A!!

Aalto University
School of Science
and Technology

PHYS-E0562 Nuclear Engineering, advanced course
Lecture 4 — Diffusion theory

Jaakko Leppénen (Lecturer), Ville Valtavirta (Assistant)

Department of Applied Physics
Aalto University, School of Science
Jaakko.Leppanen@aalto.fi

Mar. 21, 2019




Topics of this lecture
Derivation of diffusion theory:
> Transport theory revisited
> Neutron continuity equation
> Multi-group condensation
> Fick’s law
Validity of diffusion approximation:
> Limitations of the method
> Physical interpretation of the diffusion coefficient
Solution In homogeneous medium:
> Separation of variables using one-group diffusion theory
Time dependent amplitude function and Helmholtz equation for spatial dependence
Point-kinetics approximation and k-eigenvalue equation
Generalization to other geometries and multiple energy groups
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Transport theory: basic concepts revisited

As discussed in Lecture 2, deterministic transport theory describes the collective behavior of the
neutron population using the concept of (angular) neutron flux, which is defined using the (angular)
neutron density n and speed v:

Y(r,Q, E) = vn(r, 2, E) M

Both angular density and flux are density-like functions in the six-dimensional phase-space, de-
pending on the position, direction of motion and energy of the neutrons.

The angular flux relates the collective motion of neutrons to physical reaction rates:
dR; = X, (v, Q, E)Y(r,Q, E)dV dQdE &)

The product of angular flux 1» and macroscopic cross section 3 gives the corresponding reaction
rate density, which when integrated over the variables gives the corresponding reaction rate:"

Rm=/ /A/zw(mﬁ,E)w(r,ﬁ,E)dVdﬁdE ®)
VJ/QJE

"From Lecture 2 it is recalled that the integration of neutron flux over space, direction, energy and time gives the
total combined path length traveled by the neutrons, and that the macroscopic cross section is defined as the
interaction probability per path length. This is also the physical principle behind the track-length estimate of neutron
flux used in Monte Carlo simulation for calculating integral reaction rates, as discussed in Lecture 3.
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Transport theory: basic concepts revisited

For scattering reactions the product of angular flux and the double-differential scattering cross
section describes the differential reaction rate density, i.e. the rate at which neutrons are scattering

from direction €2 to €2’ and energy E'to E/:
dRs = S (r, 2 —» Q' E - ENy(r, Q, E)dVdQdIEI dE’ 4)

The corresponding reaction rate is obtained by integration over volume and the direction and
energy of the incident and emitted neutron. The change in direction is often written using the
scattering cosine p, in which case (4) becomes:

dR. = S (v, p, E = E")(r, Q, E)dVdQdEdudE’ (5)
Replacing the absolute directions with scattering angle is a valid approximation in the case of
isotropic medium.

In reactions where the incident neutron is lost or secondary neutrons are emitted isotropically,
angular flux can be replaced by the scalar flux, which is obtained by integration over full solid
angle:

#(r, E) = A Y(r, Q, E)dQ 6)

Both angular and scalar flux are scalar quantities, and their practical significance is related to
neutron-induced reaction rates.

2E.g. all capture and fission reactions.
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Transport theory: basic concepts revisited
The vector equivalent of angular flux is the angular current density:
i(r,Q, B) = Qu(r,Q, E) Y]
which gives the rate at which neutrons traveling in direction €2 with energy E are passing through
an infinitesimal surface element dS located at position r:
dL = j(r,, E) - dS (8)

When the angular current density is integrated over the full solid angle, the result is another vector
quantity called neutron current density:3

J(r,E) = A i(r,Q, B)dQ ©

which gives the net rate of neutrons with energy I passing through an infinitesimal surface ele-
ment dS located at position r:
dL = J(r,E) - dS (10)

The current densities are associated with the rates at which neutrons cross the boundaries of a
specified volume. Most importantly, the total net current is given by:

Tnet = f J(r,E) - dS (11)
S

Sitis important to note that even though Jj= ﬂw, this is not the case for quantities integrated over the full solid
angle,and J # Q¢.
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Transport theory: transport equation revisited

The transport equation is a conservation equation, describing the neutron balance in the infinites-
imal six-dimensional phase-space element:
10

TR QB )+ V(r,Q, B, t) + 2(r, E)¢(r, S0, B t) = q(r, Q, B, 1) (12)

(A) (B) ©)

where (A) is the time-rate of change in neutron density, (B) is the streaming term, (C) is the
removal term, and q is the source term:

a(r, L E 1) = Q(r,Q, E,t) + S(r,Q, E, t) + F(r,Q, E, t) (13)

composed of external source @@, and flux-dependent scattering:
S(r,Q, E,t) = / / S(r, Q2 = QB - E)(r, Q' E, t)dQY dE’ (14)
47 JO

and fission source:

_X(g) [

F(r,Q, E,t) "
vy

vEe(r, E')¢(r, E', t)dE’ (15)
where v is the fission neutron production cross section and x(E) is the fission spectrum, i.e.
the probability that the energy of the emitted neutron falls on interval dE about E. Factor 1/4m
comes from the fact that fission neutrons are assumed to be emitted isotropically.

, , Aalto University Lecture 4: Diffusion theory
School of Science Mar. 21, 2019

and Technology 6/59



Transport theory: transport equation revisited
Transport theory is based on the following assumptions:
1) Neutrons can be treated as independent particles, traveling in straight lines between
collisions
2) Neutron-neutron interactions can be ignored
3) Reaction cross sections are independent of flux and constant in time

With these assumptions the neutron transport equation describes a linear problem.* In the deriva-
tion of the neutron transport equation it is in addition assumed that:

4) All materials are isotropic, i.e. differential scattering cross sections depend only on
scattering angles and not on neutron direction of motion
5) Fission neutrons are emitted isotropically

6) Fission spectrum is independent of incident neutron energy

Approximation 4 is valid in practically all applications, approximations 5 and 6 are valid at energies
relevant for fission reactors.

*As pointed out in Lecture 2, assumption 3) does not hold in coupled problems describing an operating nuclear
reactor subject to reactivity feedbacks and fuel burnup, in which case the transport problem actually becomes
non-linear. The solution to the coupled problem is obtained by iteration between the different solvers, assuming that
the transport problem can be linearized over sufficiently short time intervals.
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Derivation of diffusion theory

The most obvious difficulty in the solution of the neutron transport problem is the complicated
energy dependence of cross sections. In reality, however, this is relatively easily handled without
major approximations by multi-group condensation, performed by preserving the reaction rate
balance.

The difficult part is handling the angular dependence of the streaming and scattering source
terms, and in general, the fact that angular neutron density, angular flux and angular current
density can be strongly anisotropic in heterogeneous geometries.®

Treatment of angular dependence is one of the main factors that differentiate various deterministic
solution methods from each other. In diffusion theory, the approximations made for the angular
dependence are taken to the extreme.

The idea in neutron diffusion is that neutrons flow from regions of higher concentration towards
lower concentrations by Brownian motion. For the transport equation this means a simple con-
nection between the gradient of scalar flux and neutron current density, which makes the resulting
diffusion equation easy to solve.

Diffusion theory is derived from the general transport theory in the following, and the limitations of
the diffusion approximation are discussed.

®Even if the assumption of isotropic flux was a good approximation, scattering, in general, is not an isotropic
process in the L-frame.
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Derivation of diffusion theory
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Figure 1 : Left: lllustration of an isotropic and anisotropic vector field, for example, neutron current
density. In the isotropic case neutron directions are completely randomly distributed. In the anisotropic
case there is a clear preferential direction. Right: Anisotropy of elastic potential scattering in the laboratory
frame-of-reference (L-frame). Even though potential scattering is isotropic in the center-of-mass frame
(C-frame), i.e. the average scattering cosine is zero, the anisotropy increases in the L-frame with
decreasing nuclide mass. The curve shows that scattering from hydrogen, for example, has a clear

forward bias.
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Derivation of diffusion theory: directional dependence

The first task in the derivation of the neutron diffusion equation is to remove the directional de-
pendence in such way that the transport equation can be written using the scalar flux. This can
be done without introducing any additional approximations.

The downside of obtaining a simplified representation for flux is that the streaming term is written
using the neutron current density, as seen in the final form in Eq. (24). This is not a problem for
diffusion theory, as neutron current density is later related to flux gradient using an approximation
called Fick's law (42).
The integration of the time-derivative term and the removal term over the full solid angle is straight-
forward:

10

10 ~ ~ A - 10
-— Q. E Q=—-— Q. FE Q=-— E 1
[ g apng= 2 [ v Seren  ue

and
/ S(r, E)¢(r, 2, B, 1)dQ = E(r,E)/ Y(r,Q, B, t)dQ = X(r, E)p(r, E,t)  (17)
47 47

The fission source term (15) was already written without angular dependence.t The external
source is independent of flux and its angular dependence depends on the source type. The
integration of the two remaining terms is less straightforward.

5The integration over full solid angle only cancels the 1/47 factor in (15).
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Derivation of diffusion theory: directional dependence

The integration of the scattering source (14) is written as:

/ {/ / S(r, @ = Q,E - E)y(r, Q' E, t)dQ dE’ | d2 (18)
47 47 JO

Since the integration is carried over the full solid angle, and because the double-differential scat-

tering cross section depends only on the angle between directions 91 and €, the integral over
the double-differential scattering cross section can be written using the scattering cosine:

oo 1
/ / [/ Se(r,p, B — E)du} (e, E 1)dQY dE’ (19)
ar Jo -1
The term in brackets describes the total scattering probability from energy E’ to E, and can be

written as: -
/ / Su(r, B = E)(r, Q' E' t)dQ dE’
47 JO

(20)
o
= / Y. (r, E' = E) {/ o(r, Y E, t)dn’] dE’
0 4
The term in brackets is the scalar flux, and the final form can be written as:
/ Ss(r, B — E)¢(r, E', t)dE’ (21)
0
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Derivation of diffusion theory: directional dependence

The final term in (12) left to be integrated is the streaming term, which can also be written using
the angular current density (7):

Q- VY(r,Q,E ) =V - Qp(r, QB t) = V - j(r, 2, EL t) (22)
Integration over the full solid angle yields

V-j(r, QLB )d =V - / jr, QL E 0)dQ =V - I(r, E, t) (23)
4am 4w

where J(r, E) is the neutron current density (9).

When the results (16)-(23) are collected, the transport equation can be written as:
1
D o, B0 + V3, B, 1) + D, B)o(r, B, 1) = alr, B, ) (24)
v

where g is again the source term composed of external source @ and the flux-dependent scatter-
ing and fission source:

S(r,E,t) = /Oo Se(r, E' = E)¢(r, E', t)dE’ (25)
0

F(r,E,t) = x(E) /Ooo v (r, E"é(r, E',t)dE’ (26)

This form of transport equation is also known as the neutron continuity equation, and as pointed
out earlier, no approximations were made in the derivation of (24) from the original transport
equation (12) written for the angular flux.

The same derivation of the neutron continuity equation was presented in Lecture 2.
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Derivation of diffusion theory: energy dependence

Energy group condensation is an approximation that is common to practically all deterministic
transport methods. This means that the continuous energy-dependence is discretized into G
energy groups with boundaries ;1 and E, indexed in such way that:

Eo>FEy > FEy > - > Eqg (27)

Indexing the groups in the order of decreasing energy results from the fact that neutrons are born
at high energy and scatter towards lower energies during their random walk.

The group-wise flux and current density can then be written as:

By,
Bo(r 1) = / (. B, t)dE (28)
E

9
and
Bg_q
Jg(r,t) = / J(r,E, t)dE (29)
Eg

When energy group condensation is applied to the neutron continuity equation (24), the integration
of time derivative and streaming terms over energy can be written simply as:

E
g-110 1 0
2 p(r, E, t)dE = — —¢4(r,t 30
L e nan = - Deu (%0)
g
and:
Eg_1
/ V.J(r, E)YdE =V - J,(r,1) 31)
Eg
P
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Derivation of diffusion theory: energy dependence
Integration of the removal term can be written as:

By_1
/ S(r, B)(r, B, )dE = S,y (r, 1) (32)
Eg

where X4 is the group-wise macroscopic total cross section, defined in such way that the total
reaction rate is preserved in the energy group condensation:

/Eg¢g(r)dV:/ /Eg71 3(r, E)¢p(r, E)dVIE (33)
v v JE,

Which combined with Eq. (28) gives:

//EEgilz(nE)ﬁb(T%E)dVdE

3y = (34)

/ / ¢(r, E)dVdIE
Eg

In other words, X is calculated as the flux-volume weighted average of the corresponding space-
and energy-dependent cross section.” Similar energy group condensation is applied for the in-
verse neutron speed in Eq. (30).

"Removing the spatial dependence at this point implies that the flux solutions will be obtained in homogeneous
material regions and combined together by boundary conditions (interface conditions).
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Derivation of diffusion theory: energy dependence

The calculation of flux-volume weighted cross sections in (34) reveals a fundamental paradox in
multi-group transport calculation:

> Solution to the transport problem (neutron flux) is needed for the calculation of
flux-volume weighted cross sections

> Flux-volume weighted cross sections are needed for the solution of the transport problem

Calculation of multi-group cross sections forms the first part of the reactor physics calculation
chain, introduced in Lecture 2. In practice, the procedure starts with a simplified geometry de-
scription and high energy resolution, and the number of energy groups is gradually reduced, while
moving towards larger spatial scale.

This procedure is revisited in Lecture 7. From here on it is assumed that integrals similar to
those in Eq. (34) can be evaluated, i.e. that the accurate space- energy-dependent flux solution
is known.®

81n practice, integration over energy group g is replaced by summation over the micro-group structure h € g, in
which the flux solution is obtained by some higher-order deterministic transport method. Continuous-energy Monte
Carlo codes are capable of producing stochastic estimates for the integrals without intermediate micro-group
condensation, which is one of the advantages of using the method in group constant generation.
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Derivation of diffusion theory: energy dependence
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Figure 2 : lllustration of energy group condensation for flux (left) and total absorption cross section (right).
Condensation of flux is performed by integration over energy groups as in Eq. (28). Condensation of cross
sections is carried out by calculating flux-volume-weighted averages that preserve the reaction rate
balance as in Eq. (34). This topic is revisited in Lecture 7.
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Derivation of diffusion theory: energy dependence

Similar group condensation gives for the scattering source:

Sg(r,t) =D 5, yrgbyr(r,t) (35)
g/
where
Ey,*l Bg—1 ’ ’ ’
/ / / S (r, E' — E)¢(r, E')dVdE'dE
vJIE, Eg
gty = E_i_, (36)
/ / T ¢(r, EN)dVAE'
\4 Eg/
is the group-transfer cross section, and for the fission source:
Fy(r,t) = xg Zuzf,g,¢g/(r7 t) (37)
’

g

where X4 is the group-wise fission spectrum, i.e. the probability that the fission neutron is emitted
in group g and the group-wise fission production cross section is calculated similar to (34):

Eg_ 1
/ / vSi(r, E)p(r, E)dVdE
v JEy

VS = o (38)
/ / $(r, B)dVdE
vV JEg
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Derivation of diffusion theory: energy dependence
When the results of (30)-(38) are collected, the multi-group transport equation can be written as:
1 0
by (P ) + V- Tg(r, 1) + Dgog(7,8) = Qu(r,t) + D _ T, 1y (r,1)

vy Ot
g (39)
+ Xg E vE¢ g1 pgr (7, t)
!’

g
where @ is the group-wise external source. By separating the contribution of intra-group scat-
tering (9 — g) from the scattering source term, the equation can be written as:

19
Uia(bg("'v 1)+ V- Jg(r,t) + T gog(r,t) = Qg(r.t) + Z Es,g’g¢g’(r7 t)
g 9'#g

+ Xg Z v grdgr(r,t)
!

g9

(40)

where the group-removal cross section:
Yrg =39 — B gg (41)
includes all reactions that remove neutrons from group g.

The result of removing the energy dependence from the continuity equation is a set of G equa-
tions, coupled together by the scattering and fission source terms.
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Derivation of diffusion theory: Fick’s law

The final step in the derivation of diffusion equation is to assume a simple connection between
neutron current density and flux gradient:

Jg(r,t) = —DgVog(r,t) (42)

This relation is known as the diffusion approximation or Fick’s law, and it was originally developed
to account for the movement of molecules in chemical diffusion from higher to lower concentration.
Fick's law (42) can also be derived from transport theory. This is not a trivial task, but without
going into the details it can be accomplished by assuming linear anisotropy for the angular flux:

Y(r, Q2 E t) =~ 4i o(r,E,t)+3Q-I(r, E, t) (43)

and integrating the so-called first-moment equation® over full solid angle.
Additional approximations include:

1) The medium is infinite and homogeneous

2) Neutron source is isotropic

3) The time-rate of change of neutron current density is small compared to flux gradient
)

4) The anisotropic contribution to scattering energy transfer can be neglected

9The first-moment equation is obtained by multiplying all terms of the transport equation by direction vector .
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Derivation of diffusion theory: Fick’s law

With the previous approximations it can be shown that the relation between flux gradient and
neutron current density is reduced into:'°

1
gv¢>g(r) +2,dg(r) = Zﬁzs,g,g.]g,(r). (44)
gl

For one dimension this can be written as:
—1

Zﬁzswg’g‘]g’(”;)
g/

d 45
Jg(m) E(ﬁg(m)v (45)

1
Jg(z) = 3 Sg —

which is of the same form as (42) when the diffusion coefficient is written as:

Zﬁzsvy’g‘]g’(x)
g’ 1

Jg(x) T 3%y

-1

Dy=- |5, -

where Y¢r, 4 is the transport-corrected total cross section (or simply transport cross section).

| the literature this is referred to as one of the two P; equations.
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Derivation of diffusion theory: Fick’s law
The definition of transport-cross section in Eq. (46):
Z X g1 g (2)
Yir,g = Xg — T (47)

is known as the in-scattering approximation. This is often difficult to calculate, and transport cross
section is obtained by applying the out-scattering approximation:

NS gy (@ Z“E g Ja(@), (48)
g/

which essentially implies that the contribution of scattering from all other groups to group g (in-
scattering) is assumed to be equal to the contribution of scattering from group g to all other groups
(out-scattering). Transport cross section is then reduced to:

Sirg =g — ) AT gy (49)
’

or:
Yir,g = Vg — B Bsg (50)

where X is the total scattering cross section.
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Derivation of diffusion theory: Fick’s law

Constant iz in Egs. (44)-(50) is the average scattering angle:

1 By
/ / HEs(p, r, E)dp
— -1 Eg

W=""T B, :
/ / S (u, v, B)dp
—1 Eg

Calculation of transport-cross section and diffusion coefficient is a non-trivial topic, and there are
additional approximations related to the energy group condensation of these constants. These
topics are related to spatial homogenization and revisited in Lecture 7.

(51)

For the reminder of this lecture it is sufficient to assume that diffusion coefficient is a given constant
that relates neutron current density to flux gradient according to Fick’s law (42).
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Derivation of diffusion theory
The final form of the multi-group diffusion equation is then written as:
19

— 5 ®a(r,t) = Dy V2P (1, 1) + 5r g @ (r, ) = Qq(r,t) + D By 01y ®yi(r,t)
g ’
g'#g

+ Xg Z sz,g/‘bg/ (7'7 t)
g/

(52)

The behavior of the neutron population is now described using a single density-like function, ®,
and a balance equation (52) that is possible to solve."

As stated earlier, the derivation of diffusion theory is based on a number of crude approximations,
which do not hold particularly well in heterogeneous reactor geometries. Even so, neutron trans-
port codes based on diffusion methods are routinely used in reactor analysis, with considerable
accuracy.

The reason why diffusion theory works in reactor applications is that the heterogeneity of the
geometry is reduced by spatial homogenization, and a major part of the transport physics is
actually included in the homogenized group constants. This topic is revisited in Lectures 7 and 8.
The validity of the various approximations is considered in the following.

""Solution to the neutron diffusion equation is from here on denoted with a capital phi, ®. For clarity, ® is referred
to as the diffusion flux in contexts where it is easily confused with the scalar flux, ¢, obtained from the solution of the
transport equation.
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Validity of the diffusion approximation
In the derivation of Fick’s law it was assumed that the flux is linearly anisotropic, which is a poor
approximation in or near:
1)
2)
3) Vacuum boundaries and low-density material regions
4)

Localized sources
Strong absorbers

Large moderator regions

For strong absorbers and vacuum boundaries the anisotropy is caused by the lack of back-flow
through the boundary surface. For large moderator regions there is a large inward component of
fast neutrons and an outward component of thermal neutrons, which disrupts the flux isotropy.

In addition to linear flux anisotropy, diffusion theory assumes that:
> Flux is a relatively smooth function of spatial coordinates, without steep gradients
> Absorption is much less likely than scattering

In reality, local heterogeneities also inflict steep gradients in the neutron flux. Scattering is the
dominant reaction mode in moderator and structural materials, but not in fuel and certainly not in
strong absorbers.

Most of these problems are resolved when the heterogeneous reactor geometry is homogenized
at the fuel assembly level. The spatial detail is reduced to homogeneous nodes with dimensions
considerably larger than the neutron mean-free-path.
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Validity of the diffusion approximation

Spatial homogenization does not change the fact that scattering is an anisotropic reaction in
the L-frame,'? in particular for light elements (See Fig. 9). Since more than 90% of all neutron
interactions in LWR'’s consist of elastic scattering from hydrogen in water, the requirement of
isotropic scattering is clearly not met.

To be precise, the assumption of isotropic source was made in order to evaluate some of the
integrals in the derivation of diffusion theory, and the introduction of transport cross section (47)
actually attempts to correct this flaw. As most clearly seen in the out-scattering definition:

Su(r,E)=%(r,E) —n3(r, E) (53)

the value of transport cross section is smaller when scattering is forward-biased (zz > 0). It is later

shown that the diffusion coefficient: 1

Sir
can be associated to the distance migrated by the neutrons in the medium, which is increased by
scattering anisotropy.

D ~

(54)

In a way, the directional component of the double-differential scattering rate (5) is contained
within the transport cross section, while the group-transfer cross section (36) contains the energy-
transfer component. The use of a coarse energy group structure reduces the error introduced by
this approximation.

12Scattering isotropy in the L-frame must not be confused with isotropy in the C-frame, which is generally a good
approximation.
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Multi-group diffusion equation

What complicates the solution of the neutron diffusion equation is that (52) consists of a set of G
coupled differential equations with space- and time-dependence. There exists solution methods
that are capable of handling an arbitrary number of energy groups in a systematic manner, but
the basic principles are easily demonstrated using one- and two-group diffusion theory.

Diffusion calculation in general is an extensive topic, and the following examples involving non-
multiplying and multiplying medium are presented as an introduction to the nodal diffusion method,
covered in Lecture 8. More examples are found in various text books. '3

Even though one-group diffusion theory has very little practical use in reactor analysis, it does
conveniently lead to some of the same results introduced for the transport equation in Lecture 2.
Some of these results are easily generalized for the two-group diffusion theory, which is the
workhorse in deterministic LWR core analysis.

"®See, for example, W. M. Stacey, Nuclear Reactor Physics, Wiley, 2001.

, , Aalto University Lecture 4: Diffusion theory
School of Science Mar. 21, 2019

and Technology 27/59



Multi-group diffusion equation

With only one energy group covering the flux spectrum the multi-group diffusion equation (52) is
reduced into:

%%Cb(r, t) — DVZ®(r,t) + S ®(r, t) = Q(r, t) + v ® (v, t) (55)

The two-group diffusion equations can be written by setting x1 = 1 and x2 = 0 and re-grouping
some of the terms in (52):'4

10
:Ecbl(r, t) — D1V2®1 (7, t) + (Za1 + Srem) ®1(7, 1) = Q1(r, t) + Fi(r, t)
! e (56)
— 5 22 t) - DaV2®y(r, 1) + Ta 0o (r, t) = Qa(r,t) + Sa(r,t)
2
where the contribution from up-scattering is included in the removal cross section:
(2
Yrem = Xgs,12 — — Xs,21 (57)
P,
and the fission and scattering source terms are written as:
Fi(r,t) = v 1®1(r, t) + v5¢ 2D2(7, t) (58)
Sa (7'7 t) =Zrem®1 (Tv t)
“The energy boundary between fast and thermal group is typically set to 0.625 eV.
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Physical interpretation of diffusion coefficient

Even though the diffusion coefficient cannot be directly related to any physical continuous-energy
reaction rate, it is possible to obtain a physical interpretation for this parameter by considering
neutron diffusion from a constant point source through an infinite source-free medium.

The problem is solved in the following using one-group diffusion theory in spherical coordinate
system centered at the point source. In the absence of neutron multiplication, the source term is

written as:
S when r=0
= 59
Q {0 when 7 > 0 (69)

Because S is constant in time, also the time-dependence in Eq. (55) can be dropped, and the
one-group diffusion equation outside the point source is written as:

—DV2®(r) + S, ®(r) =0 (60)

or by writing the Laplacian in spherical coordinates and re-arranging the terms:

1 d
= — —fl> - —<I> r)=0 61
S (Faem) (= )
where
2 D
M= (62)
Za
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Physical interpretation of diffusion coefficient

Eq. (61) is a standard second-order homogeneous differential equation, which is easily solved
using conventional techniques. The general solution can be written in form:

1 1
O(r)=Cr—e”M 4 Cy=e /M (63)
I T
The first exponential term can be dropped by requiring that:
lim ®(r) =0=C; =0 (64)
T 00

Constant C'2 can be fixed by setting the current over a sphere enclosing the source equal to
source rate as the radius approaches zero. The current density is given by Fick’s law:

_ -_p _ A 1N M
3(r) = ~DV®(r) = —D=-8(r) = DCy (TM n ﬁ) e (65)

The current over a sphere with radius 7 is obtained by surface integral:

o 2 1 1 /M r /M
J(r) = ?{4”.](7') - dS = 4nr®DCy (W +)e — 4nxDC,y (M 4 1) e (66)

Current over an infinitesimal sphere is then set equal to source rate:

. S
7!1;1}) J(r) =4nrDC; =S = Cy = D (67)
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Physical interpretation of diffusion coefficient

The final form of the flux solution outside the point source is then written as:

S 1 _,
B(r) = —— - /M 68
() 47D r ¢ 68)
It is noted that the function has a singularity at » = 0. This is not considered a problem, because
diffusion theory is not valid near sources anyway.

The attention is next turned to the physical interpretation of parameter M. The absorption rate in
a small spherical shell located between r and r + dr is given by:

—r/M

s s
dR = S, ®(r)dV = S, ®(r)drridr = zaEre*”Mdr =5 dr (69)

The probability that a source neutron is absorbed between r and r + dr is simply the absorption
rate divided by source strength:
dR r oo T/M

p(r)dr = < =2t dr (70)

This probability can be used for calculating the mean square-distance from the point source at
which the neutrons are absorbed:

o oo [SS_:1 D
r2 = / 2 p(r)dr :/ T e Mgp = =M% = 6— 1)
o 0 M2 b))

a
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Physical interpretation of diffusion coefficient

The diffusion coefficient can now be related to a physical property, namely the mean square-
distance the neutrons travel in a homogeneous medium before being removed from the flux by
absorption. Constant:

M2 == 72
. (72)

is known as the migration area and the square value M the migration length.

Since the mean square distance of neutron diffusion, r2,is easily evaluated using Monte Carlo
simulation, Eq. (71) can be used for providing a stochastic estimate for the diffusion coefficient.

Similar result can be derived from the multi-group diffusion equation, by looking at the contribution
of neutrons emitted from the point source only, i.e. by ignoring the contribution of scattering
source.

In two-group diffusion theory the migration area is replaced by two similar parameters:

> Fast diffusion area L% and the corresponding fast diffusion length L1, also called the
slowing-down length.'®

» Thermal diffusion area L% and the corresponding thermal diffusion length L.

"®Because of historical reasons, Lf is also known as the neutron age or Fermi-age, since it essentially depends
on how long it takes a fission neutron to slow down to the thermal energy region.
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One-group diffusion equation in multiplying medium

Non-multiplying media are encountered in reflectors and some control rod constructions.'® The
solution of neutron diffusion equation in the multiplying part of the active core is simplified by the
fact that the heterogeneity of the geometry is reduced by spatial homogenization.

The flux solution is typically obtained in regularly-shaped homogeneous nodes, which means that
the flux shape can even be described using analytical functions. This reduces the computational
task to coupling the intra-nodal solutions together by boundary conditions.

Nodal diffusion methods are left for Lecture 8, and the remainder of this lecture is focused on
solving the diffusion equation in homogeneous medium. An important part of the solution is
the separation of the remaining variables, which also leads to some of the same conclusions
introduced in Lecture 2.

As in the previous example with non-multiplying medium, the essential results are first derived
from the one-group diffusion equation, and then generalized to multi- and two-group theory.

"®For example, fast reactors and VVER-440 control elements.
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One-group diffusion equation in multiplying medium

In one-group diffusion theory the only remaining variables are space and time, for which the
separation can be written as:
@(r,t) = (r)T () (73)

Also, the external source is dropped at this point for convenience.'”
The substitution of (73) into (55) yields:

%%@(T)T(t) — DV2®(r)T(t) + Ta®(r) T (t) = v ®(r) T (t) (74)

or by re-grouping the terms:

@(r)%%?’(t) =Tt [DV2®(r) — S.®(r) + uz@(r)} (75)

Division of (75) by ®(7)7 (t) yields:
1 0 v 2 _ 5
77_(7&) T T(t) = 7@(1‘) [DV P(r) — Z.®(r) + Ef@("’)} (76)

This is an equation where time-dependence is confined to the left-hand side (LHS) and spatial
dependence to the right-hand side (RHS).

"Including the external source in the following calculations would require similar separation of variables for the
source term Q (7, t).
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One-group diffusion equation in multiplying medium

The only way for the equality to hold is that both LHS and RHS of (76) are equal to a constant,
independent of all variables.

When this constant is written as w, the LHS becomes:

1 0

Fa0) ET(t) =w (77)
or: 9
EﬁTU)—wTU)zﬂ (78)
with solution:
T(t) = T(0)e*" (79)

From Lecture 2 it is recalled that the exponential coefficient w is the inverse period, related to the
reactor period 7"
1

T== (80)
w

which is the time taken for the neutron population to grow by factor 2.7 (when w > 0) or decrease
by factor 0.37 (when w < 0).
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One-group diffusion equation in multiplying medium
The RHS of (76) is written:

% [DVQCD(T) — S ®(r) + uzfq>(r)] =w @1)
or: w
Z<I>(r) — DV2®(r) + S, ®(r) — vT®(r) =0 (82)

By re-grouping the terms, Eq. (82) can be written as:

DV2d(r) + [uzf — - f} (r) =0 (83)
v
or:
V3®(r) + B2®(r) =0 (84)
where:
w
vie — X, — —
Bz — U (85)
D
Equation (84) is identified as the Helmholtz equation, encountered in many fields of physics and
engineering.
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One-group diffusion equation in multiplying medium

The significance of the previous result is that the spatial solution is now written using a simple
equation, and the formulation of the solution depends only on:

1) The coordinate system, which determines the form of the Laplacian operator V2
2) The boundary conditions, which fix the values of any undefined constants

In addition, constant B2, fixed by the geometry configuration, is related to the material properties
by (85) and therefore to the inverse period in the time-dependent solution (79) by:

w=uv (uzf _DB?— 23) (86)
It is also seen from Eq. (84) that
V2e(r)
B?=_ "7 7
P(r) ®7)

is a measure of flux curvature. Because of this interpretation, parameter B2 is called the buckling,
or more precisely, the geometry buckling.'®

The solution to the Helmholtz equation is next studied in the simplest one-dimensional geometry:
bare infinite slab reactor, but the main results can be generalized to other geometries as well.

"8 Another buckling term, material buckling, is introduced with the criticality equation.
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Spatial dependence in one dimension

In the bare slab geometry confined between —a/2 < x < a/2 the Helmholtz equation (84) is
written in Cartesian coordinates as:

d>®(z)

T B*®(z) =0 (88)

The equation has a periodic solution, written as:

P(z) = Z [Clyn sin(Bpx) + C2,n cos(Bn:L')] (89)
n=0
where
B, = (n+ Dm (90)
a

and C’l,n and Cgm are constants fixed by the boundary conditions. In the case of bare slab, the
symmetry of the geometry configuration requires that:'°
P(—z) = P(x) (91)

which means that the antisymmetric solution (sin-function) must disappear and C1,, = 0. The
solution is then written as:

O(z) = Z Ca,pn cos(Bnx) (92)

n=0

"®The exact formulation of the boundary conditions is considered later.
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Spatial dependence in one dimension

This example demonstrates what was noted in Lecture 2, that the flux solution consists of a linear
combination of different flux modes:

P(r) = Po(r) + P1(r) + Pa(r) + ... (93)
where P is called the fundamental mode and the remaining modes the transient modes.
Itis also seen in Eq. (90) that:

B <B} <Bj<... (94)
Since Eq. (86) relates each B?L to inverse period wy, by:
e (uzf - DB - 2a) (95)
it easy to see that:
wo > wp >wa > ... (96)

Which leads to the conclusion presented in Lecture 2 that the fundamental mode flux solution
persists as t — oo, and the transient modes fade away. This is best understood by considering
the three possible cases:

1) wo > 0: the fundamental mode grows faster than the transient modes, which are left
behind

2) wo = 0: the fundamental mode represents the steady-state solution and all transient
modes are characterized by exponentially decaying time dependence

3) wo < 0: all flux modes are exponentially decaying, but the transient modes decay faster
than the fundamental mode
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Spatial dependence in one dimension

[—n=0 —n=l —n=2 —n=3 —n=4] —n=0
n=1
—n=2
—n=3
—n=4
p I
—a/2 “a/d 0 /4 a2 0 20 m 60 80 100

X time (ys)
Figure 4 : lllustration of spatial flux modes (left) and time-dependent amplitude functions (right) for a bare
infinite slab reactor. The first flux mode n = 0 is the fundamental mode and the remaining modes

n = 1, 2, 3, 4 the first four transient modes. The first two modes are exponentially growing and the last
three decaying. The fundamental mode determines the asymptotic flux shape and period of the reactor as
t — oo, and the transient modes are left behind. For simplicity, C2,0 = C2,1 = C2,2 = C2,3 = C2 4.
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Spatial dependence in one dimension

As discussed in Lecture 2, the reactor period depends on neutron multiplication, i.e. the length
and branching of fission chains, and the speed at which the chains proceed. This relation can be

written as:2° A
P (97
Tron
where the multiplication factor is written as:
b — v (98)
" %,+DB2
and the prompt removal lifetime as:
= ! (99)
T T (S, + DB2)
From (94) it results that:
ko > k1 > ks> ... (100)
as stated in Lecture 2, but also that:?'
Tr,0 > Tr,1 > Tryg > -ee (101)

2 lecture 2 the relation was written as w = p/A, where p = (ker — 1)/kegr is the reactivity and
A = 7 /kess is the generation time.

2'The interpretation of (100) and (101) is not straightforward. The sum of all flux modes can be related to physical
fission chains, but the same does not apply to individual modes (fundamental or transient).
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Point-kinetics and eigenvalue equation

In Lecture 2, the fundamental mode flux was related to two solution methods for the transport
equation:

1) The point-kinetics approximation of the time-dependent transport equation
2) The k-eigenvalue solution of the steady-state transport equation

The point-kinetics approximation was attained by separation of variables, which is exactly what
was done for the one-group diffusion equation, and (97) with n = 0 represents the same relation
between neutron multiplication, prompt neutron time constant and inverse reactor period.

ko -1

wo = —— (102)
Tr,0

The k-eigenvalue form of the transport equation was obtained by dropping the time-dependence
and scaling the fission source by effective multiplication factor k.g. The same approach can be
applied to the diffusion equation:
1
— DV2®(r) + S, ®(r) = T vSed(r) (103)
eff
As pointed out in Lectures 2 and 3, the solution to the criticality eigenvalue problem is not equiv-
alent with the solution to the time-dependent problem, but rather to a modified problem in which
the balance between source and loss rates is attained by artificially scaling the number of emitted
fission neutrons.
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Point-kinetics and eigenvalue equation

Since in the general case kg differs from unity, the dimensions defined by the geometry buckling
B2 from the solution of the Helmholtz equation are not the critical dimensions of the modified
system.

These dimensions are instead characterized by another parameter, Brzn, called the material buck-
ling. When Bg # Bﬁ,, the flux shape given by be solution to the criticality eigenvalue equa-
tion (103) differs from that of the time-dependent equation (55), as expected. This also defines
another condition for criticality as:

B = B?, (104)
The material buckling is defined as:
Y- koo — 1
2 F A e i (105)
D M?2
where the infinite multiplication factor is written as:
v
koo = (106)
Za
and the migration area (62):
2 D
M? = — (107)
Za
These results are next generalized for other geometries and multi-group diffusion theory.
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Point-kinetics and eigenvalue equation

—Time-dependent 3.0a
---k<1
2.5a
g
2 200
g
S
15
a
—of2 —a/4 0 a/4 a/2 091 096 098 100 102 104 106
x ket

Figure 5 : Left: Spatial flux shape in the infinite bare slab reactor given by the time-dependent solution,
and solution to the criticality eigenvalue equation in sub-critical, critical and super-critical state. The
change in criticality is invoked by adjusting the absorption cross section. Right: Critical size corresponding
to material buckling as function of effective multiplication factor. In the critical state, Bi, = Bg, and the
critical size corresponds to the physical thickness of the slab. The critical size approaches infinity as

koo — 1.
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Generalization to other geometries

The periodic cosine shape of the fundamental and transient flux modes was obtained from the
solution of the Helmholtz equation in the infinite bare slab geometry. The same principle can be
generalized to other one-, two- and three-dimensional geometries as well:

> The flux shape is determined by the solution to the Helmholtz equation, and it depends on
the coordinate system and the boundary conditions.

» The solution consists of an infinite number of flux modes, each associated with buckling
By, which is connected to the inverse period wy, by Eq. (95).

> The fundamental flux mode represents the asymptotic solution that persists as the
transient modes fade away. The corresponding flux shape is determined by the geometry
buckling B2.

» The physical parameters determine the material buckling Bfn in (105), which is
associated to the critical dimensions of the system. In critical state B2, = B2.

So in addition to the separation of spatial and time dependence, the flux shape is also separated
from the physical parameters. This naturally applies only to the case where the geometry is
homogeneous.??

#The flux shape also depends on the presence of other materials via leakage current and boundary conditions,
as will pointed out in Lecture 8.
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Generalization to other geometries
In three-dimensional Cartesian coordinate system the Laplacian takes the form of:

0% 0% 9’0
T Ox2 0y? 022

V3o (108)

The fundamental mode solution in a rectangular parallelepiped with dimensions a, b and c is the
product of three terms:
Qo (z,y,2) = Po,z()Po,y (¥)Po,=(2) (109)

written separately as:?3
Dg,»(x) = Co,5 cos(Bo,zx)

@0,y (y) = Co,y cos(Bo,yy) (110)
®g,.(z) = Co,- cos(Bo,~z)

where Cj .., Co,y and Co, . are fixed by the boundary conditions, and constants Bo,, = 7/a,
By,y = 7/band By,. = m/c are defined by the dimensions. The geometry buckling is written

as:
TN 2 TN 2 TN 2
By =B, +Bj,+Bs. = (g) + (g) + (Z) (111)

23Assuming that the boundary conditions are symmetric, and the antisymmetric sin-functions disappear.
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Generalization to other geometries

Laplacian in the cylindrical coordinates is written as:

5 19 P 1 8%®  0%®
b=-— (r— =
v "or 2 a0z T o

The radial solutions are ordinary Bessel’s functions of the first and second kind and axial solutions
trigonometric functions.

(112)

In spherical system the Laplacian is written as
Vo= L2 (rza—@> PR 9 (sinﬁa—q)) PR N e (113)
r2 Or or r2sin 9 99 o9 r2sin2 9 On2
where 9 € [0, 7] is the polar and ny € [0, 27] the azimuthal angle. The radial solution takes form:

sin Br +CzcosBr (114)
r

‘P(T) = Cl

2,0, A
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Separation of variables for the multi-group equation

The previous results can be generalized to multi-group diffusion theory, and separation of space-,
energy- and time-dependence leads to very similar equations. The separation can be written as:

By (r,t) = D,R(P)T(L) (115)

Starting with time dependence, the substitution of (115) into the multi-group diffusion equation (52)
yields:

LD 0, RIT() — Dy VP8 REIT() + 5rg B RIVT(H) = 3 D, 1, RIT()

9’ #g

+Xg D v, @ R(P)T ()
g/
(116)
or by re-grouping the terms:

q>g7z(r)vi%nt) =T(t)| DV R(r) = Sy g@gR(P) + > 5
g

g'#g

s,g/gq)g’R(r)

+ Xg Z v o R(r)
g/
117)
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Separation of variables for the multi-group equation
Division of Eq. (117) by ® 4R (r)T (¢) yields:

1 0 vg
WET“) T 3,R(r)

DgV2B,R(r) — Sr g R(r) + Y 5, g1, @ R(r)
9'#g

+Xg D v @y R(T)
’

g

(118)

Since the LHS Eq. (118) depends only on time and the RHS on spatial coordinates and energy,
both sides must be equal to a constant, independent of all variables.

When this constant is written as w, the LHS of (118) becomes:

1 9
—— =T(t) = 119
T(t) ot T =w (119)
or: o
= T(#) —wT(t)=0 (120)
ot
with solution identical to that for the one-group equation (79):
T(t) = T(0)e" (121)
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Separation of variables for the multi-group equation
The RHS Eg. (118) is written as:
DgV2B R(r) — p g R(P) + > ¥
g'#g

w
+ Xg E I/Efﬁg/‘t’g/R(’l') = qu>g72('l')
g’ g

5,979 Pyt R(T)

(122)

By re-grouping the terms, Eq. (122) can be written as:

w
Dy®,V>R(r) = R(r) {zr,g% = > S Py = Xe D VT By + 7@4 (123)
g'#g g’ g

Division of Eq. (123) by ®,R(r) yields:?*

1 1 w
VER(r) = —— {Zr,gcbg = > S Py = Xg D VT Py + f<1>g} (124)
R(r) Dy®4 o/ 2g o Vg

Since the LHS of the equation depends only on the spatial coordinates and the RHS on energy,
both sides must be equal to a constant, independent of all variables.

21t is assumed here that the boundary conditions are the same for each energy group.
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Separation of variables for the multi-group equation
When this constant is denoted by — B2, the LHS of (124) is written as:

1 2 _ 2
Wv R(r) = —B (125)
or:
V2R(r) + B*R(r) =0 (126)

which is the Helmholtz equation, identical to that derived for the one-group theory (84).
The RHS of (124) is written as:
Ui% F DB P 4 5 Py = > 8, Pyt xg DSy Py (127)
g 9'#g g’
This corresponds to Eq. (85) in one-group theory.

In other words, the multi-group diffusion equation (52) is now separated into an exponential time-
dependent amplitude function (79), the Helmholtz equation (126) describing the spatial depen-
dence and G algebraic equations (127) describing the energy dependence. These equations are
coupled by two constants w and B for each flux mode n.
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Separation of variables for the multi-group equation

With two energy groups, the energy-separated equations are written as:

w
— - DiB*®1 + (a1 + Srem) @1 = v5;,1®1 + vp 2Pa
1

” (128)
@2 = DaB 02 + N 2@ = Srem P
2
or in k-eigenvalue form:
—D1B’®1 + (Za1 + Srem) &1 = [sz,1‘1>1 + v P2
oft (129)
—D3B @3 + 5, 2P = Srem®1
Material buckling is written similar to the one-group case (105):
B2 _ koo —1
m= "o (130)
but the migration area is divided into fast and thermal diffusion areas:
Dy Do
M>*=L?4+1i=_—"_ 4 (131)
T Siem + Za1 - Saz
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Separation of variables for the multi-group equation
The infinite multiplication factor is written as:

anguzfyl(Lng + 1) + VEf,2Erem

koo = (132)
$a,28a,1(L2B2 + 1) + Za 25rem
the effective multiplication factor as:
1 v SremV g 2
kegr = s + : 133
Sa1 4+ Zrem [LIBE+1  Sa» (L2B2+1) (L2B2 + 1) (13%)
and flux ratio as: -
P11 Za2(L3By+1) (134)
Py Trem
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Boundary conditions
The diffusion flux solution is determined by:

> The physical reaction cross sections: group-transfer, absorption, fission neutron
production

» Diffusion coefficient, characterizing distance of neutron migration in homogeneous
medium

> Initial conditions, determining the flux shape at ¢ = 0 (in time-dependent problems)

> Boundary conditions, fixing the value of ® at the outer boundary

Some of the most common boundary conditions are introduced in the following. In most cases,
the formulation is straightforward in transport theory with angular flux and current density, but the
use of diffusion theory, and integration over full solid angle requires additional approximations.

The most trivial boundary condition is to set the flux zero at the boundary:?®
®(r) =0 (135)

when r € S and S is the outer geometry boundary. This boundary condition is somewhat
unphysical, as the flux practically never goes to zero immediately beyond the region of interest.

The zero-flux boundary condition is easily confused with the vacuum boundary condition.
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Boundary conditions

In transport theory, vacuum boundary implies that the inward current component is zero at the

outer boundary:
0
J_:/ // [j(r,fl,E)»ﬁ}dudeE:O (136)
—-1JSJE

where p = € - i the cosine between the neutron direction of motion and the surface normal.28

This definition does not apply to diffusion theory, which only deals with the net current. The most
common approach to handle vacuum boundaries is to introduce an extrapolation distance that
extends the zero-point of flux over the outer boundary. In the infinite slab geometry this would
change the geometry buckling (90) into:

s

BZ = 137
0= U dex (137)
where the extrapolation distance is given by:
dox = 2Xip = —— = 2D (138)
ex — 3 tr — 3Ztr -

The flux solution is not valid outside the slab, but near the boundary this approximation takes into
account the fact that flux does not fall to zero in vacuum.

2 Assuming that @ points in the outward direction.

School of Science
and Technology 55/59

A, , Aalto University Lecture 4: Diffusion theory
Mar. 21, 2019



Boundary conditions

In repeated geometries, such as infinite lattices, it is common to describe the repeated structure
with reflective or periodic boundary conditions.

Reflection means that each reflected neutron has an equal and opposite contribution to the inward
and outward component of net current, which means that the net current at the boundary is
reduced to zero:

J(r,E)-dS=0 (139)

when r € S. This boundary condition is relatively easy to invoke by applying Fick’s law to write
the condition for flux gradient. For the slab geometry with flux given by (89) this condition would
be written as:?’

d
T [Cl sin(Bz) + C2 cos(Bx) =-C1 sin(Bg) + C2 cos(Bg) =0 (140)
X

w:%

In nodal diffusion methods the boundary conditions are obtained from so-called discontinuity fac-
tors, which couple the flux solution in adjacent nodes together at the common boundary:
fe @y (@) = il @5 (ex) (141)

where kj is the discontinuity factor at surface k£, and — and + refer to the negative and positive
side, respectively. This topic will be covered in Lecture 8.

2"Note that this system may not be critical, in which case B is not given by the geometry configuration alone.
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Boundary conditions

— Zero-flux
—— Extrapolated

@ ()

D(x)

a/2 0 a/4 a/2
X

a/4

X
Figure 6 : Left: Zero-flux and vacuum boundary condition using extrapolation distance. The zero-point of
flux is extended beyond the boundary to get at better representation inside. Right: Reflective boundary
condition, which enforces the flux gradient to zero at the boundary.
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Summary of main topics

Diffusion theory is one of the most widely used solution methods in reactor analysis. The main
advantage of the method is that neutron balance can be expressed in terms of the scalar flux
alone, which makes the resulting diffusion equation easy to solve.

The theory is derived based on a number of seemingly crude assumptions:

> Linearly isotropic flux and isotropic scattering®®
> No steep flux gradients
> Scattering is the dominant reaction mode

Diffusion approximation fails in heterogeneous geometries, but can be applied with remarkable
accuracy when combined with spatial homogenization.

The spatial flux solution can be written using analytical form functions in simple geometries. The
solution depends on the geometry, physical reaction cross sections (absorption, group-transfer,
fission neutron production), diffusion coefficient and the boundary conditions.

Solution of the two-group diffusion equation in regularly-shaped homogeneous nodes forms the
basis of nodal diffusion methods, which are the fundamental calculation tools in full-scale fuel
cycle and transient simulations.

#The error introduced by isotropic scattering is corrected to some extent in the definition of the diffusion

coefficient.
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Topics of next lecture

The topic of next lecture (28.3.2018) is burnup calculation, i.e. tracking the isotopic changes in
fuel during neutron irradiation.

Specific topics include:

» Effects of fuel burnup on neutronics
> Fission product poisons and xenon oscillations
> Radioactive decay and transmutation reactions
> Formulation and solution of the Bateman depletion equations
> Burnup algorithms
> Burnup calculation as an example of a non-linear coupled problem
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