
Practical Quantum Computing

Lecture 11
Fault-Tolerance

based on Chapter 10 from An Introduction to Quantum Computing, Phillip Kaye, Raymond Laflamme, Michele Mosca, Oxford University Press
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Week Tuesday (3h) Wednesday (3h) Deadlines

1. The Basics Introduction Gates Circuit 
Identities

Qiskit Cirq/Qual
tran

Q&A

Programming Assignment 1: The basics 
of a quantum circuit simulator

Programming Assignment 1: 
The building blocks of a 
quantum circuit simulator

2. Entanglement 
and its 
Applications

Teleportation Superdense 
Coding

Quantum Key 
Distribution

Qualtran/
Assignme
nt2

Terminol
ogy of 
Projects

Q&A

Programming Assignment 2: The basics 
of a quantum circuit optimizer

Programming Assignment 2: 
The building blocks of a 
quantum circuit optimizer

3. Computing Phase 
Kickback and 
Toffoli

Distinguishi
ng quantum 
states

The First 
Algorithms

Invited 
TBA

Q&A 11 May 
2024

4. Advanced 
Topics*

Arithmetic 
Circuits*

Fault-Tolera
nce*

Surface QEC* 
Grover’s Alg*

Invited 
TBA

Invited 
TBA

Q&A 18 May 
2024

* not evaluated



Learning goals - 11 Fault-Tolerance (Advanced)

1. What you have learned by now
a. Quantum circuits: mathematics, diagrams and circuit identities
b. Entanglement: teleportation, quantum games, QKD
c. Superpositions, Phase Kickback and finding hidden strings
d. Quantum algorithms and quantum arithmetic

2. Fault-Tolerance
a. What this means and what it implies
b. Building (compiling) fault-tolerant quantum circuits

3. Quantum Error-Correction (QECC)
a. Classical Error-Correction - The repetition code
b. Two types of quantum errors - bit and phase

4. Shor’s code - how to protect against both types of 
errors
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● Deadline for programming 
Assignment 2

● 18 May 2024 



Classical Error Correction

● If individual steps in a computation succeed with probability p, then the 
computation involving t steps will have a success probability that decreases 
exponentially as pt

● Error model == channel, describes evolution/transformation of bits
○ simplest model is the bit flip channel: flipped with probability p and unaffected with 1-p
○ independent errors vs. correlated errors between different bits



Encoding

● Add extra bits to a logical bit 
○ definition diff. from the generally used one
○ the result is called an encoded bit
○ the set of codewords is called a code

● encoding - process of mapping logical 
strings b to their respective codewords

● recovery - procedure for correcting errors 
and recovering the string b

○ unambiguously distinguish between 
codewords

○ correctable errors - set of errors for which 
recovery works



Classical Three-Bit Code

Condition for error 
correction can include 
identity I operation 
(leave unchanged)



Three-Bit Code - Recovery

● Take a majority vote of the three bits
● Reset all the bits to the value resulting 

from the majority vote

Procedure to restore information in the first 
bit and use the last two bits to tell us on which bit the error occurred

● no need to learn the actual value of any bit, only the parities
● error syndrome: information about parities



Repetition code - Probability of error

● If individual steps in a computation succeeds with probability 1-p, then the 
computation involving t steps will have a failure probability that decreases 
exponentially as pt

● The probability of two or more bits of codeword being flipped is 
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● Deadline for programming 
Assignment 2

● 18 May 2024 



Quantum Error Correction

● Errors occur on qubit when its evolution differs from the desired one
○ imprecise control
○ interaction of the qubits with the environment

● The generic evolution of a qubit interacting with an environment |E>
○ in the state |0> will yield a superposition

○ in the state |1> will yield a superposition

○ in general

● Discrete set of errors
● Coherent / incoherent (environment is entangled with the state)



Discretisation of Errors

phase error

bit and phase  error

bit error



Discretisation of Errors



Three-Qubit Code

● Encodes  a  single  logical  qubit  into three physical qubits with the property 
that it can correct for a single bit flip error.

● The two logical basis states |0> and|1> are defined as

● Note that the no-cloning theorem applies



Three-Qubit Code for Phase Errors

● We can adapt the three-qubit bit-flip code to correct phase-flip errors. 
○ There are no phase errors in classical digital information
○ It is easy to transform a phase-flip error into a bit-flip error
○ Specifically, consider the Hadamard basis states
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● Deadline for programming 
Assignment 2

● 18 May 2024 



Shor’s Code - The 9 qubit code

Combine the three-qubit bit-flip and phase-flip 
codes can be combined to give a nine qubit 
code which corrects

● bit or phase flip errors on one of the nine 
qubits

● a simultaneous bit and phase flip on the 
same qubit

● correct for a generic one-qubit error

Encoding for the Shor code works in two stages

1. phase flip encoder
2. bit flip encoder



Shor’s Code - The 9 qubit code

bit-flip errors will be identified by two 
parities for each triplet of the qubits

phase-flip errors are identified by the parities 
of the signs that appear in each triplet

after 1st stage

after 2nd stage
codewords



Shor’s Code - Parities and Corrections

Phase flip errors on the nine-qubit state can be 
determined by measuring the parities

Circuits for measuring parities

https://arxiv.org/pdf/0905.2794.pdf

M
easure X


