
Practical Quantum Computing

Lecture 09
Grover’s Algorithm

with slides from Dave Bacon https://homes.cs.washington.edu/~dabacon/teaching/siena/ 

https://homes.cs.washington.edu/~dabacon/teaching/siena/
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Week Tuesday (3h) Wednesday (3h) Deadlines

1. The Basics Introduction Gates Circuit 
Identities

Qiskit Cirq/Qual
tran

Q&A

Programming Assignment 1: The basics 
of a quantum circuit simulator

Programming Assignment 1: 
The building blocks of a 
quantum circuit simulator

2. Entanglement 
and its 
Applications

Teleportation Superdense 
Coding

Quantum 
Key 
Distribution

Qualtran/
Assignme
nt2

Terminol
ogy of 
Projects

Q&A

Programming Assignment 2: The basics 
of a quantum circuit optimizer

Programming Assignment 2: 
The building blocks of a 
quantum circuit optimizer

3. Computing Phase 
Kickback and 
Toffoli

Distinguishin
g quantum 
states and 
The First 
Algorithms

Grover’s 
Algorithm

Invited 
TBA

PennyLa
ne

Q&A 11 May 
2024

4. Advanced 
Topics*

Arithmetic 
Circuits*

Fault-Toleran
ce*

QML* Invited 
TBA

Crumble Q&A 18 May 
2024

* not evaluated



Learning goals - 09 Grover’s Algorithm (Computing)

1. What you have learned by now
a. Quantum circuits: mathematics, diagrams and circuit identities
b. Entanglement: teleportation, quantum games, QKD
c. Superpositions, Phase Kickback and finding hidden strings

2. Grover’s Algorithm - Searching unstructured data
a. Problem Statement: Imagine a list of elements and you have to 

find a particular one
b. Why is it faster than classical search – sources of speedup
c. The sequential application of two operations

i. Marking found elements using phase kickback
ii. Diffusion operation

d. Intuitive step by step illustration of functionality
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● Deadline for programming 
Assignment 1

● 11 May 2024



Applications of Grover’s Algorithm
Grover’s algorithm is a framework

● It does not offer the exponential speedup like Shor’s alg.
● Can be extended for different problems

● cryptanalysis AES
● combinatorial optimisation - e.g. travelling salesman
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Borbely E. Grover search algorithm. arXiv preprint arXiv:0705.4171. 2007 May 29. - step by step derivation of Grover iterations



Quantum computers can search faster than a classical ones
● Assume the entries are indexed 0, 1, 2, 3, …., N

● Use binary vectors
○ Of the form 0 = 10….000, 1 = 01….000, … , N = 00...001

○ The length of the vectors is N bits

○ A bit signals if an entry is found in the database

○ Practically, multiple entries can be sought and then multiple bits will be on

● E.g. the vector |3>  will have a 1 at the fourth index (zero-indexed)

● Search: “Is the entry with index F in the list 0,1,…..,N?”

● Simplify and assume that the search is always for F=N (relabel the database entries)

|0> 0
0
0
1

|1>

|2>

|3>
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Building block - Inner product
Example: a = (0, 0, 0, 1) b = (1, 1, 1, 1)  -> ab = 0*1 + 0*1 + 0*1 + 1*1 = 1
Can be written as the multiplication of a row vector with a column vector

                            (0, 0, 0, 1)         = 0*1 + 0*1 + 0*1 + 1*1 = 1

Depending if the vector is row or column we can use special notation
<a| for row vector |a> for column vector

such that <a||b> is the notation for the inner product 
Shorthand notation <a|b> = 1

1
1
1
1
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The why: We will 
use this notation 
to determine the 
relative rotation 
(angle) between 

two vectors



Building block - Angle between vectors

|a>

|b>

theta
draw it beautiful |b>

|a>

theta
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In general, <a|b> = |a||b|cos(theta)
where |a| and |b| are the length of the vectors

Simplify and assume that all vectors have unit length, such that <a|b> = cos(theta)

The why: Useful 
for building a 

method to rotate a 
third vector by 

knowing the angle 
between two other 

vectors 



Building block - rotate with twice the angle of theta

|b>

|a>

theta

|r>

|b>

|a>

theta

|r’>

|b>

|a>

theta

|r”>

after mirror against |b> after mirror against |a>

|r>|r>
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The why: Build a 
method to move |r> 

such that it is 
orthogonal to |b>



Building block - Number of mirror seq. to rotate pi/2

|b>

|a>

|r>

How many rotations (k=?) are necessary to get to pi/2?

theta + k*2*theta    = pi/2

2k        = pi/(2 * theta) - 1

k = round(pi/(4*theta) - ½)

Use large values of M to create very small angles theta = 1/M 
Example: sin(1/256) = 1/256, cos(1/256) = 1

The difference between classical and quantum is the value of M! 
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k = approx. M

The why: It 
indicates where 

the quantum 
speed-up is coming 

from!



Input to Output

Rotations Rotations Rotations

1
0
0
0

0
0
0
1

M times

Input Output

Classical computer: 
● exhaustive M=N=2n

● random M=N/2=2n-1

|N>

|0>
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The why: This is a 
sketch of a 

quantum circuit 
looks like

blue is for the Grover speedup

red is for classical runtime



Building rotations - Outer product - Rotations
1) Transform |0> to |1> and |1> to |0> where |0> =       and |1>=        
The bit flip matrix X =             =             +            = |0X1| + |1X0|

2) Define a matrix that takes |0> to |+> = |0>+|1> and |1> to |-> = |0>-|1>
|0>(<0| + <1|) = 
|1>(<1| - <1|) = 

3) Define a matrix that applies the X matrix only if the state of another vector is |1>
|00X00|  + |01X01|  + |10X11|  + |11X10|

1
0

0
1

0 1
1 0

0 1
0 0

0 0
1 0
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The why: Mirroring 
against the two 

vectors has to be 
implemented 

mathematically

1 1
0 0

0 0
1 -1

1 1
1 -1 (almost) Hadamard matrix

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0

0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

CNOT matrix



Building rotations - Encoding conditions for rotations

IF

THEN

IF

IF

IF

THEN

AND

f(x)

Boolean 
function

|0> |f(x)>
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The why: Recipe 
for building 

rotations 
depending on 
configurable 

criteria

Classical problems 
can be imported 
into a quantum 

algorithm



The quantum state
Previous statement: All vectors have unit length
A quantum state is a complex vector whose L2 norm is 1
● A qubit is a 2-dimensional complex vector. Examples |0>, |1>, |+>, |->
● The state of a n-qubit circuit is a 2n-dimensional complex vector 

Example n=2, the state has four entries and the matrix has size 4 x 4

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

2n

2n

A quantum circuit is a  2n x 2n matrix

Entries in a state vector can be different from zero

Bell state 2-1/2(|00> + |11>) 
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The why: There is 
an exponential 

representational 
explosion that is 
often mentioned 

when quantum 
computations are 

discussed



The superposition state |S>
An n-qubit state has length 2n

Define the n-qubit  
|S> =   2-n/2 (|00….00>  + |00….01> + … + |11….11>)

Assume that the sought element is |N>=|11….11>
<F|S> = 2-n/2 = 1/M

As a result, M = sqrt(2n) rotations are needed
Each rotation (called Grover iteration) consists of
1) mirror around |Fp>
2) mirror around |S>

|Fp>

|S>

theta

|F>
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equal superposition |S> with H gates

The why: We create 
a small enough 

angle necessary to 
implement the 
sequence of 

rotations with the 
necessary speedup



The Grover search circuit for n=3 qubits

Rotations Rotations

~2 times

Ora
cle Diffusion operator Ora

cle Diffusion operator
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superposition
state



Grover’s Algorithm Summary
For N = 1000 entries
● classical exhaustive search method needs 1000 steps
● Grover’s algorithm needs approx. 32 steps

The key concepts presented:
● quantum qubit, gate, circuit
● how to import classical problems (Boolean logic) into quantum circuits

The key elements of the algorithm are:
● Mirroring operations

○ a known vector - the equal superposition state

○ a configurable vector - the search criteria

○ mirror operations are implemented with quantum gates

● The speed-up is from the L2 norm to calculate the distance between two qubit states
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