviQwLracisEmBzVivenPxP6+fmujaz5hMUkMlWX4UpRyZGM2vRyFTlBg+tQQTxeyuiIyxwsTYjkq2BG/15HXSqVW9RrV+X680b/I6inAG53AJHlxBE+6gBW0gIOAZXuHNUc6L8+58LKMFJ585hT9wPn8Aa0GQKw==</latexit>

�2

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="o7s2M088//+8ixLj3jxAnbg3gu8=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9CUA8eo5gHJCHMTmaTIbOzy0yvEJb8gRcPinj1j7z5N06SPWhiQUNR1U13lx9LYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3fKp4VIoXkeBkrdizWnoS970RzdTv/nEtRGResRxzLshHSgRCEbRSg+3V71iyS27M5Bl4mWkBBlqveJXpx+xJOQKmaTGtD03xm5KNQom+aTQSQyPKRvRAW9bqmjITTedXTohJ1bpkyDSthSSmfp7IqWhMePQt50hxaFZ9Kbif147weCymwoVJ8gVmy8KEkkwItO3SV9ozlCOLaFMC3srYUOqKUMbTsGG4C2+vEwaZ2XvvFy5r5Sq11kceTiCYzgFDy6gCndQgzowCOAZXuHNGTkvzrvzMW/NOdnMIfyB8/kDHAKNGA==</latexit>

D =
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="U9WUyGDtFmgLn9aYV5Dtr0+3Wj4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHSMwDkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo7uZ33ri2ohYPeI44X5EB0qEglG0Ur1ObnrFklt25yCrxMtICTLUesWvbj9macQVMkmN6Xhugv6EahRM8mmhmxqeUDaiA96xVNGIG38yP3VKzqzSJ2GsbSkkc/X3xIRGxoyjwHZGFIdm2ZuJ/3mdFMNrfyJUkiJXbLEoTCXBmMz+Jn2hOUM5toQyLeythA2ppgxtOgUbgrf88ippXpS9y3LloVKq3mZx5OEETuEcPLiCKtxDDRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHiKaNUQ==</latexit>

S =

<latexit sha1_base64="1BPS1yMbZT60DWPdt2/kTIEd2j8=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIUZdFNy4r2Ae0IUwmk3boZBJnboQa+iVuXCji1k9x5984bbPQ1gMDh3Pu4d45QSq4Bsf5tkpr6xubW+Xtys7u3n7VPjjs6CRTlLVpIhLVC4hmgkvWBg6C9VLFSBwI1g3GNzO/+8iU5om8h0nKvJgMJY84JWAk364O9IMCPBAmEhLf9e2aU3fmwKvELUgNFWj59tcgTGgWMwlUEK37rpOClxMFnAo2rQwyzVJCx2TI+oZKEjPt5fPDp/jUKCGOEmWeBDxXfydyEms9iQMzGRMY6WVvJv7n9TOIrrycyzQDJuliUZQJDAmetYBDrhgFMTGEUMXNrZiOiCIUTFcVU4K7/OVV0jmvuxf1xl2j1rwu6iijY3SCzpCLLlET3aIWaiOKMvSMXtGb9WS9WO/Wx2K0ZBWZI/QH1ucPTGSS3Q==</latexit>p
�1

<latexit sha1_base64="smM0ET9OO6zQHQCiA2bP/0dvKzg=">AAAB+HicbVBNS8NAFNzUr1o/GvXoZbEInkpSinosevFYwbZCG8Jms2mXbjZx90Woob/EiwdFvPpTvPlv3LY5aOvAwjDzhvd2glRwDY7zbZXW1jc2t8rblZ3dvf2qfXDY1UmmKOvQRCTqPiCaCS5ZBzgIdp8qRuJAsF4wvp75vUemNE/kHUxS5sVkKHnEKQEj+XZ1oB8U4IEwkZD4Dd+uOXVnDrxK3ILUUIG2b38NwoRmMZNABdG67zopeDlRwKlg08og0ywldEyGrG+oJDHTXj4/fIpPjRLiKFHmScBz9XciJ7HWkzgwkzGBkV72ZuJ/Xj+D6NLLuUwzYJIuFkWZwJDgWQs45IpREBNDCFXc3IrpiChCwXRVMSW4y19eJd1G3T2vN2+btdZVUUcZHaMTdIZcdIFa6Aa1UQdRlKFn9IrerCfrxXq3PhajJavIHKE/sD5/AE3okt4=</latexit>p
�2

=> PCA and SVD are closely connected and can be used interchangibly for all our purposes!  

scores

eigenvalues

•  •  

•  



Outer product view of SVD

<latexit sha1_base64="f3LViBAnmv3Y70IMDu/WGaEXqTE=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqBeh6MVjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK6tbxQ3S1vbO7t75f2DpolTTVmDxiLW7ZAYJrhiDcutYO1EMyJDwVrh6Hbqt56YNjxWD3acsECSgeIRp8Q66bHdy7oyneDrXrniVb0Z8DLxc1KBHPVe+avbj2kqmbJUEGM6vpfYICPacirYpNRNDUsIHZEB6ziqiGQmyGYHT/CJU/o4irUrZfFM/T2REWnMWIauUxI7NIveVPzP66Q2ugoyrpLUMkXni6JUYBvj6fe4zzWjVowdIVRzdyumQ6IJtS6jkgvBX3x5mTTPqv5F9fz+vFK7yeMowhEcwyn4cAk1uIM6NICChGd4hTek0Qt6Rx/z1gLKZw7hD9DnD2VVkCc=</latexit>

Xµ = <latexit sha1_base64="ksJsCSWWRsK6oIATuKtoG/a/efo=">AAAB/XicbVDLSgNBEOz1GeNrfdy8DAbBU9iVoB6DXjxGMA9IlmV2MkmGzM4sM7NKXIK/4sWDIl79D2/+jZNkD5pY0FBUddPdFSWcaeN5387S8srq2npho7i5tb2z6+7tN7RMFaF1IrlUrQhrypmgdcMMp61EURxHnDaj4fXEb95TpZkUd2aU0CDGfcF6jGBjpdA97EhrK9YfGKyUfMjS0B+Hbskre1OgReLnpAQ5aqH71elKksZUGMKx1m3fS0yQYWUY4XRc7KSaJpgMcZ+2LRU4pjrIpteP0YlVuqgnlS1h0FT9PZHhWOtRHNnOGJuBnvcm4n9eOzW9yyBjIkkNFWS2qJdyZCSaRIG6TFFi+MgSTBSztyIywAoTYwMr2hD8+ZcXSeOs7J+XK7eVUvUqj6MAR3AMp+DDBVThBmpQBwKP8Ayv8OY8OS/Ou/Mxa11y8pkD+APn8wdpWpXa</latexit>�!u1

<latexit sha1_base64="xDH8dMhVpQYTd4yuD52EdQWkYz0=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KUoi6LblxWsA9oQ5hMJ+3QSSbM3Cg1FH/FjQtF3Pof7vwbp20W2nrgwuGce7n3niARXIPjfFuFldW19Y3iZmlre2d3z94/aGmZKsqaVAqpOgHRTPCYNYGDYJ1EMRIFgrWD0fXUb98zpbmM72CcMC8ig5iHnBIwkm8f9aSxFR8MgSglH7LUr058u+xUnBnwMnFzUkY5Gr791etLmkYsBiqI1l3XScDLiAJOBZuUeqlmCaEjMmBdQ2MSMe1ls+sn+NQofRxKZSoGPFN/T2Qk0nocBaYzIjDUi95U/M/rphBeehmPkxRYTOeLwlRgkHgaBe5zxSiIsSGEKm5uxXRIFKFgAiuZENzFl5dJq1pxzyu121q5fpXHUUTH6ASdIRddoDq6QQ3URBQ9omf0it6sJ+vFerc+5q0FK585RH9gff4Aat+V2w==</latexit>�!u2

<latexit sha1_base64="dwqDS/Rk1Jk3m0wniBA252xs42k=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyyCq5JIUZdFNy4r2Ae0IUymk3boZCbMTCo1FH/FjQtF3Pof7vwbp20W2nrgwuGce7n3njBhVGnX/bYKK6tr6xvFzdLW9s7unr1/0FQilZg0sGBCtkOkCKOcNDTVjLQTSVAcMtIKhzdTvzUiUlHB7/U4IX6M+pxGFCNtpMA+6gpjS9ofaCSleMhGgTcJ7LJbcWdwlomXkzLkqAf2V7cncBoTrjFDSnU8N9F+hqSmmJFJqZsqkiA8RH3SMZSjmCg/m10/cU6N0nMiIU1x7czU3xMZipUax6HpjJEeqEVvKv7ndVIdXfkZ5UmqCcfzRVHKHC2caRROj0qCNRsbgrCk5lYHD5BEWJvASiYEb/HlZdI8r3gXlepdtVy7zuMowjGcwBl4cAk1uIU6NADDIzzDK7xZT9aL9W59zFsLVj5zCH9gff4AauGV2w==</latexit>�!v1
<latexit sha1_base64="SMilatcmb4kS+4YUES1dMY09yrU=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiSlqMuiG5cV7APaECbTSTt0kgkzk0oNxV9x40IRt/6HO//GaZuFth64cDjnXu69J0g4U9pxvq2V1bX1jc3CVnF7Z3dv3z44bCqRSkIbRHAh2wFWlLOYNjTTnLYTSXEUcNoKhjdTvzWiUjER3+txQr0I92MWMoK1kXz7uCuMLVl/oLGU4iEb+ZWJb5ecsjMDWiZuTkqQo+7bX92eIGlEY004VqrjOon2Miw1I5xOit1U0QSTIe7TjqExjqjystn1E3RmlB4KhTQVazRTf09kOFJqHAWmM8J6oBa9qfif10l1eOVlLE5STWMyXxSmHGmBplGgHpOUaD42BBPJzK2IDLDERJvAiiYEd/HlZdKslN2LcvWuWqpd53EU4ARO4RxcuIQa3EIdGkDgEZ7hFd6sJ+vFerc+5q0rVj5zBH9gff4AbGaV3A==</latexit>�!v2

<latexit sha1_base64="1BPS1yMbZT60DWPdt2/kTIEd2j8=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIUZdFNy4r2Ae0IUwmk3boZBJnboQa+iVuXCji1k9x5984bbPQ1gMDh3Pu4d45QSq4Bsf5tkpr6xubW+Xtys7u3n7VPjjs6CRTlLVpIhLVC4hmgkvWBg6C9VLFSBwI1g3GNzO/+8iU5om8h0nKvJgMJY84JWAk364O9IMCPBAmEhLf9e2aU3fmwKvELUgNFWj59tcgTGgWMwlUEK37rpOClxMFnAo2rQwyzVJCx2TI+oZKEjPt5fPDp/jUKCGOEmWeBDxXfydyEms9iQMzGRMY6WVvJv7n9TOIrrycyzQDJuliUZQJDAmetYBDrhgFMTGEUMXNrZiOiCIUTFcVU4K7/OVV0jmvuxf1xl2j1rwu6iijY3SCzpCLLlET3aIWaiOKMvSMXtGb9WS9WO/Wx2K0ZBWZI/QH1ucPTGSS3Q==</latexit>p
�1

<latexit sha1_base64="smM0ET9OO6zQHQCiA2bP/0dvKzg=">AAAB+HicbVBNS8NAFNzUr1o/GvXoZbEInkpSinosevFYwbZCG8Jms2mXbjZx90Woob/EiwdFvPpTvPlv3LY5aOvAwjDzhvd2glRwDY7zbZXW1jc2t8rblZ3dvf2qfXDY1UmmKOvQRCTqPiCaCS5ZBzgIdp8qRuJAsF4wvp75vUemNE/kHUxS5sVkKHnEKQEj+XZ1oB8U4IEwkZD4Dd+uOXVnDrxK3ILUUIG2b38NwoRmMZNABdG67zopeDlRwKlg08og0ywldEyGrG+oJDHTXj4/fIpPjRLiKFHmScBz9XciJ7HWkzgwkzGBkV72ZuJ/Xj+D6NLLuUwzYJIuFkWZwJDgWQs45IpREBNDCFXc3IrpiChCwXRVMSW4y19eJd1G3T2vN2+btdZVUUcZHaMTdIZcdIFa6Aa1UQdRlKFn9IrerCfrxXq3PhajJavIHKE/sD5/AE3okt4=</latexit>p
�2*

+

*

+ ....

SVD can be seen as decomposing the data into a sum of rank-one matrices, each defined by an outer-
product of the corresponding left and right singular vectors and weighted by the corresponding 
singular value:

It can sometime be useful to think of the dataset as such a ranked sum of outer-products, where each 
term accounts for a decreasing fraction of the variance.



Next lecture

• Linear regression / logistic regression

Feedback / suggestions always welcome at: 
https://presemo.aalto.fi/bda2023

38



Supplementary material
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Galton and Pearson
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