




Chapter 4

FOURIER OPTICS I
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2D picture:

3D picture:

The principle of Fourier optics

𝐹𝐹 𝑥𝑥, 𝑦𝑦 = 𝐴𝐴𝑒𝑒−𝑗𝑗𝑗𝜋𝜋(𝑥𝑥/Λ𝑥𝑥+𝑦𝑦/Λ𝑦𝑦)
Λx

Λy

𝐹𝐹 𝑥𝑥,𝑦𝑦, 𝑧𝑧 = 𝐴𝐴𝑒𝑒−𝑗𝑗𝑗𝜋𝜋(𝑥𝑥/Λ𝑥𝑥+𝑦𝑦/Λ𝑦𝑦+𝑧𝑧/Λ𝑧𝑧)

ΛzΛy
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known to be found

What type of problems can Fourier optics solve?

Three-step solution: (1) Expand the input field into plane waves as

i.e, calculate two-dimensional FT(f), (2) propagate the obtained plane 
waves to the output plane, and (3) sum the propagated waves to obtain 
the output field. If the system is free space, the field at any z is 

FT(f)IFT(F)

g
FT(g)IFT(F)

spatial frequency  νi = 1/Λi
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Two-dimensional FT and IFT
In rectangular coordinates

FT:

IFT:

In polar coordinates for circularly symmetric field profiles

FT:

IFT:

(spatial frequencies)

(radial spatial frequency)

𝐺𝐺 𝜌𝜌 = �
0

∞

𝑔𝑔 𝑟𝑟 2𝜋𝜋𝑟𝑟 𝐽𝐽0 2𝜋𝜋𝑟𝑟𝜌𝜌 𝑑𝑑𝑟𝑟, 𝑟𝑟 = 𝑥𝑥𝑗 + 𝑦𝑦𝑗

𝑔𝑔 𝑟𝑟 = �
0

∞

𝐺𝐺 𝜌𝜌 2𝜋𝜋𝜌𝜌 𝐽𝐽0 2𝜋𝜋𝑟𝑟𝜌𝜌 𝑑𝑑𝜌𝜌, 𝜌𝜌 = 𝜈𝜈𝑥𝑥𝑗 + 𝜈𝜈𝑦𝑦𝑗
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Propagation in free space (diffraction)

Any linear system can be 
characterized either by an 
impulse-response function

h(x, y) 

or by a transfer function

H(νx, νy).

𝑔𝑔 𝑥𝑥,𝑦𝑦 = �
−∞

∞

ℎ 𝑥𝑥 − 𝑥𝑥′,𝑦𝑦 − 𝑦𝑦′ 𝑓𝑓 𝑥𝑥′,𝑦𝑦′ 𝑑𝑑𝑥𝑥′𝑑𝑑𝑦𝑦′ − convolution  h ∗ f

⇒ 𝐺𝐺 𝜈𝜈𝑥𝑥, 𝜈𝜈𝑦𝑦 = 𝐻𝐻 𝜈𝜈𝑥𝑥, 𝜈𝜈𝑦𝑦 𝐹𝐹 𝜈𝜈𝑥𝑥, 𝜈𝜈𝑦𝑦 .

The transfer function of free space is 

𝐻𝐻 𝜈𝜈𝑥𝑥, 𝜈𝜈𝑦𝑦 = 𝑒𝑒−𝑗𝑗𝑘𝑘𝑧𝑧𝑑𝑑 = exp −𝑗𝑗𝑗𝜋𝜋𝑑𝑑 1
𝜆𝜆2
− 𝜈𝜈𝑥𝑥𝑗 − 𝜈𝜈𝑦𝑦𝑗 .

The intensity is  I(x, y) = |𝑔𝑔(x, y)|2.

a
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Diffraction in Fresnel approximation

⇒ 𝐻𝐻 𝜈𝜈𝑥𝑥, 𝜈𝜈𝑦𝑦 = 𝑒𝑒−𝑗𝑗𝑘𝑘𝑧𝑧𝑑𝑑 ≈ exp −𝑗𝑗𝑗𝑗𝑑𝑑 + 𝑗𝑗𝜋𝜋𝜆𝜆𝑑𝑑(𝜈𝜈𝑥𝑥𝑗 + 𝜈𝜈𝑦𝑦𝑗)

For small propagation angles (4d 3 >> a4/λ), the Taylor expansion yields 

𝑗𝑗𝑧𝑧 = 𝑗𝑗𝑗 − (𝑗𝑗𝑥𝑥𝑗 + 𝑗𝑗𝑦𝑦𝑗) ≈ 𝑗𝑗 − 𝑘𝑘𝑥𝑥2+𝑘𝑘𝑦𝑦2

𝑗𝑘𝑘
= 𝑗𝑗 − 𝜋𝜋𝜆𝜆(𝜈𝜈𝑥𝑥𝑗 + 𝜈𝜈𝑦𝑦𝑗).

The IFT of 𝐻𝐻(𝜈𝜈𝑥𝑥, 𝜈𝜈𝑦𝑦) is the impulse-response function

ℎ(𝑥𝑥,𝑦𝑦) ≈ 𝑗𝑗
𝜆𝜆𝑑𝑑

exp −𝑗𝑗𝑗𝑗 𝑑𝑑 + 𝑥𝑥2+𝑦𝑦2

𝑗𝑑𝑑
.

a paraboloidal wave instead of spherical, 𝑒𝑒
−𝑗𝑗𝑗𝑗𝑗𝑗

𝑟𝑟

The diffracted field g (x, y) is found from

or directly from the convolution integral (Fresnel diffraction integral)

𝑔𝑔 𝑥𝑥,𝑦𝑦 = �
−∞

∞

𝐹𝐹 𝜈𝜈𝑥𝑥, 𝜈𝜈𝑦𝑦 𝐻𝐻 𝜈𝜈𝑥𝑥, 𝜈𝜈𝑦𝑦 exp −𝑗𝑗𝑗𝜋𝜋 𝜈𝜈𝑥𝑥𝑥𝑥 + 𝜈𝜈𝑦𝑦𝑦𝑦 𝑑𝑑𝜈𝜈𝑥𝑥𝑑𝑑𝜈𝜈𝑦𝑦

𝑔𝑔 𝑥𝑥,𝑦𝑦 =
𝑗𝑗
𝜆𝜆𝑑𝑑 �

−∞

∞

exp −𝑗𝑗𝑗𝑗 𝑑𝑑 +
(𝑥𝑥 − 𝑥𝑥′)𝑗+(𝑦𝑦 − 𝑦𝑦′)𝑗

𝑗𝑑𝑑 𝑓𝑓 𝑥𝑥′,𝑦𝑦′ 𝑑𝑑𝑥𝑥′𝑑𝑑𝑦𝑦′.
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Diffraction in Fraunhoffer approximation

𝑔𝑔 𝑥𝑥, 𝑦𝑦 =
𝑗𝑗
𝜆𝜆𝑑𝑑

�
−∞

∞

exp −𝑗𝑗𝑗𝑗 𝑑𝑑 +
(𝑥𝑥 − 𝑥𝑥′)𝑗+(𝑦𝑦 − 𝑦𝑦′)𝑗

𝑗𝑑𝑑
𝑓𝑓 𝑥𝑥′,𝑦𝑦′ 𝑑𝑑𝑥𝑥′𝑑𝑑𝑦𝑦′

If in addition, we have  d >> a2/λ , then

≈
𝑗𝑗
𝜆𝜆𝑑𝑑

𝑒𝑒−𝑗𝑗𝑘𝑘𝑑𝑑𝑒𝑒−𝑗𝑗
𝑘𝑘
𝑗𝑑𝑑(𝑥𝑥2+𝑦𝑦2) �

−∞

∞

𝑓𝑓 𝑥𝑥′,𝑦𝑦′ exp 𝑗𝑗𝑗𝜋𝜋
𝑥𝑥
𝜆𝜆𝑑𝑑

𝑥𝑥𝑥 +
𝑦𝑦
𝜆𝜆𝑑𝑑

𝑦𝑦𝑥 𝑑𝑑𝑥𝑥′𝑑𝑑𝑦𝑦′

𝐹𝐹 𝑥𝑥
𝜆𝜆𝑑𝑑

, 𝑦𝑦
𝜆𝜆𝑑𝑑

.

Neglecting also the quadratic phase factor, we obtain

where  ℎ0 = 𝑗𝑗
𝜆𝜆𝑑𝑑
𝑒𝑒−𝑗𝑗𝑘𝑘𝑑𝑑.

𝑔𝑔(𝑥𝑥,𝑦𝑦) ≈ ℎ0𝐹𝐹
𝑥𝑥
𝜆𝜆𝑑𝑑

, 𝑦𝑦
𝜆𝜆𝑑𝑑

,

FRAUNHOFFER

FRESNEL

Incident 
plane wave
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Fourier transform using a lens

𝑔𝑔(𝑥𝑥,𝑦𝑦) ∝ 𝐹𝐹 𝑥𝑥
𝜆𝜆𝑓𝑓

, 𝑦𝑦
𝜆𝜆𝑓𝑓

.

Λz

Λy

λ

𝜆𝜆
Λ𝑥𝑥

=
𝑥𝑥
𝑓𝑓

⇒ 𝜈𝜈𝑥𝑥 ≡
1
Λ𝑥𝑥

=
𝑥𝑥
𝜆𝜆𝑓𝑓

Hence, the lens maps the spatial frequencies of the field to the coordinates (x, y), i.e.,

gives 𝑔𝑔 𝑥𝑥,𝑦𝑦 = 𝑗𝑗
𝜆𝜆𝑓𝑓
𝑒𝑒−𝑗𝑗

𝑗𝑗
2𝑓𝑓 𝑥𝑥2+𝑦𝑦2 𝑈𝑈 𝑥𝑥

𝜆𝜆𝑓𝑓
, 𝑦𝑦
𝜆𝜆𝑓𝑓

. Due to propagation over the distance d,  

u(x, y)

𝑈𝑈 𝑥𝑥
𝜆𝜆𝑓𝑓

, 𝑦𝑦
𝜆𝜆𝑓𝑓

= 𝐹𝐹 𝑥𝑥
𝜆𝜆𝑓𝑓

, 𝑦𝑦
𝜆𝜆𝑓𝑓

𝐻𝐻𝑑𝑑
𝑥𝑥
𝜆𝜆𝑓𝑓

, 𝑦𝑦
𝜆𝜆𝑓𝑓

The transmission coefficient of the lens is 𝑡𝑡𝑙𝑙 = 𝑒𝑒𝑗𝑗
𝑗𝑗
2𝑓𝑓 𝑥𝑥2+𝑦𝑦2 . The Fresnel approximation 

⇒ 𝑔𝑔 𝑥𝑥,𝑦𝑦 = ℎ0
(𝑓𝑓)𝐻𝐻0

(𝑑𝑑)𝑒𝑒𝑗𝑗𝜋𝜋
𝑥𝑥2+𝑦𝑦2 (𝑑𝑑−𝑓𝑓)

𝜆𝜆𝑓𝑓2 𝐹𝐹 𝑥𝑥
𝜆𝜆𝑓𝑓

, 𝑦𝑦
𝜆𝜆𝑓𝑓

. 
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http://www.ee.bgu.ac.il/~oaharon/EOLAB/fiber_optics/literature/Ch4-Fundamentals%20of%20Photonics(Saleh%20BEA)2.pdf

Examples of diffraction patterns
Fraunhoffer diffraction in free space

Fresnel diffraction of focused light  (Fourier transform by a lens)

Airy pattern

𝜃𝜃0 = 1.22
𝜆𝜆
𝐷𝐷

𝜃𝜃𝑖𝑖 =
𝜆𝜆
𝐷𝐷𝑖𝑖
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