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Introduction

« MRI experiment is really a two-step process where:

1.  The proton ‘spin’ orientation is manipulated by an assortment of applied
magnetic fields
2. Changes in orientation can be measured through the interaction of the
proton’s magnetic field with a coil detector.
« Although each proton field is minuscule, a significant signal can be
measured resulting from the sum of all fields of all affected

protons of the body.
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Torque on a Current Loop in a
Magnetic Field

« Lorentz force law:

dF = Idl x B z

* Newton’s law: IF aF aF
o el S \ ;
== “__’,/4_
. . X dl dF XdF I
- Differential torque: dF df dF

dN =7 x dF

(2) (b)
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Torque on a Current Loop in a
Magnetic Field

« Torque in terms of magnetic
dipole moment £ :

N=j[xB
- VAN
=[An
« Which is 5
AN =7 x (Idl x B) =Idl (B-7) — IB (d - 7)
 We can derive from this:
fi=ITR*: I
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Magnetic Moment with Spin: Equation
of Motion

- Differential equation for total angular momentum:

dJ -
“ _ N
dt

* (Spin) Angular momentum of proton:
i=~J
« The gyromagnetic ratio for proton:
v =2.675 x 10° rad/s/T

v |
= ' — 4958 MHz/T
¥=g- z/

« Cannot be derived from classical physics, quantum needed
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Problem 2.1

a)

Show that the angular momentum 7 X p of the circulating particle with
respect to the center is mrvn where n is a unit vector perpendicular to the
plane of the circle. Here,  points in a direction given by the right-hand rule
applied to the particle’s motion.

Show that the magnetic moment associated with the motion of the point
charge is qur/2 and thus that the gyromagnetic ratio is given by (2.19).

Evaluate numerically the gyromagnetic ratio v (2.19), choosing the same
mass (1.67 x 10727 kg) and charge (1.60 x 10~° C) as for a proton. The
difference between your answer and (2.17) is due to the more complicated
motion of the proton constituents, the ‘quarks.” For related reasons, a

neutron has a nonvanishing magnetic moment despite its zero overall charge.

Engineering

v = 2.675 x 10® rad/s/T (2.17)
v (point charge in circular motion) = QL (2.19)
m
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Magnetic Moment with Spin: Equation
of Motion

« Different gyromagnetic ratios, A solution:
e.g. for electron:
el _ 658 fi(t) = pae(0)E + py (£)9 + pr(2)2
Tp
. Funda.mental differe|.1tial 1o(®) = 112(0) coswot + 1y (0) sinwot
equation for magnetic moment: (1) = 1y(0) coswot — 1z (0) sin wot
dﬁ' . - Mz(t) = /-Lz(o)
ar TR X B
* Recall:
_ |do| _
w = ‘dt =B
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Gyromagnetic ratios

Nucleus Spin | Magnetic moment y Abundance in human body
hydrogen 'H 1/2 2.7928 42.58 88 M
sodium #Na | 3/2 2.2175 11.27 80 mM
phosphorus 1P | 1/2 1.1316 17.25 75 mM
oxygen 7O 5/2 —1.8938 —5.77 17mM
fluorine F 1/2 2.6289 40.08 4 uM

Aalto University
School of Electrical
Engineering

Laitoksen nimi
29.1.2019
9




Precession

0 —_—
1)
— \
m
g
X
dji .
-
— =y X B
dt
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Magnetic Moment with Spin
of Motion

 Matrix representation:

fie (1)
At) = R(wot) @(0) () = [ pylt

« Complex representation:
pt (1) = pa(t) + pay (2)

dpiy
dt

py(t) = py (0)e™ "

= —WWofly

: Equation
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Problem 2.2

It will be useful in later discussions to have the answer (2.33) rederived as a
solution to the differential equation (2.24).

a) For B = ByZ, show that the vector differential equation (2.24) decomposes
into the three Cartesian equations

dpra
dt
dpiy
dt
dy,
dt

= Yy Bo = wofty
= —YpzsBo = —woftz

= 0. (2.34)

b) By taking additional derivatives, show that the first two equations in (2.34)
can be decoupled to give

APy _ 2

arz ok

d?p,

sz = —Wihy (2.35)

These decoupled second-order differential equations have familiar solutions
of the general form C' coswot + C3 sin wot.

—

d q
P ix B (2.24)

pz(t) = pe(0) coswot + puy(0) sinwot
py(t) = 1y (0) coswot — g, (0) sinwyt
pe(t) = p=(0) (2.33)
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