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Variance propagation in general

Variance propagation in LS adjustment

Error ellipsoids

Precision



Non-linear functional models, trilateration

Observations:distances s 

Unknown parameters: x,y

n=3, u=2, n-u=1
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• Linearize
• A-matrix?
• y-vector?



Variance, covariance, Covariance matrix

The variance, standard deviation, error-ellipsoids are measures of precision
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Cofactor matrix, Weight matrix, Covariance matrix

Least-Squares method in Geoscience

Cofactor matrices for parameters, 

residuals, adjusted observations, 

observations

Covariance matrix

Weight matrix
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Variance propagation
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Y is linear combination
of X

Expectation of Y

We know the covariance
matrix of X

How we obtain the 
covariance matrix of Y?

Example: we have measured angles and 
distances and we know the the
precision of the instrument. What is the 
precision of the measured point
coordinates?



Variance propagation law
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Examples

Σ𝑥 =
𝜎1

2 𝜎12

𝜎12 𝜎2
2 =

3.0869 1.3226
1.3226 1.8432

𝑦1 = 𝑥2 − 𝑥1

𝑦2 = 𝑥2 + 𝑥1

• Standard deviation of 𝑥1 and 𝑥2

• Standard deviations of 𝑦1 and 𝑦2

• Covariance matrix of y
• Correlation of 𝑦1 and 𝑦2

Calculate

𝑥 = 𝑠 ∙ cos(𝛼)
𝑦 = 𝑠 ∙ sin(𝛼)

Σ𝛼,𝑠 =
𝜎𝛼

2 𝜎𝛼𝑠

𝜎𝑎𝑠 𝜎𝑠
2 =

2.46d−8 0
0 25d−6

𝛼 =
𝜋

6
[rad]

𝑠 = 20 m

• Standard deviation of 𝛼 and 𝑠
• Standard deviations of 𝑥 and 𝑦
• Covariance matrix of x and 𝑦



In the case of non-linear equations
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Least-Squares method in Geoscience

We linearize using Taylor 

theorem
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Variance propagation in least squares process:
Observation equation model

PyAPAAxx TT 1

0 )( 

Σ𝑦 = 𝐵𝐶𝓁𝐵
𝑇 = Σ𝓁, 𝐵 = −𝐼kun

𝐽 = 𝐴𝑇𝑃𝐴 −1𝐴𝑇𝑃

𝐽Σ𝓁𝐽
𝑇 = 𝐴𝑇𝑃𝐴 −1𝐴𝑇𝑃𝜎0

2𝑄𝓁𝑃𝐴 𝐴𝑇𝑃𝐴 −1 = 𝜎0
2 𝐴𝑇𝑃𝐴 −1

Σ𝑥 = 𝜎0
2𝑁−1 = 𝜎0

2𝑄𝑥

Note! This can be calculated before
measurements, if we know the 
measurement method and instruments
(P) and the structure of network (A)

Covariance matrix of adjusted parameters



Variance propagation in least squares process:
observation equation model

Σ𝑣 = Σ𝓁 − Σ 𝓁

Note! Theses can be calculated before measurements, if we know
the measurement method and instruments (P) and the structure of 
network (A)

 𝑦 = 𝐴 𝑥, Σ𝑥 = 𝜎0
2𝑁−1 = 𝜎0

2𝑄𝑥

Σ 𝓁 = 𝐴Σ  𝑥𝐴
𝑇 𝑄 𝓁 = 𝐴𝑄  𝑥𝐴

𝑇

Q𝑣 = Q𝓁 − 𝑄 𝓁

𝑣 =  𝓁 − 𝓁

Covariance and cofactor matrix of adjusted observations:

Covariance matrix of adjusted observations:



Least Squares Method in 

Geoscience

Axes of hyper-ellipsoid
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Ortogonal transformation:  

Eigenvalues and eigen

vectors to Σ  𝑥

:s are variances of z 

(eigen values) and 

squares of the semi

axes of hyper-ellipsoid

The Mahalanobis distance is a measure of the 

distance between a point P and a distribution D



Least Squares Method in 

Geoscience

Scaling the standard error ellipsoids
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The size of the error ellisoid depends on the number of 

parameters u, redundance of the adjustment r and the chosen

probability. The scaling factor is

If scaling factor is 1, we have standard error ellipsoids with 

semiaxes i



Confidence regions

3.1

0.198

Scaling factors for 95% 
error elloipsoids

Probability of 
standard ellipsoid

95%

Standard 
ellipse

fcdf(1/3,3,r)

sqrt(3*finv(0.95,3,r))
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Calculating error ellipses

10.108
18.224

31.610
10.176

In network point
error ellipses are
calculated to 
corresponding part
of the covariance
matrix (3x3 in 3D 
network)

Calculate eigen
values and 
eigen vectors
for the part of 
the covariance
matrix

Least Squares Method in Geoscience



The size and direction of ellipses depend on the 
reference

Least Squares Method in Geoscience



Standard deviations

x

y

𝝈 𝒙

𝝈 𝒚



Relative error ellipses (ellipsoids) are error ellipses for 
coordinate difference 𝐷𝑋

Least Squares Method in Geoscience

Σ∆𝑋 = 𝐷Σ𝑋𝐷
𝑇 𝐷 =

−1 0 0
0 −1 0
0 0 −1

1 0 0
0 1 0
0 0 1




