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How to establish causality between two 
variables?

Ideas?



How to establish causality between two 
variables?

• For drugs and cures: randomized trials (drug vs. placebo)

• For dangerous substances:
 - correlational studies, controlling for all other factors as much as 
possible (e.g. socio-economic status, diet, environmental factors, 
profession)
 - randomized trials on animals (substance vs. placebo)

• Demonstrate a plausible mechanism explaining the cause-and-effect



• Example of a plausible mechanism for how smoking can cause lung 
cancer

How to establish causality between two 
variables?



Outline of the course

1. Mean, Standard Deviation, Standard Error, Confidence Intervals, T-test
2. Fourier Transform, Wavelet Transforms, Spectrograms, High-pass, Low-

pass filters
3. Covariance and Principal Component Analysis (PCA)
4. Clustering Methods
5. Pearson Correlation, PCA and SVD 
6. Linear Regression / Logistic Regression
7. Non-linear Methods: Independant Component Analysis, t-Stochastic 

Neighbour Embedding, Random Forests, Deep Networks
8. Oral exam preparation / Invited lectures from the biomedical industry

5



6
source: https://prezi.com/mqzonna0ebvu/regression-in-biomedical-engineering/

Example of linear regression: predicting state-wide 
cancer prevalance from cigarette consumption

Data



Linear regression : definition

7

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

<latexit sha1_base64="L7N7UZSS/wKQC2DQoJDTDfgLm4A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuKeM5Q==</latexit>

X
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="pYM132qgRhMHaU/a61ywLFbdrWg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSuqh6l9Xafa1Sv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/puWPMQ==</latexit>

✓

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�

<latexit sha1_base64="pYM132qgRhMHaU/a61ywLFbdrWg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSuqh6l9Xafa1Sv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/puWPMQ==</latexit>

✓

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

� is the intercept of the linear fit

is the slope of the linear fit

Linear regression predicts the value of an 
output variable Y based on the value of an 
input variable X, assuming a linear relationship 
between X and Y:

<latexit sha1_base64="JQ4iPnrhSadx/0zoY75Wtt9AcKY=">AAACC3icbZDJSgNBEIZ7XGPcoh69NAmCKIQZCepFCHrxGMEskAlDT6eSNOlZ6K5Rw5C7F1/FiwdFvPoC3nwbO8tBE39o+Piriur6/VgKjbb9bS0sLi2vrGbWsusbm1vbuZ3dmo4SxaHKIxmphs80SBFCFQVKaMQKWOBLqPv9q1G9fgdKiyi8xUEMrYB1Q9ERnKGxvFzevRdt6DFMB54Y0gvqYg+QHT14gh67vsGslyvYRXssOg/OFApkqoqX+3LbEU8CCJFLpnXTsWNspUyh4BKGWTfREDPeZ11oGgxZALqVjm8Z0gPjtGknUuaFSMfu74mUBVoPAt90Bgx7erY2Mv+rNRPsnLdSEcYJQsgnizqJpBjRUTC0LRRwlAMDjCth/kp5jynG0cQ3CsGZPXkeaidF57RYuikVypfTODJkn+TJIXHIGSmTa1IhVcLJI3kmr+TNerJerHfrY9K6YE1n9sgfWZ8/qt+aKQ==</latexit>

byi = ✓ ⇤ xi + �

where <latexit sha1_base64="AXT9Oh6wmS9/vantioQFAkieeyU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+rxXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndRPb87r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNjfo3h</latexit>xi
<latexit sha1_base64="A3MAO5GrU3jlBqCvlNxgS2sZY/8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq8X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGn1BlOBM4LfVSjQllYzrErqWSRqj9yfzUKTmzyoCEsbIlDZmrvycmNNI6iwLbGVEz0sveTPzP66YmvPYnXCapQckWi8JUEBOT2d9kwBUyIzJLKFPc3krYiCrKjE2nZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBlBI3i</latexit>yi
<latexit sha1_base64="wCOPHPPZRamUsNBxwJcwLA4E1T8=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idnSRDZh/O9EaWJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lxVJotO1vq7C2vrG5Vdwu7ezu7R+UD49aOkoU400WyUh1PKq5FCFvokDJO7HiNPAkb3vj25nfnnClRRQ+YBpzN6DDUAwEo2gkt/ckfD6imKV9Me2XK3bVnoOsEicnFcjR6Je/en7EkoCHyCTVuuvYMboZVSiY5NNSL9E8pmxMh7xraEgDrt1sfvSUnBnFJ4NImQqRzNXfExkNtE4Dz3QGFEd62ZuJ/3ndBAfXbibCOEEessWiQSIJRmSWAPGF4gxlaghlSphbCRtRRRmanEomBGf55VXSuqg6l9Xafa1Sv8njKMIJnMI5OHAFdbiDBjSBwSM8wyu8WRPrxXq3PhatBSufOYY/sD5/AF2QkoA=</latexit>

byi

is the input variable for sample i

is the output variable for sample i

is the prediction for sample i



8

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

<latexit sha1_base64="L7N7UZSS/wKQC2DQoJDTDfgLm4A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuKeM5Q==</latexit>

X
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="pYM132qgRhMHaU/a61ywLFbdrWg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSuqh6l9Xafa1Sv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/puWPMQ==</latexit>

✓

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�

Linear regression finds      and      such that the 
mean squared error (MSE) is minimized* :

where
<latexit sha1_base64="A3MAO5GrU3jlBqCvlNxgS2sZY/8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq8X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGn1BlOBM4LfVSjQllYzrErqWSRqj9yfzUKTmzyoCEsbIlDZmrvycmNNI6iwLbGVEz0sveTPzP66YmvPYnXCapQckWi8JUEBOT2d9kwBUyIzJLKFPc3krYiCrKjE2nZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBlBI3i</latexit>yi

<latexit sha1_base64="wCOPHPPZRamUsNBxwJcwLA4E1T8=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idnSRDZh/O9EaWJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lxVJotO1vq7C2vrG5Vdwu7ezu7R+UD49aOkoU400WyUh1PKq5FCFvokDJO7HiNPAkb3vj25nfnnClRRQ+YBpzN6DDUAwEo2gkt/ckfD6imKV9Me2XK3bVnoOsEicnFcjR6Je/en7EkoCHyCTVuuvYMboZVSiY5NNSL9E8pmxMh7xraEgDrt1sfvSUnBnFJ4NImQqRzNXfExkNtE4Dz3QGFEd62ZuJ/3ndBAfXbibCOEEessWiQSIJRmSWAPGF4gxlaghlSphbCRtRRRmanEomBGf55VXSuqg6l9Xafa1Sv8njKMIJnMI5OHAFdbiDBjSBwSM8wyu8WRPrxXq3PhatBSufOYY/sD5/AF2QkoA=</latexit>

byi
is the output variable for sample i

is the prediction for sample i

<latexit sha1_base64="pYM132qgRhMHaU/a61ywLFbdrWg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSuqh6l9Xafa1Sv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/puWPMQ==</latexit>

✓
<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�

<latexit sha1_base64="3/4YisKq/bnccaEY7EkdQlpA6Eg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9i7LlXqlVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6l/jNs=</latexit>

N is the number of samples

*cf. supplementary slides for solution
 

Linear regression : optimization criterion

<latexit sha1_base64="iRWb5diShviO4BEQxa5gTrR8Pvk="></latexit>

L✓,� =
1

N

NX

i=1

(yi � byi)2

<latexit sha1_base64="kM7vjpJeYT/G+PRBtWN2XiqhUZU=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgQkoiRV0W3bhwUcE+oAlhMp20QycPZm6EErpw46+4caGIWz/CnX/jpM1CWw/McDjnXu69x08EV2BZ30ZpZXVtfaO8Wdna3tndM/cPOipOJWVtGotY9nyimOARawMHwXqJZCT0Bev64+vc7z4wqXgc3cMkYW5IhhEPOCWgJc+sOiGBESUiu/UyB0YMyKnj6386xZ5Zs+rWDHiZ2AWpoQItz/xyBjFNQxYBFUSpvm0l4GZEAqeCTStOqlhC6JgMWV/TiIRMudnsiCk+1soAB7HULwI8U393ZCRUahL6ujJfWS16ufif108huHQzHiUpsIjOBwWpwBDjPBE84JJREBNNCJVc74rpiEhCQedW0SHYiycvk85Z3T6vN+4ateZVEUcZVdEROkE2ukBNdINaqI0oekTP6BW9GU/Gi/FufMxLS0bRc4j+wPj8Ae+QmEk=</latexit>

L✓,� is the loss function (to be minimized)



Multiple linear regression

9

If there are more than one input variables, the 
process is called multiple linear regression. Like 
in simple linear regression, we seek the linear 
function of the inputs:

<latexit sha1_base64="GoCx4QoJJOjNGMMPHST73k+8RJw="></latexit>

byi = h
�!
✓ ,�!xii+ �

that minimizes the mean squared error loss 
function*:

*cf. supplementary slides for solution

<latexit sha1_base64="PBKzwx3PjvrFY3VdZrcr5b3N/jU="></latexit>

L�!
✓ ,�

=
1

N

NX

i=1

(yi � byi)2



Multiple linear regression (algebraic view)

10

<latexit sha1_base64="tSt4AsScgkmYuQudhMaJyFxAPUI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBO0o0r</latexit>

...
<latexit sha1_base64="tSt4AsScgkmYuQudhMaJyFxAPUI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBO0o0r</latexit>

...

features

samples

input 
variables

projection vector 
(learned)

predictions

<latexit sha1_base64="dJtnJErC3m/BgJJnCfCJBU2+G0M=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0dxN2J0Ip/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvTKSw6HnfTmltfWNzq7zt7uzu7R9UDo9aNk4N400Wy9h0Qmq5FJo3UaDkncRwqkLJ2+H4LvfbT9xYEetHnCQ8UHSoRSQYxVzquK7br1S9mjcHWSV+QapQoNGvfPUGMUsV18gktbbrewkGU2pQMMlnbi+1PKFsTIe8m1FNFbfBdH7rjJxlyoBEsclKI5mrvyemVFk7UWHWqSiO7LKXi/953RSjm2AqdJIi12yxKEolwZjkj5OBMJyhnGSEMiOyWwkbUUMZZvHkIfjLL6+S1kXNv6pdPlxW67dFHGU4gVM4Bx+uoQ730IAmMBjBM7zCm6OcF+fd+Vi0lpxi5hj+wPn8AVYGjSE=</latexit>

X
<latexit sha1_base64="qC8X838iF7CeGPXijFOFD2yIC94=">AAACAHicbVC7TsMwFHV4lvAKMDCwWFRITFWCKmCsYGEsEn1IbRQ5rtNadezIdoAqysKvsDCAECufwcbf4LQZoOVIVzo6517de0+YMKq0635bS8srq2vrlQ17c2t7Z9fZ228rkUpMWlgwIbshUoRRTlqaaka6iSQoDhnphOPrwu/cE6mo4Hd6khA/RkNOI4qRNlLgHPaFsSUdjjSSUjxkj4GX27YdOFW35k4BF4lXkioo0Qycr/5A4DQmXGOGlOp5bqL9DElNMSO53U8VSRAeoyHpGcpRTJSfTR/I4YlRBjAS0hTXcKr+nshQrNQkDk1njPRIzXuF+J/XS3V06WeUJ6kmHM8WRSmDWsAiDTigkmDNJoYgLKm5FeIRkghrk1kRgjf/8iJpn9W881r9tl5tXJVxVMAROAanwAMXoAFuQBO0AAY5eAav4M16sl6sd+tj1rpklTMH4A+szx8kOJYZ</latexit>�!x1

<latexit sha1_base64="Z2rKiIB3Y+INIic8SuBYVZhYrOA=">AAACAHicbVC7TsMwFHXKq4RXgIGBxaJCYqqSqgLGChbGItGH1EaR47qtVceObAeooiz8CgsDCLHyGWz8DU6bAVqOdKWjc+7VvfeEMaNKu+63VVpZXVvfKG/aW9s7u3vO/kFbiURi0sKCCdkNkSKMctLSVDPSjSVBUchIJ5xc537nnkhFBb/T05j4ERpxOqQYaSMFzlFfGFvS0VgjKcVD+hjUMtu2A6fiVt0Z4DLxClIBBZqB89UfCJxEhGvMkFI9z421nyKpKWYks/uJIjHCEzQiPUM5iojy09kDGTw1ygAOhTTFNZypvydSFCk1jULTGSE9VoteLv7n9RI9vPRTyuNEE47ni4YJg1rAPA04oJJgzaaGICypuRXiMZIIa5NZHoK3+PIyadeq3nm1fluvNK6KOMrgGJyAM+CBC9AAN6AJWgCDDDyDV/BmPVkv1rv1MW8tWcXMIfgD6/MHJcCWGg==</latexit>�!x2

<latexit sha1_base64="vf2OBC8uM26RI/jKMZOl4VxVsWs=">AAACA3icbVBNS8NAEN34WeNX1JtegkXwVBIp6rHoxWMF+wFNKJvtplm6yYbdiVJCwYt/xYsHRbz6J7z5b9y0OWjrg4HHezPMzAtSzhQ4zrextLyyurZe2TA3t7Z3dq29/bYSmSS0RQQXshtgRTlLaAsYcNpNJcVxwGknGF0XfueeSsVEcgfjlPoxHiYsZASDlvrWoSe0LdkwAiyleMg9iCjgiWmafavq1Jwp7EXilqSKSjT71pc3ECSLaQKEY6V6rpOCn2MJjHA6Mb1M0RSTER7SnqYJjqny8+kPE/tEKwM7FFJXAvZU/T2R41ipcRzozhhDpOa9QvzP62UQXvo5S9IMaEJmi8KM2yDsIhB7wCQlwMeaYCKZvtUmEZaYgI6tCMGdf3mRtM9q7nmtfluvNq7KOCroCB2jU+SiC9RAN6iJWoigR/SMXtGb8WS8GO/Gx6x1yShnDtAfGJ8/15CXoQ==</latexit>�!
✓

<latexit sha1_base64="snfpaErw5BSBHSPF6GFmwUlKSFA=">AAAB+XicbVDLSsNAFJ3UV42vqEs3g0VwVRIRdVl047KCfUAbwmQyaYdOHszcVELon7hxoYhb/8Sdf+OkzUJbD1w4nHMv997jp4IrsO1vo7a2vrG5Vd82d3b39g+sw6OuSjJJWYcmIpF9nygmeMw6wEGwfioZiXzBev7krvR7UyYVT+JHyFPmRmQU85BTAlryLGv4xAM2JlDknjMzTdOzGnbTngOvEqciDVSh7VlfwyChWcRioIIoNXDsFNyCSOBUsJk5zBRLCZ2QERtoGpOIKbeYXz7DZ1oJcJhIXTHgufp7oiCRUnnk686IwFgte6X4nzfIILxxCx6nGbCYLhaFmcCQ4DIGHHDJKIhcE0Il17diOiaSUNBhlSE4yy+vku5F07lqXj5cNlq3VRx1dIJO0Tly0DVqoXvURh1E0RQ9o1f0ZhTGi/FufCxaa0Y1c4z+wPj8ASy0krU=</latexit>

by1
<latexit sha1_base64="K9jcH2SFFzzfPWvPjbu0IxhDdG0=">AAAB+XicbVBNS8NAEN3Urxq/oh69BIvgqSSlqMeiF48V7Ae0IWw2k3bpZhN2N5US+k+8eFDEq//Em//GTZuDtj4YeLw3w8y8IGVUKsf5Niobm1vbO9Vdc2//4PDIOj7pyiQTBDokYYnoB1gCoxw6iioG/VQAjgMGvWByV/i9KQhJE/6oZil4MR5xGlGClZZ8yxo+0RDGWOUzvzE3TdO3ak7dWcBeJ25JaqhE27e+hmFCshi4IgxLOXCdVHk5FooSBnNzmElIMZngEQw05TgG6eWLy+f2hVZCO0qELq7shfp7IsexlLM40J0xVmO56hXif94gU9GNl1OeZgo4WS6KMmarxC5isEMqgCg20wQTQfWtNhljgYnSYRUhuKsvr5Nuo+5e1ZsPzVrrtoyjis7QObpELrpGLXSP2qiDCJqiZ/SK3ozceDHejY9la8UoZ07RHxifPy48krY=</latexit>

by2 <latexit sha1_base64="tSt4AsScgkmYuQudhMaJyFxAPUI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBO0o0r</latexit>...

<latexit sha1_base64="tSt4AsScgkmYuQudhMaJyFxAPUI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBO0o0r</latexit>...<latexit sha1_base64="KxdyUaIE0ebMDOopVsuGoh9ra54=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZjfsboRQ+h+8eFDEq//Hm//GTZuDtj4YeLw3w8y8MOFMG8/7dkpr6xubW+Vtd2d3b/+gcnjU1jJVhLaI5FJ1Q6wpZ4K2DDOcdhNFcRxy2gknt7nfeaJKMykeTJbQIMYjwSJGsLFSOxv4rusOKlWv5s2BVolfkCoUaA4qX/2hJGlMhSEca93zvcQEU6wMI5zO3H6qaYLJBI9oz1KBY6qD6fzaGTqzyhBFUtkSBs3V3xNTHGudxaHtjLEZ62UvF//zeqmJroMpE0lqqCCLRVHKkZEofx0NmaLE8MwSTBSztyIyxgoTYwPKQ/CXX14l7Yuaf1mr39erjZsijjKcwCmcgw9X0IA7aEILCDzCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8Aa+TjeY=</latexit>y1
<latexit sha1_base64="/97MmdibwrFsmYqr84l2EC71oNc=">AAAB7XicbVBNS8NAEJ34WeNX1aOXxSJ4Kkkp6rHoxWMF+wFtKJvtpl272Q27G6GE/gcvHhTx6v/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7dKOu7u3f3BYPjpua5kqQltEcqm6IdaUM0FbhhlOu4miOA457YST29zvPFGlmRQPZprQIMYjwSJGsLFSezqoua47KFe8qjcHWiV+QSpQoDkof/WHkqQxFYZwrHXP9xITZFgZRjiduf1U0wSTCR7RnqUCx1QH2fzaGTq3yhBFUtkSBs3V3xMZjrWexqHtjLEZ62UvF//zeqmJroOMiSQ1VJDFoijlyEiUv46GTFFi+NQSTBSztyIyxgoTYwPKQ/CXX14l7VrVv6zW7+uVxk0RRwlO4QwuwIcraMAdNKEFBB7hGV7hzZHOi/PufCxa15xi5gT+wPn8AbEajec=</latexit>y2output variable

+ 
<latexit sha1_base64="5QTMY9MACfvd0y0tE3X0ugcsGGc=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0swm7G6GU/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnnb3dnd2z+oHB61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+y/32EyrNE/loJikGMR1KHnFGjZXavRANdd1+perVvDnIKvELUoUCjX7lqzdIWBajNExQrbu+l5pgSpXhTODM7WUaU8rGdIhdSyWNUQfT+bkzcmaVAYkSZUsaMld/T0xprPUkDm1nTM1IL3u5+J/XzUx0E0y5TDODki0WRZkgJiH572TAFTIjJpZQpri9lbARVZQZm1Aegr/88ippXdT8q9rlw2W1flvEUYYTOIVz8OEa6nAPDWgCgzE8wyu8Oanz4rw7H4vWklPMHMMfOJ8/MveO1Q==</latexit>

� intercept<latexit sha1_base64="neYuEvLUkz4ZdWGamtP97l/wMSk=">AAACFnicbVA9T8MwFHT4pnwFGFksKiQGqBJUASOChYEBJApITVS9uG5r1Ykj+wVURf0VLPwVFgYQYkVs/BuckgEKT7J8ursn+y5KpTDoeZ/OxOTU9Mzs3HxlYXFpecVdXbsyKtOMN5iSSt9EYLgUCW+gQMlvUs0hjiS/jvonhX59y7URKrnEQcrDGLqJ6AgGaKmWuxvEgD0GMj9r5YGyVi26PQSt1V0eYI8jDHeCqLiGtNJyq17NGw39C/wSVEk55y33I2grlsU8QSbBmKbvpRjmoFEwyYeVIDM8BdaHLm9amEDMTZiPYg3plmXatKO0PQnSEftzI4fYmEEcWWcRwoxrBfmf1sywcxjmIkkz5An7fqiTSYqKFh3RttCcoRxYAEwL+1fKeqCBoW2yKMEfj/wXXO3V/P1a/aJePTou65gjG2STbBOfHJAjckrOSYMwck8eyTN5cR6cJ+fVefu2Tjjlzjr5Nc77F8ymoGA=</latexit>

L�!
✓ ,�loss

<latexit sha1_base64="Gr9aIpJv4y5s92WdMLLJqEORyZs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSKIizIjRV0W3bisYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Fth4IHM65l5x7wkRwA6777ZTW1jc2t8rblZ3dvf2D6uFRx6hUU9amSijdC4lhgkvWBg6C9RLNSBwK1g0nd7nffWLacCUfYZqwICYjySNOCVjJ78cExpSI7GI2qNbcujsHXiVeQWqoQGtQ/eoPFU1jJoEKYozvuQkEGdHAqWCzSj81LCF0QkbMt1SSmJkgm0ee4TOrDHGktH0S8Fz9vZGR2JhpHNrJPKJZ9nLxP89PIboJMi6TFJiki4+iVGBQOL8fD7lmFMTUEkI1t1kxHRNNKNiWKrYEb/nkVdK5rHtX9cZDo9a8LeoooxN0is6Rh65RE92jFmojihR6Rq/ozQHnxXl3PhajJafYOUZ/4Hz+AFBJkUk=</latexit>⇤



Logistic regression : history

11
source: https://en.wikipedia.org/wiki/Logit



Logistic regression : definition

12

When the output variable is binary {0,1},  logistic regression is the correct tool to use

<latexit sha1_base64="1URVtRix4KQGyXdE0JYpUAG17XI="></latexit>

log


p(byi = 1)

1� p(byi = 1)

�
= h

�!
✓ ,�!xii+ �

Logistic regression models the probability of an event taking place by having the 
log-odds for the event be a linear combination of the input variables:

*cf. supplementary slides for algorithm

The loss function to optimize is given by the negative log-likelihood of the observed 
data as a function of the predicted distribution*:

<latexit sha1_base64="2JOoUUjUqP5V0N9btXK1b/JQnoo="></latexit>

L�!
✓ ,�

= �
NX

i=1

[yi log(p(byi = 1)) + (1� yi) log(1� p(byi = 1))]



Example of simple logistic regression

13



14

Case study for multiple logistic regression: 
the South African heart disease data



15

Case study



16

Case study (3)



Sources of misinterpretation of the results of 
a regression analysis
1. Positive linear coefficient       on an input variable ≠ causation 

(because in general correlation does not imply causation)

2. Conversely, a small regression coefficient for an input variable does 
not mean that this variable is not causally related to the output 
variable. It might simply be less correlated to the output variable 
than other input variables and thus ignored in the regression.

3. Statistical significance of the predictions ≠ strong predictive power
(because statistical significance ≠ effect size significance)

17

<latexit sha1_base64="pYM132qgRhMHaU/a61ywLFbdrWg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSuqh6l9Xafa1Sv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/puWPMQ==</latexit>

✓



The Overfitting Problem
Definition of overfitting: 

• Predictions are good on the training dataset, but poor on new unseen data

Overfitting typically happens when:
• the dataset does not contain enough samples to properly learn the regression and/or
•  the number of input variables (i.e. features) is too large to properly learn the regression

To detect overfitting: 
• split your dataset into a training and validation set (see next slides)
• compute cross-validation predictions and compare them to training set predictions 

(worse performance on the validation set means overfitting)

To prevent overfitting: 
• use regularization techniques, which consist in adding extra constraints on the regression 

problem based on what you know from the data (see examples in next slides)

18



To detect overfitting, separate data into 
training, validation and testing sets

• Training Dataset: the sample of data used to fit the model.

• Validation Dataset: the sample of data used to provide an evaluation of a model 
fit on the dataset while tuning model hyperparameters.

• Test Dataset: The sample of data used to provide an evaluation of a final model 
fit on the dataset.

19
source: https://machinelearningmastery.com/difference-test-validation-datasets/



Strategies to create a validation set when you 
don’t have a lot of data 

• k-fold strategy: randomly divide the dataset into k groups or folds of 
approximately equal size. The first fold is kept for testing and the model is trained 
on k-1 folds. The process is repeated K times and each time different fold or a 
different group of data points are used for validation.

• Leave-one-out strategy: K-fold cross validation taken to its logical extreme, with K 
equal to N, the number of data points in the set. That means that N separate 
times, the function approximator is trained on all the data except for one point 
and a prediction is made for that point.

20



Examples of regularization techniques
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1. Ridge regression (i.e. L2 penalty)

2. LASSO regression (i.e. L1 penalty)

3. Principal component regression



1. Ridge regression (L2 penalty)
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is the number of input variables

is the coefficient of the regression
for each input variable (i.e. slope)

is the trade-off parameter, balancing
the minimization of the MSE and 
the penalty term on the coefficients
(also called Lagrangian) 

We seek to mimize the loss:



1. Ridge regression (L2 penalty)
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is the number of input variables

is the coefficient of the regression
for each input variable (i.e. slope)

is the trade-off parameter, balancing
the minimization of the MSE and 
the penalty term on the coefficients
(also called Lagrangian) 

We seek to mimize the loss:

How to choose the hyperparameter lambda? 
=> by trial-and-error on the validation set performance



2. LASSO regression (L1 penalty)
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is the number of input variables

is the coefficient of the regression
for each input variable (i.e. slope)

is the trade-off parameter, balancing
the minimization of the MSE and 
the penalty term on the coefficients
(also called Lagrangian) 

We seek to mimize the loss:
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When to prefer LASSO vs. Ridge regression
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Lasso regression 
(L1 penalty)

Ridge regression 
(L2 penalty)
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source: The Elements of Statstical Learning, Hastie, Tibshirani, Friedman (2017)  



When to prefer LASSO vs. Ridge regression
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- Prefer LASSO regression when you 
believe that some features are not 
predictive of the output and can be 
ignored.

- Prefer ridge regression when you 
believe that directions in feature 
space will little variance are not very 
predictive of the output variable 
(e.g., too noisy).

- Tip: try both regularizations and see 
what works best on the validation 
set!

Lasso regression 
(L1 penalty)

Ridge regression 
(L2 penalty)
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3. Principal Component Regression

A. Apply PCA to the dataset X, and retain only the scores 
corresponding to the k first dimensions of most variance 
(k can be chosen by cross-validation).

B. Fit regression to these truncated scores.

27

Use principal component regression as an alternative to ridge regression, when you 
believe that directions in feature space with little variance are not very meaningful or 
noisy.



Steps to perform a regression analysis on a 
computer

28

1. Separate the data X and Y into a training set and a validation set

2. Compute the regression fit using an existing function from the the 
computer and obtain the slope and intercept parameters of the fit

3. Test your regression performance on the validation set

4. if you find that the regression overfits to the training set, try 
different regularization methods (e.g., LASSO, ridge, principal 
component regression)



Next lecture on Oct 24

• Non-linear methods for data analysis
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Supplementary material

30



Solution to linear regression
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source: Neuromatch academy, 
Anqi Wu: https://compneuro.neuromatch.io/tutorials/W1D2_ModelFitting/student/W1D2_Tutorial2.html



Solution to multiple linear regression

32source: The Elements of Statstical Learning, Hastie, Tibshirani, Friedman (2017)  



Fitting logistic regression

33
source: The Elements of Statistical Learning, Hastie, Tibshirani, Friedman (2017)  



Blog post on linear regression

• https://towardsdatascience.com/machine-learning-for-biomedical-
data-linear-regression-7d43461cdfa9
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https://towardsdatascience.com/machine-learning-for-biomedical-data-linear-regression-7d43461cdfa9
https://towardsdatascience.com/machine-learning-for-biomedical-data-linear-regression-7d43461cdfa9

