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Electromagnetic optics

Electromagnetic optics [vector fields E and B]

Wave optics [scalar waves]

Geometrical optics [rays] 

OPTICAL FREQUENCIES
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Maxwell’s equations in charge-free space

Electric and magnetic flux 
densities:

⇒ Wave equation in a medium (c = 1/ 𝜀𝜀𝜀𝜀) 

The scalar  u is any of the components
and                                .  

Boundary conditions: The tangential
components of E and H and normal
components of D and B are continuous

The Poynting (power flow) vector is

dipole moment 
per unit volume
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Linear, nondispersive, homogeneous, and isotropic media 
n = 𝜖𝜖/𝜖𝜖0 = 1 + 𝜒𝜒
c = 𝑐𝑐0/𝑛𝑛µ ≈ µ0

Inhomogeneous media
𝜒𝜒 = 𝜒𝜒 𝐫𝐫
𝜖𝜖 = 𝜖𝜖 𝐫𝐫

Anisotropic media
Orthogonally polarized modes 
with different no and ne

Dispersive media

Impulse-response function     Transfer function (for frequency
⇒ 𝜒𝜒 = 𝜒𝜒 𝜈𝜈 and 𝜖𝜖 = 𝜖𝜖 𝜈𝜈

Nonlinear media
⇒

nonlinear

components of the field)
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Monochromatic waves

⇒ 𝜕𝜕
𝜕𝜕𝑡𝑡
→ 𝑗𝑗𝑗𝑗 ⇒

The Poynting vector is

⇒ ,  where

complex                                                          intensity

The wave equation is                                   (Helmholtz equation),  where k = ω/c.

Elementary solutions of this equation are plane waves with complex amplitudes

.

,

I = Re{S}

complex amplitudes
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Plane waves

k, S

H

Maxwell’s equations:

⇒

⇒
𝐸𝐸0
𝐻𝐻0

=
𝜔𝜔𝜔𝜔
𝑘𝑘

=
𝜇𝜇
𝜖𝜖

= 𝜂𝜂 − Impedance  (η = η0/n,  η0 ≈ 377Ω)  

The intensity is  𝐼𝐼 = Re{S}

The energy density is  𝑊𝑊 = 𝐼𝐼/𝑐𝑐

The linear momentum density is  𝐆𝐆 = 𝜖𝜖𝜖𝜖Re{S} = �𝐬𝐬𝐼𝐼/𝑐𝑐2

=
𝐸𝐸0 2

2𝜂𝜂

=
𝜖𝜖 𝐸𝐸0 2

2



7

Spherical waves
 Oscillating electric dipoles  are most common  elementary sources  of  

electromagnetic waves (atoms and molecules also radiate as dipoles)

p
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spherical wave fronts donut-shaped diagram

𝑘𝑘2

4𝜋𝜋𝜋𝜋
𝑝𝑝0sin 𝜃𝜃

exp(−𝑗𝑗𝑗𝑗𝑗𝑗)
𝑟𝑟

𝑈𝑈 𝑟𝑟 =
1
𝑟𝑟 exp(−𝑗𝑗𝑗𝑗𝑗𝑗)A scalar spherical wave is given by 
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The vector Gaussian beam
In the paraxial approximation,  the spherical function
is approximated by a parabolloidal scalar wave

that satisfies the paraxial Helmholtz equation.  The parameters are

,                       ,                                       ,                    .

𝑈𝑈 𝑟𝑟 =
𝐴𝐴
𝑟𝑟

exp(−𝑗𝑗𝑗𝑗𝑗𝑗)

The vector Gaussian beam  is described by the complex amplitude 

E

,  and                           .𝐁𝐁 = 𝐤̂𝐤 × 𝐄𝐄/𝑐𝑐

E
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Absorption and dispersion

𝑘𝑘 = 𝑘𝑘0 �𝑛𝑛 = 𝑘𝑘0 1 + 𝜒𝜒 = 𝑘𝑘0 1 + 𝜒𝜒′ + 𝑗𝑗𝑗𝑗𝑗𝑗 = 𝑘𝑘0 𝑛𝑛 − 𝑗𝑗 𝛼𝛼
2

.

⇒ 𝐼𝐼 𝑧𝑧 = 𝐼𝐼 0 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 2 = 𝐼𝐼(0)𝑒𝑒−𝛼𝛼𝛼𝛼

For weak absorption, 𝜒𝜒′′ ≪ 1 + 𝜒𝜒′, the Taylor series expansion of 1 + 𝜒𝜒 yields

𝑛𝑛 = 1 + 𝜒𝜒𝜒 and  𝛼𝛼 = −𝑘𝑘0𝜒𝜒′′/𝑛𝑛. 

The Kramers-Kronig relations:

E

z

𝑐𝑐phase =
𝜔𝜔
𝑘𝑘
≠ 𝑐𝑐group𝑐𝑐group =

𝜕𝜕𝜕𝜕
𝜕𝜕𝑘𝑘

Dispersion is  𝜒𝜒 = 𝜒𝜒(𝜈𝜈):

n

complex

http://www.google.fi/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=nFU9c2a_ZSKjuM&tbnid=4tQJDPXP1-vI_M:&ved=0CAUQjRw&url=http://www.incite-online.net/forsberg3.html&ei=yj-4UqruLcPP0AXotYGgCg&bvm=bv.58187178,d.ZG4&psig=AFQjCNGX4vxwvaPmH2xV733rwMcaB3EJjQ&ust=1387892698225435
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The resonant medium
The Lorentz harmonic oscillator model:

⇒

For a harmonic wave, 𝜕𝜕
𝜕𝜕𝑡𝑡
→ 𝑗𝑗𝑗𝑗, and the complex amplitudes obey 

⇒ ∆𝜈𝜈 =
𝜎𝜎
2𝜋𝜋

⇒

Lorenzian lineshape

dilute solution

dilute solution

𝑃𝑃
𝜖𝜖0𝜒𝜒(𝜈𝜈)
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Media with multiple resonances:

http://opt.zju.edu.cn/zjuopt2/upload/resources/chapter5%20Electromagnetic%20Optics.pdf

Optics of conductive media

𝛻𝛻 × 𝐇𝐇 = 𝑗𝑗𝑗𝑗𝐃𝐃 + 𝐉𝐉 = 𝑗𝑗𝑗𝑗𝑗𝑗𝐄𝐄 + 𝜎𝜎𝐄𝐄 = 𝑗𝑗𝑗𝑗𝑗𝑗 + 𝜎𝜎 𝐄𝐄 = 𝑗𝑗𝑗𝑗𝜖𝜖eff𝐄𝐄

𝜖𝜖eff = 𝜖𝜖 + 𝜎𝜎
𝑗𝑗𝑗𝑗

⇒ 𝑛𝑛eff = 𝜖𝜖eff
𝜖𝜖0

= 𝑛𝑛 − 𝑗𝑗 𝛼𝛼
2

In the Drude model, σ depends on frequency as 𝜎𝜎 = 𝜎𝜎0
1+𝑗𝑗𝑗𝑗𝜏𝜏rel

, and at high ω, we have 

𝜖𝜖eff = 𝜖𝜖0 1 − 𝜔𝜔p
2

𝜔𝜔2 , where the plasma frequency is  𝜔𝜔p = 𝜎𝜎0/𝜖𝜖0𝜏𝜏rel = 𝑁𝑁𝑒𝑒2/𝜖𝜖0𝑚𝑚.  

Far from resonance,

Sellmeier equation for transparent media:

SiO2

Si
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