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Lecture 03

Linear Algebra, Circuit Identities

with slides from Dave Bacon https://homes.cs.washington.edu/~dabacon/teachina/siena/
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Learning goals - 03 Circuit Identities (The Basics)

1. What you have learned by now In the exercise session and
a.  Quantum software: what, why and how programming assignment of this
b.  Quantum circuits: diagrams and mathematics week

2. Mathematical notation for easier calculations
a. The Dirac bra-ket vectors e basics of quantum circuit
b. Inner and outer products with the bra-ket notation simulator
c. Matrices as sums of outer products e Dbuild our own quantum

3. Computing with bra-kets circuit simulator

a. Unitary vectors and matrices
b.  Matrix vector multiplications using bra-kets
4. Our first quantum circuit identities
a. Moving (commuting) single qubit gates through a circuit
b. Expressing complicated (two-)qubit gates as products of
elementary quantum gates



Dirac Notation: Bras and Kets
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Dirac Notation: Bras and Kets
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“ket” := column vector
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“bra” := row vector

Every ket has a unique bra obtained by complex conjugating and transposing:
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The Inner Product

Given a “bra” and a “ket” we can calculate an “inner product”

(w] = [ wy wi -why ]

(wlv) = | wh wi --wi_q |

vo
vl

UN-1

[v)

= whvo + wivy + -+ wh_yox_1

This is a generalization of the dot product for real vectors

The result of taking an inner product is a complex number
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The Inner Product in Comp. Basis
(wlv) = wovo + wivy + -+ + Wy_1vN-1

(w| = w5 (0] + wi(l| + - +wy_1 (N -1

[v) = v0|0) +v1(1) + - Fon_1[N — 1)

(wlv) = (wp(0] + wi(l]+ - +wy_1(N —1])
(v0l0) + v1|1) + - +vN_1|N — 1))

(wlv) = wivo + wivy + - +wi_1oy 1

Example: lv)y = |0) + 2¢|1) lw) = 34|0) + (27 4+ 2)|1)
(wlv) = =351 4 (=20 + 2)2i = 4 +



Norm of a Vector

)] = y/{v]v)

(v]v) = vivo + vivs + -+ vk 1oy 1

2 2 2
= |vol® + |v1[* + -+ oy 1]
which is always a positive real number
it is the length of the complex vector

Example: |v) = |0) + 2i|1)
(vfv) = [1]2 + |2i]2 = 5
[[v)]] = V5



A Different Basis

A different orthonormal basis:

1
+) = \/—|> \/—1>
O SO U
1
<+|+>—‘\/—— =

1 1 1 —1
oy = ( )+(__> _

V22 V22
An orthonormal basis is complete if the number of basis elements is equal to the dimension
of the complex vector space. 9




Changing Your Basis

Express the qubit wave function |v) = vg|0) + v1|1) in the orthonormal complete basis
|a), |b)

in other words find components of |v) = wvg|a) + vp|b)

Some inner products:
(alv) = (al (va|a) + vp|b)) = valala)+vp(alb) = va
(blv) = (b (vala) + vp|b)) = va(bla) 4 vp(b|b) = vy

Sot [v) = ((alv))]a) + ((blv))]b)

Calculating these inner products allows us to express the ket in a new basis.
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Matrices, Bras, and Kets

We can expand a matrix about all of the computational basis outer products

N—1 Moo -+ My-1p0 W
= D M li)(jl = = - =

i,j=0 {MN—l,O MN—l,N—lJ

This makes it easy to operate on kets and bras:

M|v) = Z M; j13)(5lv) 1if j=k
J=0 k) =85 = N
b= (1K) = 05k _{ 0 otherwise
N—1

(wM =) M; j(wl|i){j]
i §=0
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Projectors
The projector onto a state |v) (which is of unit norm) is given by

Py = |v)(v| Projects onto the state:
Note that
Pylv) = v){v|v) = |v)
and that
Pylw) = |v)(v|w) = ({(v|w))|v) Py|w)
Example:  |v) = |0) P, = |0){0|

12



Unitary Matrices

A matrix Uis unitary if
vir—=1 <«— N XN identity
] ] matrix
1 0O .- 0
0 1 | = diag(1,1,...,1)

o --.. 1

Equivalently a matrix g7 is unitary if

UUT =1



Unitary Evolution and the Norm

[v') = Ulv)
What happens to the norm (4|1 of the ket?
(W] = (Up)T = (u|U
(W) = @|UTU ) = (v|T|v) = (v]v)

Unitary evolution does not change the length of the ket.

Normalized wave function Normalized wave function

{(v|vy =1 o'y = Ulv) 'y =1

unitary evolution

This implies that unitary evolution will maintain being a unit vector 14



Learning goals - 03 Circuit Identities (The Basics)

1. What you have learned by now In the exercise session and
a.  Quantum software: what, why and how programming assignment of this
b.  Quantum circuits: diagrams and mathematics week

2. Mathematical notation for easier calculations
a. The Dirac bra-ket vectors e basics of quantum circuit
b. Inner and outer products with the bra-ket notation simulator
c. Matrices as sums of outer products e Dbuild our own quantum

3. Computing with bra-kets circuit simulator

a. Unitary vectors and matrices
b.  Matrix vector multiplications using bra-kets
4. Our first quantum circuit identities
a. Moving (commuting) single qubit gates through a circuit
b. Expressing complicated (two-)qubit gates as products of
elementary quantum gates
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Circuit ldentities

0) X 1)

“bit flip” is just the classical not gate

1) X 0)

Hadamard gate:

11
H =[\?_@] H2 =1
V2 V2
11 1 0 11
wlzemo= | A o] e A
v2 V2 V2 V2
1 -1 11
el ] =[1e]-
V2 V2 IlLlve V2




Circuit ldentities

H H
Use this to compute HXH
H X H = H
But HZ? =1
H H =
So that
H X H = Z

17



Circuit ldentities

Using H X H

OO r O
O~ OO

|
oNeoNGN

18



Appendix



The Inner Product

(wlv) = wovo + wivy + -+ Wy_1UN-1

Example: ) = ' 31 ]
=1 40| ’
1+ 24 (w| = | —3i 3|

(wlv) = { —3i 3 } [ 1i2i] = (—=34)-143(14+24) = 3+3i

(vjw) = [ 1 1—24 } [ ‘?] — 1.(3i)+(1—2i)3 = 3—3;

Complex conjugate of inner product: ({w|v))™ = (v|w)
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The Inner Product in Comp. Basis
(wlv) = wovo + wivy + -+ Wy_1VN_1
L
0

loy=]1 0 -0 = 1-140-04---400 =1

_O_
o
1

©1y=]10 -0 = 1.04+1-04 --40-0=0

L O -
Inner product of computational basis elements:

. _ . _ )1 if 7=k
(Jlk) = Oj ks = { 0 otherwise

Kronecker delta
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Computational Basis

Some special vectors:

1 0 0

0 1 0

‘O>: 5 ‘]_>: 5 e o o ‘N_]_>: :
| O | O |1

Example:

2 dimensional complex vectors (also known as: a qubit!)

22



Computational Basis

Vectors can be “expanded” in the computational basis:

v) =

vo
vl

| UN-1 |

—UO

1

O

O -

+v1

0

1

O =

+on_1

= vo[0) +v1[1) + - +oy_1|N - 1)

Example:

o) = |

14 2:

3

= (1 +2¢)[0) + 3[1)

|=ara o]+

o O




Computational Basis
Computational Basis, but now for bras:

Ol=|10 -0
(1l=|0 1 ---0|

(N—1|=[o 0 1}
(=] v vi ---vi 1| =044 Aok (V-1

Example:

(w|=1]2 3+2i|=2(0]4 (3 +2i)(1]

24



Computational Basis

Computational basis: is an orthonormal basis:
0) Glky = 6, = { LIFG=Fk
1) JI%1 =%,k =1 0 otherwise

| N 1> Kronecker delta

Computational basis is important because when we measure our quantum computer
(a qubit, two qubits, etc.) we get an outcome corresponding to these basis vectors.

But there are all sorts of other basis which we could use to, say, expand our vector about.

25



Complex Vectors, Addition

Complex vectors can be added

jv) =

[v) + |w)

vo
vl

| UN—-1 |

w) =

vo + wo
v1 + wq

Addition and muiltiplication by a scalar:

alv) + flw) =

avg + Bwo
avy + Bwq

| avy_1 T+ PBwy_1 |

| vy_1 t+ wn_1 |

wo
w1

WN-1 |
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Explicit Basis Change

1 1
+) = \/—§|O> + EH)
Express |v) = |0)in this basis:
(+10) =
(-10) = =
So:
v) = =) + =)

1
=) = 7§|0> \/—|1>

[v) = vq|+) +ov-|=)

v) =

(FloD[+) + (=v))]|-)

27



Example Basis Change

1 1
+) =\/—§IO>+EI1> =) NG,
Express [v) = vg|0) + v1|1)in this basis: |v) = vy |+) + v_|—)
(o) = (+] (v 4) +v-1-)) = vi (FHH)+o—(+-) = vy
(—[v) = (=] (v ) + v-|=)) = vy (=) v (~|-) = v-
So: |v) = ((+[v)[+) + ((=|v))|-)

V2 V2 V2
(—|v)y = (12%) + (\_/;’01> _ UO\;;l
vy = ”Og’lm IR

\/—|1>
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Matrices
A N dimensional complex matrix M is an N by N array of complex numbers:

Moo -+ MonNn-1

My-10 -+ My_1N-1

M; are complex numbers

Example:
Three dimensional complex matrix:
4 341 2 Miog=1
: s :
M=1|i ed +/2i My o =

O O 4

29



Matrices, Bras, and Kets

We can expand a matrix about all of the computational basis outer products

N—1 Moo -+ My-1p0 W
M= ) M;;li)(j| = { : 5 J
4,j=0 Mn-10 -+ MN-1N-1
Example: ig] g 1
1 00 =| ¢ o o)1= g 4
1 i L
M:[—l —Z] 0 0| (0 0
ol=17 o =g

M = [0){0[ +¢|0)(1| — 1[1){Of = #|1)(1]




Matrices, Added

Matrices can be added

Moo -+ MonNn-1 Loo -+ Lon-1
M = - : L = : :
Myn_10 -+ My-1nN-1 Lny-10 - LN-1,N-1
Moo + Lo,o a Mo n-1+ Lo nNn-1
M+L = : :
My_10+LNn-10 -+ MN-1N-1+LN-1N-1
Example: ' —3—3
p M= O 3+ 7 3 3—1
7} 1 ) 2

_104+3 34i4+(-3—-¢) | _| 3 O
M+L_[z+z' 142 ]_[2z’ 3]
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Matrices, Complex Conjugate

Given a matrix, we can form its complex conjugate by conjugating every element:

Moo -+ MonN-1
M = : :
My-10 -+ Mn-1,N-1
) ) ) _
Moo -+ Mgon_q
M* — : :
b S B3
| My 10 0 My N1

Example: ; .
xamp Iy lq3+z] M*:[o':s z]



Matrices, Transpose

Given a matrix, we can form it’s transpose by reflecting across the diagonal

Moo -+ MonN-1
M = :
My-10 -+ Mn-1,N-1
Moo -+ Mpn_1p0
MT = :
Mon-1 -+ MNn_-1nN-1

Mt =

Example: '
p Iy [(Z) 3—1|—z]

0 )
3+4+:7 1



Matrices, Conjugate Transpose

Given a matrix, we can form its conjugate transpose by reflecting across the diagonal
and conjugating

Moo -+ MonN-1
M = : :
My-10 -+ Mn-1,N-1
) ) ) _
Moo - My_j19
M = ; ;
b S %
| Mogn-1 0 My in-1 |

Example: M_[Z- 3—1|—z] MTzl 0 —z’]

B 3—17 1



Matrices, Multiplied by Scalar
Matrices can be multiplied by a complex number

Moo -+ MonN-1

M = = ;

Myn-10 -+ Mny_1N-1

aMpo -+ oaMon-1

alM = : :

{OéMN—l,O OéMN—l,N—lJ

Example: M:[Q 3;”] a = 2i
1

aM:[zz'-o 2i(3—|—z’)]:[ 0 —2—|.—6z']

2i(s)  2i(1) 2 2
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Matrices, Multiplied

Matrices can be multiplied

Moo -+ MonNn-1 Lo,o
M = : : L = :
Myn—_10 -+ MNn_-1nN-1 Ly_1,0
Roo -+ Ron-1
RZMLZ : :
Ry-10 -+ BRN-1N-1

Ro.0 = Mo,oLoo+Mo1L1,0+ - +Mon—_—1LN-1,
Ro1 = MooLo1+Mop1L11+ - +Mon—1Ln-11

Rip= M;oLop+M;1L1p+ - +MjNn_1LN_1k

N—1
Rjp= ) MLy
(=0

Lo N-1

Ly_1N-1
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Matrices and Kets, Multiplied

Given a matrix, and a column vector:

C g
Moo -+ MonN-1 1
M = : : lv) = _
My-10 -+ Mn-1N-1
| UN-1
These can be multiplied to obtain a new column vector:
Moo -+ MonN-1 V0
Mlv) = = : ;
My-10 -+ Mn-1,N-1 VN1

Mo ovo + Mg 1v1 + - Mo N—1VN—-1

Mpyn_10v0+ Mn_11v1+ - MN_1 N-1UN—-1




Matrices and Bras, Multiplied
Given a matrix, and a row vector:

Moo -+ Mon-1 ] .

M = (w] = | wh w]

My-10 -+ My-1nNn-1

These can be multiplied to obtain a new row vector:

[ Moo - MonNn-—1 ]
<w|M:[w5 wElH : ; J
My_10 -+ Mny_1nN-1

(wlM = | 1§ - TR q ]

ro = woMoo + - - +wy_1Mn_10

[ ]
[ ]
[ ]
3 % %k
ry—1 =woMonNn-1+ - Fwy_1My_1N-1

..wN_l
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