Variance propagation in general

Variance propagation in LS adjustment

Error ellipsoids

Precision




Non-linear functional models, trilateration

Observations:distances s

Unknown parameters: X,y

n=3, u=2, n-u=1

* Linearize
C e A-matrix?
e y-vector?

A fl:\/(XA_XP)2+(yA_yP)2+(ZA_ZP)2 —Spa =0
< fye \/(XB _XP)2 +(Yg — yP)Z(ZB _ZP)2 —Spg =0
fy: \/(Xc - XP)2 +(Ye — yP)z(ZC - ZP)2 —Spc =0




The variance, standard deviation, error-ellipsoids are measures of precision

oy = E((x —,Uxi)z) oy =\/:§

0 = E((6 = 11,)(x;, — 1,))

z:x = E((X o Mx)(x _ MX)T)

(42 )
O-xl X1Xo O-xlxn
2
o)




Q Q QA Q Cofactor matrices for parameters,
X v / 4 residuals, adjusted observations,

observations

2
Z = O 0 Q Covariance matrix

— 2y -1 _ -1 Weight matrix
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Y = A + AX Y is linear combination
of X

Y1 =8, +a X +8;,X; +0 o+ 3y, X,

kyc :aOC tag X tagX, +--+a, X,

E(Y)=A+AE(X)  Expectation of Y

How we obtain the
covariance matrix of Y?

We know the covariance
matrix of X

%, =E((X—E(X))(X —E(X))")

Y = X Xp X2 XoXn

Example: we have measured angles and
distances and we know the the
precision of the instrument. What is the
precision of the measured point
coordinates?



Variance propagation law

E(Z,)=E((Y —E()(Y -E(V)))=

E((Y = A~ AE(X))Y - A — AE(X))" ) =

E((A +AX = Ay = AE(X))(Ay + AX — A — AE(X))" ) =
E ((AX — AE(X))(AX — AE(X))" ) =

AE (X —E(X))(X —E(X))" ) A" =

AE(Z,) A’




X, =

1.3226 1.8432

(012 012)_(3.0869 1.3226

2
012 O3

Y1 =X2 — X1
Yo =Xy + X1

Calculate

e Standard deviation of x; and x,
e Standard deviations of y; and y,
e Covariance matrix of y

* Correlation of y; and y,

)

x = s - cos(a)
y = s -sin(a)

s F A =(2.46d—8 0 )
. o2 0 25d-6

Ogas
a = % [rad]
s=20m

Standard deviation of @ and s
Standard deviations of x and y

e Covariance matrix of xand y



Y =F(X,)+J(X-X,)

ryl = f1(X1O’X20" ’Xn)+
Y, = fz(X10 20’ ’n)+

Vo = 10 Xegre X )+

We linearize using Taylor
theorem

S =%, )+ +af1(X —X,) of,

afz(xl x)+ 5 (X = Xy,

of, of,
E(Xl_xlo)_i_“"'_ax_n(xn_xno) Xy

)
5, =J%,]
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Variance propagation in least squares process:
Observation equation model

Covariance matrix of adjusted parameters

X—X, =(A"PA)"A'Py
Y, =BC,B" =%, kun B =—]
J=(A"PA)ATP

J2JT = (ATPA) TATPo{Q,PA(ATPA) ™t = g (ATPA)?

_ , Note! This can be calculated before

Ly = 0gN™" = 050y measurements, if we know the
measurement method and instruments
(P) and the structure of network (A)




Variance propagation in least squares process:
observation equation model

Covariance and cofactor matrix of adjusted observations:

y = AX, 2 —002 _O'OQx

%, = AL AT Qp = AQgAT

Covariance matrix of adjusted observations:
v="90—1¢

2y = 2p— 2p Qv = Qe — Q7

Note! Theses can be calculated before measurements, if we know
the measurement method and instruments (P) and the structure of
network (A)




Axes of hyper-ellipsoid

Pl(x-%)' 2 (x-X) <uF,, |

AT ——1 A o :
d — \/(X . X) 2)2 (X . X) The Mahalanobis distance is a measure of the

distance between a point P and a distribution D

RnglR = A_l RT (X _ X) — 7 Ortogonal transformation:

Eigenvalues and eigen
vectors to X;

B \T T~-1 T 5
P|(x—%)"RR'C,'RR" (x-%) <UF,,, |=1-«
[T A -1
PlZ°A ZSUFa’u,r]zl—a
- , , A:S are variances of z
Z z5 z: _1_ (eigen values) and
P \/Zz_l_\/gz_l_ +\/ZZ SUFOLUJ:l_l o squares of the semi

axes of hyper-ellipsoid
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Scaling the standard error ellipsoids

2 2
Z Z
<ll=1-«

R A N A i

The size of the error ellisoid depends on the number of

parameters u, redundance of the adjustment r and the chosen
probability. The scaling factor is

JUF, .

If scaling factor is 1, we have standard error ellipsoids with

semiaxes Ai

Least Squares Method in
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fcdf(1/3,3,r)
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Calculating error ellipses

In network point

2

error ellipses are % Oxx Oyx. Calculate eigen
calculated to 2 values and

. o,, O, ‘' O .
corresponding part Y = 129 % X2Xn eigen vectors

. X L] L] L] L]
of the covariance : : . : for the part of
matrix (3x3 in 3D R ) the covariance
network) i Oy 00t Oy matrix
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Relative error ellipses (ellipsoids) are error ellipses for

coordinate difference DX
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