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1.4 Symmetric polynomials

Permutation of polynomials

Let R be a ring and consider the ring of polynomials R[t1,...,t,].
Denote by S, the group of permutations of {1,2,...,n}. For
f eR[t1,...,t] and 7 € S,, we define

fﬂ-(tla s ey tn) =f (tﬂ(l)""’ﬂ-(n)) .

Let f(t1,tp,tp) = t1 + trtz and 7w = (123). Then,
fT(t1, t, ty) = to + t1t3.
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1.4 Symmetric polynomials

Symmetric polynomials

We say f € R[t1,...,t,]| is symmetric if f™ =f for all m€ S,,.

@ f(ty,...,ty) =ty +...+ t, is symmetric.

@ The previous example, f(t1, to, t3) = t1 + tot3, is not
symmetric since " = tp + t1t3 # t1 + tot3.
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1.4 Symmetric polynomials

Elementary symmetric polynomials

Let n>1. For every 1 < r < n, the elementary symmetric
polynomial s,(t1,...,t,) is the sum of all possible distinct
products of r distinct t;'s:

si(ti,...,th) =t1+...+t,

S(t1,...,th) =titp+ tit3+ ...+ titp + ot3 + ... + th 1ty

Sn(t1, ..., th) =t1...t,

These are called elementary for a reason: every symmetric
polynomial can be written in terms of the elementary symmetric
polynomials.
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1.4 Symmetric polynomials

Elementary symmetric polynomials

Theorem (Theorem 1.12)

Let R be a ring. Every symmetric polynomial p € R[t1,...,t,]| can
be written as a polynomial in R[sy,...,s,].

Sketch of proof.
peR[ti,...,t] = monomials of p are of the form at" ... t;".

1. Order the monomials of p by a lexicographic order.

2. Since p is symmetric, the leading term of p (under the
lexicographic order) is of the form at;" ... t;" with
a1 2...2Qp.

3. The leading term of

asfl...sk”:a(t1+...+t,,)k1...(t1...t,,)k” is

n
Kit...+kn t§2+“'+k” ...t for all positive integers ki, ..., kp.
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1.4 Symmetric polynomials

Elementary symmetric polynomials

4. If we pUt k]_ = Oé]_ - O{Q, . kn_]_ — an_l — an, kn — an, the
leading term of p is equal to the leading term of as{‘1 .S

5. So consider p; = p— as{‘1 . .5,’,‘” with k1 = a1 —ao, .. .,

Kn1=0p_1— apn, knp=a,. The leading term of p is canceled
and we get a smaller degree symmetric polynomial
p1€R[t1,... th]
6. Apply step 5 to p;. After a finite amount m of iterations we
get Pm+1 = Pm — &m = 0 for some g, € R[s1,...,5n].
Pm—8m=0 = pme R[s1,...,s,]. Note that pj_1 = pj + gj-1
with gm-1 € R[s1,...,s,] so by reverse induction we conclude
peR[si,...,sn]
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Example 113
Plka,b2,43) = AZ A3+ Xk3 + b2k, v+, &3 + b ta+h2Hs

A. Uﬁwﬁ&ap\«m ordoe
p(hika, £2) = A Fky + e+ 4,k + £, 43 +45 Ao+ Lty
Q. LQ,meﬁ deron K p £24s
N=3, &K =2, Xz=\,X3=0 L, . e
3. 5F s s = (HiHta+ta) (Bt bidzthaty) (htr)
gt t?l—cz_*rks tskg .
<~ ~-
l.(la.din& tecom
4 o =2, Xa=1,%350 2 k,=Q-1=1,kp=1-0=1, k3 = O
s, 52 = (& +da+ £2) (£ 42+ kit +E242)
= ks 4k ks + fts +kt3 43k taks + s ko +totS
wadxng derm
5. ‘:..—_ P— S‘sz_ = - Bt,tzfg
C,Q,Larlu, P1= -3%2, So we Concludo a\readj
P=Pi¥Sis2 = s52-383 € RCsy 5., 57).




1.4 Symmetric polynomials

Elementary symmetric polynomials

The next corollary is important (for instance, to show that the field
polynomial has coefficients in Q, Theorem 2.5.).

Corollary (Corollary 1.14)

Consider a field extension L: K and p € K[t] such that all of its
zeros 01,...,0, arein L. If h(ty,...,t,) € K[t1,...,ty] isa
symmetric polynomial, then h(01,...,0,) € K.

Moral: Every symmetric expression on the roots of a polynomial
peK|[t]isin K.
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Proct_of _Gecollary LA

P = ant™ +.. + ap € KCED
=an (£-6D ... (£-6n) , it Bel
(dhede i) = a (£"-sa(o,,.., 000K 4. & c-o“sn@,,...,@m

g Q‘ (9.,...,9vh = - an-‘ ek)
S2(6,,...,8n) = aqn-; €k, ...
Sn (9],...,9{\\ = (“Dh Qo € k

&j Yhoorem 112, %Uc.,...,;en\ =8C§.,...,gn\ /?urSQr»e
SQKCS\,.../S(Q, Hene,

A8, o) = 4 (4(8),. 80, ., 51, B) €K sina Ha
W%Oef\h Od- 3 a N k ard Q'\(e,,...,GQﬁk Y 1<i<n. T



1.4 Symmetric polynomials

Elementary symmetric polynomials

Consider the field extension Q (w, \3/5) : Q, where w = e2™/3_ Let
p(t) = t3 =2 e Q[t]. The roots of p are

01 = \3/5, 0, = w\3/§, 03 = w?v/?2.

By Corollary 1.14, we get that for instance

91(9293 — 9192 — (9193 — (9293 € Q
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1.5 Modules
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1.5 Modules

Modules

Modules are a generalization of vector spaces.

Definition (R-module)

Let R be a ring. An R-module (or module if R is clear) M is

@ an abelian group (M, +) together with
@ a function a: Rx M — M, a(r,m) = rm, satisfying

(a) (r+s)m=rm+sm Vr,seR VmeM
(b) r(m+n)=rm+rm VYreR YmneM
(c) r(sm)=(rs)m Vr,seR,VYmeM

(d) Im=m VmeM.

Function « is called an R-action on M.

If R is a field then M is an R-module if and only if it is a vector
space over R (check this!).
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1.5 Modules

Submodules and quotient modules

Definition (R-submodule)

Let M be an R-module. N is an R-submodule of M if
o (N,+)<(M,+)

@ forallne Nand re R, a(r,n) =rneN.

Let M be an R-module and N be an R-submodule of M. The
quotient group M/N has a structure of R-module with R-action

r(N+m):=N+rm.
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1.5 Modules

Some facts about modules

© Suppose R is a subring of S. Then S is an R-module with
action rs, for all re R and s€ S.

@ Suppose [ is an ideal of the ring R. Then [ is an R-module
with action ri for all re R and 1€ /.

© Suppose J c /| are ideals of R. Then the quotient //J is an
R-module with action r(J+ i) :=J+ri.
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1.5 Modules

Submodule generated by a set

Let M be an R-module. Given X< M and Y Cc R,

YX::{Zy,-X,-:X,-EX,y,-eY,le}.
=1

The R-submodule of M generated by X is the smallest
R-submodule of M containing X. We denote it by (X)g.
Fact: (X)r = RX.
|f

N = (Xl,. .. 7Xn>R

with x1,...,x, € M, we say N is a finitely generated R-module.
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1.5 Modules

Z--modules

@ A Z-module is nothing more than an abelian group M (check
this by taking R = Z in the definition of R-module).

@ Given an abelian group M, we can make it into a Z-module by
defining the action recursively

Om=0 VmeM

Im=m VmeM

(n+1)m=nm+m VYmeM and positive n
(=n)m=—-nm VY me M and positive n.

So any abelian group can be interpreted as a Z-module and
vice-versa.
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1.5 Modules

Exercise 12

Let Z be a Z-module with the obvious action. Find all the
submodules.

Hints:
- What is the action?
- Recall what are the subgroups of Z.
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Selwction

The &E-adhon oan Z s gAven 'od

A ZxZ > <
Ca,m) = nm

Tle Su!:co—rou‘os OS— & are G}—H/\L /‘g—orm, aé Lith Clelt\)

C‘\r\dud)m:] a:o)
Sin O\Cﬂ,aw\j: Nam = a lam) € 0¥ fu‘ al\
CmEA?, we conddude ok aZ s a & - sbmodale
D:.S_ V24 /f-ar all  aciN.
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1.6 Free abelian groups

Motivation

Throughout the course we will study many subrings of C, namely
rings of algebraic integers of a given subfield of C. One example is
the ring of Gaussian integers

Z[i1={a+bi:abeZ}.

As an additive group, Z|i| 2 7Z x Z. Many of the subrings we will
study are also isomorphic to a direct product of a finite number of
copies of Z.
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1.6 Free abelian groups

Finitely generated abelian groups

Let G be an abelian group. We say G is finitely generated if it is
finitely generated as a Z-module, that is, if there exist
gi,...,8n € G such that

G:<g1,---,gn>Z:{Zmigi:miEZ}.
i=1

We say g1,...,gn € G are linearly independent over Z if the only
solution over the integers for

migi+...+mpgn=0

ismy=...=m,=0.
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1.6 Free abelian groups

Free abelian groups

Definition (Z-basis)

Let G be an abelian group. We say {gi1,...,8n} € G is a Z-basis
for G if

@ G = <g17~--7gn>Z
@ g1,...,&n are linearly independent over Z.

Definition (Free abelian group)

A free abelian group G of rank nis an abelian group with a
Z-basis of n elements.
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1.6 Free abelian groups

Free abelian groups

Z|i] is a free abelian group of rank 2 with Z-basis {1,/}.

Facts:
Q If{g1,...,gn} and {h1,..., hy,} are two Z-basis for G then
n = m. Hence the rank of G is well-defined, in the sense that
it does not depend on the basis.

@ Every free abelian group of rank n is isomorphic to Z"
(consider for instance ¢ : Z" — G given by
d(my,...,mp) =migy + ...+ mpg,, where {g1,...,g,} is a
Z-basis of G).
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1.6 Free abelian groups

Change of basis

Lemma (Lemma 1.15)

Let G be a free abelian group of rank n with basis {x1,...,x,}.
Let A= (ajj) be an nx n matrix with integer coefficients. Then the
elements

n
y;:Za,-J-Xj I=1,...,n
Jj=1

form a basis of G if and only if A is unimodular, that is, det A = :I:l.j
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1.6 Free abelian groups

Subgroups of free abelian groups

Theorem (Theorem 1.16)

Let G be a free abelian group of rank n and let H be a subgroup
of G. Then H is a free abelian group of rank s < n. Moreover,
there exists a basis of G {uy,...,u,} and positive integers
a1,...,0Qs such that ajuq,...,asus Is a basis for H.

Theorem (Theorem 1.17)

Let G be a free abelian group of rank n and H be a subgroup of
G. The quotient group G/H is finite if and only if rank G = rank H.
In that case, if G has a basis {x1,...,x,} and H has a basis

{y17 SR 7yr} with Yi = Zj:]_ aUX_I then

G/H| = |det(a;)|.

\
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1.6 Free abelian groups

Exercise 10

Find the order of the groups G/H where G is free abelian with
Z-basis x,y,z and H is generated by:

(a) 2x,3y,7z

(b) x+3y—-5z,2x -4y, 7x+2y -9z

(c) x

(d) 41x +32y —999z,16y +3z,2y + 111z
(e) 41x+ 32y —999z.
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Exercie 10

Q) = <2x,39,%27,4 . By Taoem A.4%,

r

|G/H | = | det = 4z

2 O
o 2
O o

o
O
L + J

C) H=<7C>& =2 ranlkH=14 < 23 = rank &
= G&G/H \l\?«\mlﬁ



1.6 Free abelian groups

Linearly dependent generators

Theorem (Proposition 1.18)

Every finitely generated abelian group G with n generators satisfies

G~F xB,

where F is a finite abelian group and B is a free abelian group of
rank k < n.

Theorem (Proposition 1.19)

Every subgroup of a finitely generated group is also finitely
generated.
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1.6 Free abelian groups

Exercise 14

An abelian group G is said to be torsion-free it g€ G, g #+ 0 and
kg = 0 for k € Z implies k = 0. Prove that a finitely generated
torsion-free abelian group is a finitely generated free group.

Hints:
- Proposition 1.18
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