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Nonlinear optical media

PA

P =e,xE

Linear

PA

Y

Nonlinear

Taylor series expansion of polarization & about &= 0:

P=e,x&+2d8% + 4P E3 1 ... = €,xE + PnL

second-order third-order

Centrosymmetric media are third-order nonlinear, because d = 0 for them.

Nonlinear wave equation:
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Second-order nonlinear optics
P = €,x€ + 2d€?

Second-harmonic generation:
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E(t) = Re{E(w)exp(jwt)} = Pnr(t) = Pnp(0) + Re{ Pni(2w) exp(j2wt)}
PNL(O) = dE(w)E*(w)
PyL(2w) = d B*(w)
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Electro-optic (Pockels) effect

E(t) = E(0) + Re{E(w) exp(jwt)}, where usually |E(0)| >> |E(w)|.
PaL(t) = Pai(0) + Re{ Pni(w) exp(jwt) } + RG{PNLCQW)QXP(ﬂWt)}
Pa(0) = d 2B*(0) +|B@)F]  Pa(2w) = dB(w)
PyL(w) = 4d E(0)E(w)
= Prxp(w) = eAxE(w), where Ax = (4d/e,) E(0)
= nf=14+x = 2nAn= Ay
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Wave mixing
Frequency conversion in three-wave mixing
E(t) = Re{E(w1) exp(jwit) + E(w2) exp(jwoat)}

Frequency components of Py (t):

PnL(0) = d [|E(w1)]? + |E(w2)[]

PNL(Q(.;)]) = d E(wl)E(wl)

PNL(QWQ) =d E(QJQ)E((UQ)

PNL(UJ+) = 2d E(wl)E(wg) «— . =0t w

Pnp{w—) =2d E(w))E*(we) <— o =0,—-®

Example: | i ok
Nd3+:YAG laser od / _—— ;_-.:"41?“ e
1.06 pm 0.96 um
Proustite crystal
10.6 um
. . . Use anisotropy or
Frequency and phase matching in this case: )~ k2 anisotropy
spatial dispersion
w1 +we = w3z and k; + ko = ka. s ks
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Wave mixing as a photon interaction process
Conservation of energy and momentum:

hwy + hwy = hws
hik, + hks = hks
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up-conversion (UC) down-conversion (DC)

Photon number conservation = Manley-Rowe relation:
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Optical parametric devices
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Tolerable phase mismatch:
Ak = kz—k;—ky # 0
PyiL(ws) = 2dE(w1) E(w2) = 2d A1 Az exp[—j (ki +kg) 1]

= 2dA; Ay exp(jAKk - r) exp(—jks - 1).
2
= I3 x

/ dA; Az exp(jAk - r)dr
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For a plane wave: I3 | fOL exp(jAk z)dz|*? = L?sinc®(Ak L/27)
- maximum at Ak = 0 and vanishing at L, = 2n/Ak

Quasi-phase matching:

Let d be a periodic function d(r) = d, exp(—jG -r), with G = Ak.
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= A new phase-matching condition is k; + ks + G = k3.

Example of a periodically poled ferroelectric crystal.
A=2n/G
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Third-order nonlinear medium

Pye A

P = 4x1¥ e /
Kerr medium / *

Kerr electro-optic effect:
A steady field E(0) causes a refractive-index change An = —1sn3E?(0),

X(S) is the Kerr coefficient.

where s = — "
€oT

Third-harmonic generation:
A monochromatic field E(w) leads to terms Py (w) = 3x® | E(w)|* E(w) and
Py (3w) = xP E3(w)

Optical Kerr effect:

PNL W
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n(l) =n+n,l Optical Kerr coefficient



Self-phase modulation due to optical Kerr effect

A wave of intensity | travelling over a distance L undergoes a nonlinear phase shift
s

AO nzlL

If two waves co-propagate in the medium, a cross-phase modulation takes place.
An optical beam “sees” a higher refractive index in the center = Self-focusing:

Ap =

— |_‘m_ f—] Self-guided spatial soliton
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The Helmholtz equation, [V2 + (n + n,1)?k&]E = 0, can be written in the slowly-
varying envelope approximation for n,I < n as

9*’A n OA
2k2|A|2 = 27k—— - nonlinear Schrédinger equation
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One of its solutions describes a non-diverging beam (spatial soliton):
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Four-wave mixing

A superposition of three real-valued waves can be written in terms of their
complex amplitudes as

E@) = D 3E(w,) exp(juwgt),

g=+1,+2,43

where @, = -@, and E(-@,) = E*(@,). This leads to 63 =216 terms in
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Pan(t) = 3xP ) E(w)E(w,)E(w) explj(w, + wr +wi)t]. &
grl=+1,42,43 &
A harmonic component of frequency @, + @, — @, has six terms above so that

Pup(wy + wy — ws) = 6xO E(w) E(ws) E* (ws).

Hence, four waves are mixed by the medium, if wy = w; + wg — w3. The
frequency- and phase-matching conditions are

w1 + we = w3y + wy,

ki + ks = ks + k4.
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Three-wave mixing and optical phase conjugation

The condition wy + w9 = w3 + w4 is satisfied, if w3 = wq = wg and therefore
w1 + we = 2wy. This results in three-wave mixing that still involves 4 photons.

The frequency-matching condition is satisfied also if w; = wy = w3 = w4 = w.
This degenerate four-wave mixing leads to phase conjugation. If two of the
waves are counter-propagating, i.e., k4 = —k3, we obtain

Es(r) o< AsA4ET(r),

which means that the generated wave is a conjugate of E(I).
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