
Crystallography course SCHEDULE

Date Topic

1. Wed 28.02. Lec-1: Introduction

2. Mon 04.03. Lec-2: Crystal Chemistry & Tolerance parameter 

3. Mon 04.03. EXERCISE 1

4. Wed 06.03. Lec-3: Crystal Chemistry & BVS

5. Fri 08.03. Lec-4: Symmetry & Point Groups

6. Mon 11.03. EXERCISE 2

7. Wed 20.03. Lec-5: Crystallography & Space Groups (Linda) Ke3

8. Fri 22.03. Lec-6: XRD & Reciprocal lattice (Linda) Ke4

9. Mon 25.03. EXERCISE 3 (Linda) Ke4

10.     Thu 04.04. Lec-7: Rietveld (Linda) 12:15-14, Ke3

11. Fri 05.04. EXERCISE 4: Rietveld (Linda)

Mon 08.04. EXERCISE 4: Rietveld (Linda)

12.     Thu 11.04. Lec-8: ND & GI-XRD 12:15-14, Ke3

13.     Fri 12.04. Lec-9: XRR (Topias)

14. Mon 15.04. EXERCISE 5: XRR (Topias)

Wed 17.04. EXERCISE 5: XRR (Topias)

15.     Mon 22.04. Lec-10: Synchrotron radiation & XAS & EXAFS

16. Thu 25.04. Mössbauer 12:15-14, Ke3

17. Fri 26.04. EXERCISE 6

18. Mon 29.04. Seminars:

19. Fri 03.05. Seminars:

20. Mon 06.05. ADDITIONAL DISCUSSION/QUESTION POSSIBILITY

TODAY



LINDA’S LECTURES & EXERCISES

▪ 20.03. WEDNESDAY: 14.15 – 16 (Ke3)

▪ 22.03. FRIDAY: 12:15 – 14 (Ke3)

▪ 25.03. MONDAY: 14.15 – 16 (Ke4) Exercise session 

▪ Exercise deadline 27.3 at 13:00

Easter holidays break! ☺

▪ 04.04. THURSDAY: 12:15 – 14 (Ke3)

▪ 05.04. FRIDAY: 12:15 – 14 (?) Rietveld exercise 1

▪ Getting started on FullProf

▪ 08.04. MONDAY: 14:30 – 16 (?) Rietveld exercise 2

▪ Help with finishing the exercise

▪ Exercise deadline on 10.4. at 13:00



TODAY...



LECTURE 6: X-RAY (POWDER) DIFFRACTION

▪ History: X-ray sources and XRD equipment

▪ Bragg Equation (you have learned this earlier!)

▪ Mathematics of XRD 

▪ Reciprocal lattice, Brillouin zone, Ewald sphere

▪ Allowed and forbidden reflections

▪ XRD pattern: Peak positions, peak intensities, peak shapes

▪ Indexing (Miller indeces) & Lattice parameter determination

▪ Structure determination issues

▪ Scattering factor, structure factor, phase problem

▪ Rietveld refinement! (preview)



Powder XRD

PANalytical X’Pert PRO MPD Alpha1

• θ/2θ

• Johansson Ge monochromator

• Programmable slits

• Sample spinner

• PIXcel detector

Thin-film XRD

PANalytical X’Pert PRO MPD

• ω/2θ

• Cu mirror and collimator slit

• IR controlled sample stage

- Height (z, 75 mm)

- Rotation (φ, n*360°)

- Tilt (ψ, 20°)

Our X-ray diffractometers: you have already used them?



EARLY HISTORY OF X-RAY DIFFRACTION

1895 Röntgen: x-ray radiation

1912 Von Laue: diffraction of x-rays in crystalline solids (Nobel 1914)

1913 W.H. & W.L Bragg: Bragg equation (Nobel 1915)

1913 W.L. Bragg: first crystal structures: NaCl, KBr, ZnS, diamond

1923 First crystal structure determination of an organic compound

1924 Weissenberg: single-crystal camera

1934 Patterson: ”heavy-atom method”

1935 Le Galley: first powder diffractometer

1942 Buerger:  precession camera

1947 First commercial powder diffractometer (Philips)

1948- Development of  ”direct methods”

(H. Hauptman ja J. Karle, Nobel 1985)

1960 First crystal structure determination of protein

1962- Development of automatic four-circle diffractometers

1969 Rietveld: “whole pattern analysis” (for neutron powder diffraction)



Inorganic Chemistry

Department of Chemistry

Our previous XRD machine was a Philips 

powder diffractiometer which we used from 

1980 until 2013. A really important cornerstone 

for our laboratory in both research and 

teaching, it was heavily used and very reliable. 

The reason for its retirement was that spare 

parts no longer were available. 

Before throwing the old XRD out, we invited the 

people who originally purchased it to visit and 

say goodbye to the machine: professor 

emeritus Lauri Niinistö and senior laboratory 

engineer Lassi Hiltunen. They remembered to 

tell that the goniometer used for high-

temperature measurements was actually taken

from an even older XRD device, which had 

been in use already when TKK (Aalto 

predecessor) was housed in Hietalahti. 

We decided to keep the old goniometer as a 

memory of our laboratory’s very long history of 

X-ray crystallography expertise. 

Our previous X-ray diffractometer: 1980s → 2013



Constructive interference

n = 2d sinBragg’s law

You have learned the Bragg’s law: this is a good presentation to recall it



Only few peaks and at nearly same distance from each other → CUBIC

Can we see whether the lattice is primitive or not? … → YES (return to this later)

LATTICE PLANES → DIFFRACTION PATTERN



X-RAY DIFFRACTION

o X-ray radiation is scattered from the electron

clouds of atoms

o More electrons at the reflection plane (heavy atoms)

→ high intensity of reflected radiation

o Less electrons at the reflection plane (light atoms)

→ low intensity of reflected radiation

o X-ray range wavelengths are on the same 

size scale as lattice plane spacings 

→ part of the radiation is reflected from 

crystals (elastic scattering)

→ diffraction can be utilized for crystal 

structure studies

n=2

n=1 ½



X-RAY DIFFRACTOMETER

• Production of x-ray radiation:

(i) generator + x-ray tube (e.g. Cu-K 1.54 Å, Mo-K 0.71 Å)

(ii) synchrotron (radiation with continuous wavelength)

• Recording of reflected radiation:

(i) as pulses on counter (x-ray diffractometer)

(ii) as black spots on film (x-ray camera; historical)

SOURCE →

 DETECTOR



X-RAY TUBE: e.g. Cu

▪ Characteristic X-ray radiation:    

▪ Cu-Kα (Kα1 + Kα2) and Cu-K
▪ To get monochromatic radiation, Cu-Kα and Cu-K

need to be separated (with a filter)
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K2

Kα1 + K2

K1 (1)
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▪ Copper: Kα1:  = 1.5406 Å, Kα2:  = 1.5444 Å, K:  = 1.3923 Å

▪ Typically: Cu-Kα and Cu-K are separated, but not Kα1 and Kα2

(filters are expensive)

▪ If Kα2 is removed, total intensity decreases

▪ Intensity ratio: Kα1 : Kα2 = 2 : 1

▪ Kα1 and Kα2 not separated → double reflections in the XRD pattern

▪ These are especially visible in the high 2 range

(Bragg law → resolution increases with increasing 2)



Powder XRD

PANalytical X’Pert PRO MPD Alpha1

• θ/2θ

• Johansson Ge monochromator (Kα2 filter)

• Programmable slits

• Sample spinner

• PIXcel detector

Thin-film XRD

PANalytical X’Pert PRO MPD

• ω/2θ

• Cu mirror and collimator slit

• IR controlled sample stage

- Height (z, 75 mm)

- Rotation (φ, n*360°)

- Tilt (ψ, 20°)



https://chemistry.osu.edu/~woodward/



▪ Mathematical concept that links the diffraction measurement data to 

the real lattice → abstract

▪ Diffraction from single crystal: the beam diffracted from a specific Miller 

plane will show up as a dot on the detector screen

RECIPROCAL LATTICE

Diffraction pattern of single 
crystal diffraction analysis



▪ Direct lattice = ”real” lattice

▪ Reciprocal lattice: (mathematically) Fourier transform of the direct lattice

- Reciprocal space sometimes called momentum space or K-space

- Fourier transformation equations are symmetrical:

reciprocal lattice of the reciprocal lattice is equivalent to

the original direct lattice

▪ Planes in real lattice are points in reciprocal lattice, and vice versa

▪ Length of reciprocal lattice vector is proportional to the reciprocal (inverse) of 

the length of direct lattice vectors  →

Big in real space is small in reciprocal space, and vice versa

▪ Reciprocal lattice has important role in diffraction theory:

- Diffraction pattern represents reciprocal lattice, not direct lattice

- From the diffraction pattern, the reciprocal vectors can be determined

▪ Brillouin Zone = ”Unit cell” in Reciprocal lattice

RECIPROCAL LATTICE



RECIPROCAL VECTORS

▪ Crystal planes all have a normal vector: perpendicular to the plane & 

the length is inversely proportional to the crystal plane spacing d

▪ Each crystal plane set (defined by Miller index) gets its own vector

▪ These vectors exist in the reciprocal space

(abstract space, mathematically constructed just like imaginary space)

𝑑ℎ𝑘𝑙
∗ =

1

𝑑ℎ𝑘𝑙



DRAWING RECIPROCAL SPACE

▪ The end points of the reciprocal lattice vectors form a grid and so can 

define a reciprocal lattice 

▪ The reciprocal “unit cell” is called Brillouin Zone

▪ Defined by a*, b* and c* (α*, β*, & γ*)

[1 0 0] Miller plane series [0 1 0] Miller plane series [1 1 0] Miller plane series

a* =d*100 with |a*| = a*= 1/ d100
b* =d*010 with |b*| = b*= 1/ d010
c* =d*001 with |c*| = c*= 1/ d001

a* is perpendicular to b and c
b* is perpendicular to a and c
c* is perpendicular to a and b



https://www.google.com/url?sa=i&url=http%3A%2F%2Fvlabs.iitb.ac.in%2Fvlabs-dev%2Flabs%2Felectron-microscopy%2Fexperiments%2Fdiffraction-patterns-iitk%2Ftheory.html&psig=AOvVaw22BQ-SGfGnOjUeDGW-tCPu&ust=1633090267607000&source=images&cd=vfe&ved=0CAYQjRxqFwoTCLCHjLzVpvMCFQAAAAAdAAAAABBK


EWALD SPHERE: the reciprocal of the X-ray wavelength
▪ Radius: λ* = 1/λ (λ  = wavelength of incident beam)

▪ Illustrates which reciprocal lattice points result in diffraction signal

(reciprocal points that touch the sphere)

▪ Connected to mathematical description of Bragg’s law in reciprocal space

https://www.google.com/url?sa=i&url=https%3A%2F%2Fwww.researchgate.net%2Ffigure%2FIn-this-figure-the-Ewald-sphere-is-represented-within-a-mixed-real-reciprocal-context_fig2_231083357&psig=AOvVaw1N8LJ1RpK0KSxHCViJIcMM&ust=1633096111700000&source=images&cd=vfe&ved=0CAYQjRxqFwoTCPC39Z7rpvMCFQAAAAAdAAAAABAh
https://www.google.com/url?sa=i&url=https%3A%2F%2Fmyscope.training%2Flegacy%2Fxrd%2Fbackground%2Fconcepts%2Fdiffraction%2Fxraystructure%2Fsingle_crystal.php&psig=AOvVaw1ztaAZHC-5sJxcLmnJvhSK&ust=1633093072506000&source=images&cd=vfe&ved=0CAYQjRxqGAoTCKidwPXfpvMCFQAAAAAdAAAAABCqAQ
https://www.google.com/url?sa=i&url=https%3A%2F%2Fwww.sciencedirect.com%2Ftopics%2Fcomputer-science%2Freciprocal-lattice&psig=AOvVaw22BQ-SGfGnOjUeDGW-tCPu&ust=1633090267607000&source=images&cd=vfe&ved=0CAYQjRxqGAoTCLCHjLzVpvMCFQAAAAAdAAAAABCBAg


SINGLE-CRYSTAL DIFFRACTION and SYMMETRY GROUP SYMBOLS

Via the Ewald sphere, we can connect together 
• The real crystal to 
• The single-crystal diffraction pattern to
• The point group of the point seen by the beam to
• The crystal system and space group

ത43𝑚 point group 
→ cubic crystal



POWDER XRD PATTERN

▪ Classic Bragg-Bentano setup: symmetric movement of beaM source and detector 

to scan a range of angles 

▪ capture all the diffracted beams = plane distancings

▪ In mathematical language: spin the Ewald sphere and the reciprocal lattice 

around an origo→ dots become circles which becomes peaks on a x-y-plot

Every reciprocal lattice point 

= a specific lattice plane set 
(with specific distancing)



How many of the reciprocal lattice 
points fit inside the Ewalds sphere   

= how many peaks can be seen in the 

XRD pattern (at most)



DOI: 10.1039/C9QI00675C (Research Article) Inorg. Chem. Front. (2019) 6, 2096.

Experimental patterns (on the top)  and 

JSPDS card data (below) for some 

(double) perovskite samples.

The JSPDS data are kind of 

”diffractogram lines” showing the peak

positions and intensities, but not the

shapes).

CuWO4 (JSPDS: 01-070-1732)

Sr2CuWO6 (JSPDS: 01-076-0086) 

Ba2CuWO6 (JSPDS: 01-076-0084) 

EXAMPLES OF XRD PATTERNS

https://doi.org/10.1039/C9QI00675C
https://doi.org/10.1039/2052-1553/2014


ICDD (1978)
ICDD “Card” 

“FINGERPRINT” APPROACH

Phase recognition + 
Impurity phases

I believe you have done this in 
some lab works already?



As you are going to see soon, not only the peak positions and intensities but also the 
peak shapes carry information; Hence, the correct terminology is “pattern”, not 
diffracto”gram”

Single crystal pattern



In the example on the previous page, only 110, 200 and 211 peaks seen, while 100 
and 210 are missing → Body-centered cubic



Primitive      Body-centered       Face centered

Type equation here.



S = h2 + k2 + l2



How to calculate lattice 
parameters if we know the 
structure type and Miller 
indices



Sr3Fe2O7-δ Water derivative

20.2 Å

28.0 Å

H2O/H+

H2O

Sr

FeO6

Sr3Fe2O7-δ Water derivative

20.2 Å

28.0 Å

H2O/H+

H2O

Sr

FeO6

Tetragonal Sr3Fe2O7

▪ Ruddlesden-Popper structure; consists of layers: SrO-SrO-FeO2-SrO-FeO2

▪ Absorbs easily water molecules in between SrO-SrO layers

▪ c-parameter increases while a- and b-parameters remain nearly the same

▪ How can you see this from the XRD patterns: (a) Sr3Fe2O7, (b) Sr3Fe2O7 + water

Lehtimäki, Hirasa, Matvejeff, Yamauchi & Karppinen,
J. Solid State Chem. 180, 3247 (2007).



sin2𝜃 = ℎ2 + 𝑘2 ∙
2

4𝑎2 + 𝑙2 ∙
2

4𝑐2

Miller

002

004

100

200

2

23.03

47.05

22.77

46.50

sin

0.1996

0.3991

0.1947

0.3947

sin2

0.0398

0.1593

0.0390

0.1558

Parameter (Å)

7.724

7.725

3.905

3.906

RECOMMENDATION: Take an average of the two values; Also, you could verify the numbers

by using the 110, 102 and 112 reflections.

2 hkl

22.766 1  0  0  

23.026 0  0  2

32.411 1  1  0

32.603 1  0  2

40.136 1  1  2

46.499 2  0  0

47.054 0  0  4

EXAMPLE: DETERMINATION OF LATTICE PARAMETERS

Calculate the lattice parameters based on the following data
for the seven first Bragg reflections:
tetragonal P4/mmm; CuK = 1.5406 Å.

ANSWER:

→ c

→ a = b



FURTHER ANALYSIS OF DIFFRACTION PATTERN

▪ First step: Indexing → find the Miller indices for the reflections

▪ This allows the determination of the lattice parameters

▪ This is relatively easy for high-symmetry structures







INDEXING EXAMPLE
XRD pattern measured for a sample of cubic unit cell using Cu-K ( = 1.5418 Å) radiation 
shows peaks at 2 values listed in the table below. Index the reflections. 
What is the Bravais lattice type?
Answer:
1. First, we calculate sin2 values, and multiply them by 106 just for convenience. 
2. To find the ”constant value” A, we calculate the differences between consecutive sin2 values; from this 

list we can ”see” that ca. 19355 is included as a term in all these difference numbers, hence, it could be 
our ”A”. Then we notice that h2+k2+l2 = (106 x sin2) / A. 

3. Finally, the hkl combinations can be easily derived from these numbers. 
4. From the resultant list of reflections (S=3,4,8,11,12,…), we identify the systematic absences as typical for 

FCC and conclude that the lattice type is face-centered cubic.

Difference Constant

S = h2 + k2 + l2





Divergence Beam area     

Wavelength spread

SYNCHROTRON RADIATION

▪ Very bright/intense x-ray radiation

▪ Used for x-ray diffraction in case 

of demanding samples (e.g. light 

elements)

▪ Continuous spectrum                    

(c.f. the characteristic peaks from 

x-ray tube)

▪ We will discuss synchrotron 

radiation in detail in the context  

of EXAFS and XANES



NEUTRON AND ELECTRON DIFFRACTION

▪ Particles have wave nature: 

→ Moving particles have wavelength

▪ Particles with proper mass/energy ratio can be utilized for 

diffraction  

→ neutron diffraction and electron diffraction



EQUATIONS



UNIT CELL VOLUMES

o The equations for unit cell volume:

Cubic:

Orthorhombic: 

Rhombohedral:

Monoclinic: 

Triclinic: 

𝑉 = 𝑎3 Tetragonal:

Hexagonal: 

𝑉 = 𝑎𝑏𝑐 1 − 𝑐𝑜𝑠2α − 𝑐𝑜𝑠2β − 𝑐𝑜𝑠2γ + cos α cos β cos γ 

𝑉 = 𝑎2𝑐

𝑉 = 𝑎𝑏𝑐 𝑉 = 0.866 𝑎2𝑐

𝑉 = 𝑎𝑏𝑐 sin β

𝑉 = 𝑎3 1 − 3𝑐𝑜𝑠2α + 2𝑐𝑜𝑠3α



LATTICE PLANE SPACING d

o For a given set of lattice plane Miller indices, the d-spacing can be calculated:

Cubic:

Orthorhombic: 

Rhombohedral:

Monoclinic: 

Triclinic: 

1

𝑑2
=

ℎ2 + 𝑘2 + 𝑙2

𝑎2

1

𝑑2
=

ℎ2 + 𝑘2

𝑎2
+

𝑙2

𝑐2

1

𝑑2
=

4

3

ℎ2 + ℎ𝑘 + 𝑘2

𝑎2
+

𝑙2

𝑐2
1

𝑑2
=

ℎ2

𝑎2
+

𝑘2

𝑏2
+

𝑙2

𝑐2

1

𝑑2
=

ℎ2 + 𝑘2 + 𝑙2 𝑠𝑖𝑛2α + 2 ℎ𝑘 + 𝑘𝑙 + ℎ𝑙 𝑐𝑜𝑠2α − 𝑐𝑜𝑠 α

𝑎2 1 − 3𝑐𝑜𝑠2α + 2𝑐𝑜𝑠3α

Tetragonal:

Hexagonal: 

1

𝑑2
=

1

𝑠𝑖𝑛2β

ℎ2

𝑎2
+

𝑘2𝑠𝑖𝑛2β

𝑏2
+

𝑙2

𝑐2
−

2ℎ𝑙 𝑐𝑜𝑠 β

𝑎𝑐

1

𝑑2
=

1

𝑉2
𝑆11ℎ2 + 𝑆22𝑘2 + 𝑆33𝑙2 + 2𝑆12ℎ𝑘 + 2𝑆23𝑘𝑙 + 2𝑆13ℎ𝑙

𝑆11 = 𝑏2𝑐2𝑠𝑖𝑛2α

𝑆22 = 𝑎2𝑐2𝑠𝑖𝑛2β

𝑆33 = 𝑎2𝑏2𝑠𝑖𝑛2γ

𝑆12 = 𝑎𝑏𝑐2 cos α cos β − cos γ

𝑆23 = 𝑎2𝑏𝑐 cos β cos γ − cos α

𝑆13 = 𝑎𝑏2𝑐 cos γ cos α − cos β

𝑉 = 𝑎𝑏𝑐 1 − 𝑐𝑜𝑠2α − 𝑐𝑜𝑠2β − 𝑐𝑜𝑠2γ + cos α cos β cos γ 
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