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1 Notation

The notes have been written during a couple of years, and hence the notation
might change from one section to another. However, I will list the main notation,
and I will also try to homogenise the notation.

The domain Q C IR? is most often assumed to be a polygonal (d = 2)
or polyhedral domain (d = 3). The finite partitioning C;, consists of trian-
gles/tetrahedron or quadrilaterals/hexahedrons. An element is denoted by K
and an edge/face by E. With Py (K) we denote the polynomials of degree k on
K. For K a quadrilateral /hexahedron we use the polynomial space Q) defined



as follows. Let K be the reference element, i.e. K= [0,1] and let Fx be the
bi/tri-linear mapping from K onto K. On K we define

Qr(K) = {v|v(dy,22) ZZaljxlxz, a;;j € R}. (1.1)
1=0 j=0
for d = 2, and
ko ko k
Qr(K) ={v|v(Z1, &2, 23) = ZZZamxl%%, a;j € R}. (1.2)
=0 j=0 [=0

for d = 3. Using these, we define

Qu(K) = {v]v(x) = 9(F'(z)) v € Qu(K) }. (1.3)

In finite element analysis we encounter statements as: there exist a constant
C > 0, indepent of the mesh size h and the solution u, such that A < CB.
Statement like this we will often write as A < B. Likewise, a statement, there
exists Cq, Co > 0 such that ..., is written as A < B < D.

For Sobolev space we use the following notation for the norms: ||-||o,p for
the L?(D) - norm, and |||k, p, |"|x,p for the H'(D) norm and seminorm. The
subscript D is dropped when D = Q.

2 Interpolation of non smooth functions.
A posteriori error analysis

2.1 The Clément interpolation operator

We denote
Hp(Q) ={ve H'(Q)| v[r,=0} (2.1)

and

Vi ={ve HH(Q)| v|xke PI(K) VK €Cy, }. (2.2)
Denote the vertices of the elements (i.e. the nodes used in V}!) by z;, j =
1,2,..., N, and let

h: = hy. 2.3
j =, max, hi (2.3)

By w; we denote the set (draw figure to see what I mean)
w={ee|le—all <h} (2.4)

By wi we denote
WK = U{Wj |£Ej € K} (25)



If z; ¢ I'p we by Pjv denote the value of the L%-projection of v € L?(w;) onto
Py(w;) (=the constant functions on wj), i.e.

P = ¥/ v(zx)de. (2.6)

meas(w;) Jo,

When z; € I'p we let Pju = 0.

Denote by ¢;,7 = 1,2,,..., N, the basis functions of Vh1 (the Courant hat
functions). A simple Clément interpolation operator I, : Hy,(€2) — V;! can now
be defined as

N
Inv = ZP]‘U ;. (2.7)
=1
It holds
Theorem 2.1. It holds
-2 2 -1 2 1/2 <
(> o = ol g +hidllo = ol ox}) — Shl (28)

KeCy,

The steps of the Proof: First the Bramble-Hilbert technique gives

[lv = Pjvllox S hiclvfiw, (2.9)
and »
v = Pivllo.oxS hil*1olw, (2.10)

for K C wj. Let 21,22, x3 be the nodes of K. It holds Z?:l ¢; = 1. Hence, we
can write

3 3

3
(0= Inv) i = > v — Y (Pu)p; = Y (v —Pjo)g; (2.11)

j=1 j=1 j=1
Using the triangle inequality we have

3
lo = Tnvllo,x < Y (v = Pjv)osllo,x- (2.12)

Jj=1

Next, since |p;|< 1, we have

(v =Pjv)@jllo,x < [[o = Pjullo,x-
We thus have s
lv = Tnvllox < D _llv = Piollo.x (2.13)
j=1
Hence, from (2.9) it follows it follows that
lv = Invllo,x S hiclvlyop - (2.14)



Using this and the scaled trace inequality (equation (2.17) below) we have

o = Inv]lo,0x S Prl2 0]t s - (2.15)

The asserted estimate then follows by adding the above estimates and noting
that there exists C', Cy such that

Z/wdw<2/wdw<2/wdw (2.16)

KeCp KeCy KeCp
Lemma 2.1. Forv € H'(K) it holds

< (b 0l x+hx VOI1F k)- (2.17)

w3

Exercise 2.1. Prove this result in one dimension.
Exercise 2.2. Show by scaling that the result follows from the corresponding
inequality on the reference element.

2.2 A posteriori error analysis

We will treat the Poisson problem; find u € H'(£2) such that

—Au = fin Q,
u=0onTIp, (2.18)
87u=gOIlFN, FDUFN:aQ
on
The variational form and the FE method are
(VU, V’U) = (fvv) + <ga v>FN Vv € HB(Q)v (219)
and
(Vup, Vo) = (f,v) +(g,0)ry Yo € Vp, (2.20)
respectively.

Next, we define the error indicators. By E we denote an edge/face of an
element in the mesh. The ”jump” in the normal derivative (flux) on an edge in
the interior of the domain we denote by

ov ov ov

e Rl el et (2.21)
with £ = 0K NOK’', K, K' € Cy. The local indicators are

Nk = hicl|Aup + fllo,x (2.22)
for K € Cy,

ne ”ﬂm—ﬂno p (2.23)



for an edge/face in Q,! and

12,00
ney = hi* 5 = llo.k (2:24)

for E C I'y. The error indicator is then defined as
=Y mk+ Y (ee)+ Y (en)* (2:25)
Kecn ECQ ECTxN
The a posteriori estimate is the following.

Theorem 2.2. It holds
Ve = Vupllo< . (2.26)

Proof. Let us use the shorthand notation e = v — uy. Let Ie be the Clément
interpolant to e. By the Galerkin orthogonality it holds (Ve, VI,e) = 0. Hence
we obtain
IVell§ = (Ve, Ve) = (Ve, V(e — Ine))
= (Vu, V(e — Iye)) — (Vup, V(e — Ine))
= (f,e —Ine) + {(g,e — Ine)ry — (Vup, V(e — Ine))

= Z (f,e —Ine)g — Z (Vup, V(e —Ine))x + {(g,e — Ine)ry

Kecyp, KeCp,
= Z (fe—Ine)x + Z (Aup,e — Ine) ik
Kecy, KeCp
+{g,e = Ine)ry — > (Vun-ni, e — Ie)ox.
Kecy,

(2.27)
For the two first terms we use Schwarz inequality for inner products, Cauchy’s
inequality for sums, and the Clément interpolation estimate

Z (f,e—Ihe)K—i— Z (Auh,e—fhe)K

KeCy, KeCp,
= > (Aup+fre—Te)x < Y [[Aun + flloxlle — Tnello,x

KeChp KecCp,
= > hxlAuy + fllox-hi'lle = Inellox

Keon (2.28)
< Y hilAun + fllox-hi e — Tnello,x

Kecy,

1/2 B 1/2
< (X mkldw+ £ ) (X hillle — Inelld )
KEC}L Kech

S nllVello-

L As usual € is assumed to be open and that means that E is an interior edge/face.



In the same way, rearranging terms and choosing the directions for the normals,
we get

(9, — Ine)ry — Z (Vup - ng,e—Ine)ox

Kecy,
8u
=> (3 —le—Iwe)p+ > (g— Vuy -np,e—Ire)p
ECQ ECI'N
Ju
< Znﬂ oo os lle = Tnello.g+ > llg = Vun - ngloslle = Tuello,e
ECQ ECT'n
Oouyp, 1/2 _ 1/2
< (X hellg 13 e) (X hz'lle = Inelly r)
ECQ B ECQ
1/2 B 1/2
+( X helg—Vun-meliz) (X hp'lle— el x)
ECTy ECTy
S nllVello.
(2.29)
Combining the above estimates proves the claim. O

Exercise 2.3. Consider the problem with a diffusion coefficient: findu € H*(Q)

such that
—div (kVu) = f in €,

u =0 on FD, (230)
ou
k‘ingHFN, FDUFNZGQ
on

How is the error estimator now defined?

We introduce f; and g; as piecewise polynomial interpolants to f and g,
respectively. The efficiency of the error indicators are given by the following
theorem. By bx we denote the "bubble function” on K, i.e. the function in
Py1(K) N HY(K) taking the value one at the midpoint.

Theorem 2.3. For every v € Vj, it holds
hicllAv + fllox S [[Vu —
Proof. Define w by w|g= bx(Av+ f), w=0in Q\ K. By scaling we have

(2.31)

180 + fullo S 1052 (Av + fa)lloxe
Then we have

1A + full? i S 1032 (A0 + fu) 12
= (Av+ fr,w) e = (Av + fw) g + (fn — fw)
=(Vu—v),Vw)g + (fa — f,w) g (2.32)
IV (u — v)

<
< (h IV (u — v)llo K+ ||fh = fllo. K)lelo K




O

For an edge F, we denote wg the union of the elements in C; that contain
E. We have:

Theorem 2.4. For every v € V}, it holds

v
hd g, Wo.pS 190 = Vollowst 37 hcllf = fullose VB C Q. (233)

0
KCwg

Proof. For a function w, with suppw = wg, it holds

(V(u =), V)up = Y (V(u—1), Vu)g

KCwg
= Z ((fa w) e — (Vo, vw)K)) (2.34)
KCwg
Ov
= > ((hw)x + @vwn) = (5T w)s.
ng
KCwg
To define w, we proceed as follows. First, we extend [ ai”Eﬂ to the whole of wg,
so that the extension E/( 8?sz ]) is constant in the direction perpendicular to E.

Now let bg be the edge/face bubble function vanishing on dwg and attaining
the value one at the midpoint of E. We then let

ov
8nE

w=bpE([5—]). (2.35)
Again, by scaling it holds
AR 12, OV o o v
ano.sS lIbe " T5 —1lo.5= (I3, — : 2.
I\[anEﬂllo,EN 1bg [[anE]]”O,E <[[6nE]]’w>E (2.36)

Combining with (2.34) yields

ov
H[[%HH%,ES IV (@ = 0)[lo.we IV0llows + Y If + Avflosllwlox  (237)

KCwg
By scaling it holds
_ _ _ ov
IVwlo S bl lollose € i lwlop S iP5 —Tlop- (2:39)
Combining the estimates above conclude the proof. O
Theorem 2.5. For v € V}, it holds
172, Ov < 1/2
he "Iz = gllo.eS VU = Vollows +hg"llg = gullo.e- (2.39)



Exercise 2.4. Show by the scaling argument that it holds
/ lv|? de < / brlv]?de Vv € Py(K).
K K

Exercise 2.5. Assume that I'y = 0, and that the reqularity estimate

lull2 < 1£1lo (2.40)

holds. Using the Nitsche trick and the Lagrange interpolation operator to show
that

Auy, 1/2
lu —unllo S ( Z RicllAun + FlI§ x+ Z hBEH[W]]Hg,E) . (2.41)
Kech ECQ E

Exercise 2.6. Prove Theorem 2.5.

3 Equations of continuum mechanics

In this section we will give a short review of the basic equations of continuum
mechanics. In The Feynman Lectures on Physics, Vol. II
(http://www.feynmanlectures.caltech.edu) there is a crash-course in elasticity
and fluid flow (Chapters 38-41).

3.1 The Cauchy-Navier equations of elasticity

Let Q C R3 be the original domain occupied by a body loaded by the volume load
f and the traction g along the boundary part I'y. Along the complementary
part I'p = 9Q \ T'y the body is assumed fixed, i.e. denoting the displacement
by u : Q — R3, we assume that u =0 on I'p.

The strain e(u) related to the displacement field is

e(u) = %(w + (Vu)T). (3.1)

The Cauchy stress tensor is denoted by o = {o;}, i,j = 1,2,3. The force
equilibrium equations are
dive+f=0 (3.2)

and the moment equilibrium is & = o7, i.e. the stress tensor is symmetric.

Here div is the vector valued divergence operating on tensors:

3
(dive)i=Y Z‘Z?, i=1,2,3. (3.3)
j=1 "

The traction boundary condition is

on=g on I'y (3.4)



The stress is a linear function of the strain (Hooke’s law), viz.
o=o0(u) =Ce(u). (3.5)

The strain-stress relationship has to be positively definite, i.e.
T:C1 > |T|% (3.6)

Here the : is the inner product between two tensors, i.e.

3
T:0= Z Tij Gij, (37)

,j=1

and the norm is defied as
lT]?=7:7. (3.8)

For an isotropic material this stress-strain relationship is
o=2pe(u)+ Adivu I, (3.9)

where p, A are the Lamé parameters, I is the identity tensor and div is the
scalar valued divergence operator applied to vectors.

Note that I : e(v) = dive = tr(e(v)), with "tr” denoting the trace of a
tensor.

The Lamé parameters are related to the Young modulus F and Poisson

ration v by
__F N EBv (3.10)
P o+ Tt u)(1-2v) '
For these parameters it holds F > 0 and 0 < v < 1/2 and hence p, A > 0. Note
also that y = G, the shear modulus.
In the inversion of the strain—stress relaionship it is better to use E and v.

1
Y Yu(e) I (3.11)

e(u) 7 z

For stating the variational problem generalising the boundary value problem
we first note that for a symmetric tensor 7 and a vector v it holds

/div7‘~’udx:/ ’rnds—/r:s(v)dx. (3.12)
Q o9 Q

Note that I : e(v) = dive = tr(e(v)), with "tr” denoting the trace of a
tensor.
The variational formulation is then: find w € H},(2) such that

/ch(u):e(v)dx:/SIf-vdx—k/FNgvds Yo € HH(Q), (3.13)

with
Hp(Q) = {v e [H (D) vr,=0}. (3.14)



The problem is coercive in H} () due to (3.6) and the Korn inequality

/|€ |2dx>/\Vv|2dm (3.15)

(and Poincaré). The finite element is: find uj, € Vi, € HL(£2) such that

/U(uh):e(v)dx:/f~vdx+/ g-vds Yv eV, (3.16)
Q Q 'y

Remark 3.1. The differential equation we obtain from (3.2) and (3.9) is
—div (2pe(u) + Adivue I) = f, (3.17)
which can be written (the Navier equations)
—(pAu+ (p+ N)V(divu)) = f. (3.18)

There is, however, a danger in this. If we try to derive the variational form
from this, we easily end up with wrong (unphyscal)boundary conditions. (This
error is quite common among mathematicians, cf. [10].)

Theorem 3.1. The strain vanish if an and only if the displacement is a in-
finitesimal rigid body motion,

e(v)=0 & v(x)=a+bxxz for somea,b. (3.19)

Exercise 3.1. Prove this result.
Theorem 3.2. (Korn’s inequality.) Assume that meas(I'p) > 0. Then it holds
le()[lo 2 [Vvlo Vv e HL(Q) (3.20)

Exercise 3.2. Prove the Korn inequality in case that T'p = 0Q. (Assume a
smooth function and integrate by parts a couple of time.)

3.2 The Navier-Stokes equations in fluid mechanics

Now u denotes the fluid velocity in the domain Q C R3. The pressure is denoted
by p and then the the stress-velocity relationship is

o =2ue(u) —pl, (3.21)
where 1
e(u) = i(Vu + Vau®) (3.22)
is the rate of strain. Newton’s law gives the equation of motion
ou .
(E + (u-V)u) =dive + f. (3.23)

10



In addition, we have the condition that the fluid is incompressible
divu = 0. (3.24)

Eliminating the stress leads to the equation

p(%l: + (u-V)u) =2uAu—Vp+ f, (3.25)

with
Au =dive(u). (3.26)

Using the incompressibility condition, we get the Navier-Stokes equations in
the form they usually are presented:

oL+ (- V) = pAu— Vp+ f,

ot (3.27)

divu = 0.

Remark 3.2. Again, if one tries to derive the physically correct variational
form from the above equations, one easily makes a big mistake, cf. [9].

Exercise 3.3. Carry out the manipulations leading to (3.18) and (3.27).

4 The Stokes problem

4.1 The uniqueness of the continuous and discrete prob-
lems

In analysing and discretising the Navier-Stokes problem there are two problems.

First, to treat the nonlinear term %—“t‘ + (u- V)u. Second, how should the incom-

pressibility condition divu = 0 be treated. In this course we will consider only
the second, and we will treat the following scaled Stokes equations

. . (4.1)
divu =0, in Q.

For the stability, the worst case are Dirichlet conditions along the whole bound-
ary, and we will assume that, i.e.

u|aQ: 0.
Let us prove:

Theorem 4.1. The Stokes problem has an, up to an additive constant pressure,
unique solution.

11



Proof. By linearity one has show that if f = 0, then w = 0 and p = Const. The
equation
—Au+Vp=0 (4.2)

we multiply with u, integrate over 2, and integrate by parts

Oz/ﬂ(—Au—i—Vp)-ud:v:/Q|s(u)|2da:—/ﬁpdivudx. (4.3)

Due to the incompressibility condition divu = 0, we obtain

/Q\E(u)|2 dx = 0. (4.4)

Hence, Theorem 3.1 and the boundary condition imply that the velocity vanish.
From this it follows that
Vp=0 (4.5)

and the pressure is a constant. O

The variational form is obtained in the same way. The solution w is in
H}(Q) and the pressure in L?(2). The mathematically correct way to have a
unique pressure is to assume that the pressure has the average value zero

/ pda = 0. (4.6)
Q
Hence it is in
L3@) = (€ 22(@) | [ qdo =0},
Q
The variational form is: find w € HZ(2) and p € L3(Q) such that

(e(u), (v)) — (p,dive) = (f,v) Vo€ Hy(Q),

) : (@7)
(divu,q) =0 Vqe Lj(Q).

To show the uniqueness we assume f = 0, choose v = u, ¢ = p, and add the
equations giving
(e(u),e(u)) =0,

which again leads to u = 0. What remain is the condition

(p,dive) =0 Yo € H}(Q). (4.8)
Assuming a smooth solution and integrating by parts gives

(Vp,v) =0 Yo H} Q). (4.9)

Now we can,e.g., choose v = boVp, with a weight function with bg(x) > 0, x €
Q, and bg|so= 0. This gives

/ ba|Vp|* dz = 0.
Q

12



This leads to
Vp =0,

which together with the condition (4.6) leads to p = 0.
The finite element method is easily formulated: find u;, € Vi, C H}(Q) and

pn € Py, C LE(Q) such that
(e(up),e(v)) — (pn,dive) = (f,v) Yv eV,

4.10
(divu,q) =0 Vg€ P, (4.10)

Now repeating the same arguments we see that the velocity is always unique,
and that the the uniqueness of the pressure is given by the following theorem.

Theorem 4.2. The solution of the discrete Stokes problem (4.10) is unique if
and only if the FE spaces satisfy the following condition

(g,divv) =0 YveV, = g=Const. (4.11)

That this is not always the case is seen from some simple examples. Note that
the basis functions for the pressure can be either discontinuous or continuous.

Example 4.1. Probably the first choice for a FE method, would be to use
continuous piecewise linear functions for all velocity components and for the
pressure, viz.

Vi ={v € Hy(Q)|v|xe [P(K)) K €},

(4.12)
Py ={qe Li(Q)NC(Q)|qlxe PI(K)K €C},

where Cj, is the partitioning into triangles/tetrahedrons. This choice is easily
seen to give a non-unique solution. Let {2 be a square which is partitioned into
triangles as in the figure below. Let p. be the pressure taking the nodal values
0 and 1 as in the figure. For this non-zero pressure it holds

(pe,divo) =0 Yv € V. (4.13)
A second example is with discontinuous pressure.

Example 4.2. We let C; a partitioning of a two-dimensional domain into
quadrilaterals. The FE spaces are

Vi ={ve HyQ)|v|lgc [Qi(K)*K €C}, (4.14)
P,={q€L3(Q)|qlxe P(K)K €Cp}. '

For a square partitioned into equal squares the checkerboard function +1 satis-
fies the equation (4.13).

Example 4.3. The next method is the "MINI” [1] element special designed to
yield a unique solution. The pressure space is continuous piecewise linears

P,={qeL3(Q)NC()|qlxe P(K)K €Cp,}. (4.15)

13



In the velocity space the piecewise linears are augmented with the ”bubble
functions” bg in each element and for all components. Let B(K) = Pyy1(K) N
H}(K) and define

Vi, ={vec H}Q)|v|xe [P(K)® B(K)‘K €Ch}. (4.16)
Let us now check the crucial condition.
(¢,dive)=0 YveV, = g=Const? (4.17)
Let K € Cj be arbitrary, and choose now v so that v = 0 in Q \ K and
v|gk=brxVq|k. We get

0= (q,diV’U) = (q,divv)K = 7(V(],’U)K = / bK|Vq‘2dx7 (418)
K

from which we obtain
q| k= constant in K. (4.19)

Since q is continuous, it is the same constant in the whole domain. The condition
for a unique solution is valid.

Example 4.4. The next example is with a discontinuous pressure. We use a
triangulation of the two-dimensional domain. The FE spaces are

Vi ={v e Hy(Q)|v|xe [R(K)* K €Ch},

) (4.20)
P,={qe L;(Q)|qlxe Po(K)K € Cp }.

Let K and K’ be two adjacent elements with E as the common edge. We choose
v so that it vanish in Q\ (K U K’). Let gk and gk be the constant values of ¢
in K and K’. Then the criteria to check is

0= (¢,divv) = (¢, divv)kur = (gx — qK/)/ v-ngds. (4.21)
B

We can now choose v so that fE v -ngi ds # 0, and the conclusion is that
9K = 4K'- (4.22)

We then repeat the same argument for each edge in the mesh, and conclude
that the pressure is a global constant.

Example 4.5. (Crouzeix & Raviart [6]) This example is given by the choice

Vi, ={v e H}(Q)|v|ge [P(K)® B(K)*K €Cp }.
(4.23)
P,={qecL3(Q)|qlxe PI(K)K €Cp }.

The uniqueness for this follows from the previous examples.

14
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Figure 1: The spurious pressure modes. Top: the Q1 — Py element. Bottom:

Continuous piecewise linears
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The final example is the so-called Taylor—Hood method for which the proof
of uniqueness is more tricky.

Example 4.6.

Vi, ={ve HYQ) |v|ge [P(K)*K €Ch },

(4.24)
Py ={qe Li(Q)NC(Q)|glxe Pi(K)K €Ch}.

To prove the local uniqueness we have to a patch, "macroelement”, of three
elements, see the figure below. In the proof we use the quadrature formula
taking the average of the function at the three midpoints of the triangle times
the area. It is easily checked that this is exact for all polynomials of degree
two. Now, let us consider M = K; U Ko U K35. We choose v so that is it vanish
outside of Ky U K5. Let ti15 be the unit tangent on the common edge. The
two remaining degrees of freedom, the velocity at the midpoint @2, we choose
so that the component in the tangential direction (o2 equals one, and the
orthogonal component vanish. For ¢ € P, Vq - (zox3) is continuous along the
common edge 0K; N 0K,. Using the quadrature rule the condition for uniques
gives

. 1
0= (dive,q) = —(v,Vq)k,uk, = g(area(Kl)+area(K2))Vq(ac02)~t12, (4.25)

and hence it holds

Vq(mog) . t12 =0. (426)
That means that
q(xo) = q(x2). (4.27)
Repeting the same argument for the elements Ky and K3 shows that
q(xo) = q(x3). (4.28)

Hence, ¢ vanish in K5. Next, we test with functions whose only non-vanishing
degrees of freedom are the normal components at x1o and xs3, respectively.
This leads to the conclusion that ¢ is a constant in K; U Ko U K3.

4.2 Stokes as a constrained optimisation problem

Most often an elliptic problem can be posed as a minimisation problem and the
Euler-Lagrange equations are the weak formulation.

The Stokes problem is a prototype of a constraint minimisation problem:
the solution uw € H{ () is obtained as

. 1 2
Ry, Sle@)ls = (f,v) (4.29)
subject to
dive = 0. (4.30)



Figure 2: The quadrature rule exact for Po(K). Bottom: The macroelement.

To solve this we define the Lagrangian £ : H}(Q2) x L3(Q) — IR by

1 .
L(v,q) = QIIE(U)H% = (¢, dive) = (f,v). (4.31)
The variation with respect to the vector variable gives the first equation
(e(u),e(v)) = (p,dive) = (f,v) Vv € Hg(), (4.32)

and the variation of the scaler gives the weak form of the incompressibility
condition

(divu,q) =0 Vqe L3(9Q). (4.33)

We see that the physical meaning of the pressure is the Lagrange multiplier
enforcing the incompressibility. What we have done requires of course some
applied functional analysis. However, for the discretisation it is elementary.

Hence, let us turn to that. Let {w;}¥ ;, and {¢;},, be the basis functions
for V}, and Py, respectively. With

N M
wp =Y ujw;, pn= Y prdr, (4.34)
j=1 k=1
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and testing with the basis functions gives

N M

Z (s(wi), E(Wj))Uj — Z((bk,dlv 'wi)pk = (f,wi), 7= 1, . ,N,

=t . (4.35)
> (divw;, ¢)u; =0, 1=1,...,M.
j=1

Let U = (u1,...,uny)T and P = (p1,...,pan) and define the matrices A, and
B, and the load F = (Fy,...Fy), by

Aij = (e(w;),e(wj)), Bix = —(¢g,divw;), F;i=(f,w;). (4.36)

Then the discrete system is then

<1§4T ff) (g) = <€) : (4.37)

Note that A is symmetric and positively definite.
We see that this is an example of a quadratic optimisation problem: find U
which minimises the object function

%VTAV - FTv (4.38)
subject to the linear constraint
BTV =G. (4.39)
The Lagrangian is (@ is the multiplier)
L(V,Q) = %VTAV - F'v - Q" (B'V - G). (4.40)

The optimality conditions are then

(5 0) (#)= () wan

Exercise 4.1. Show that this system has a unique solution if, and only if,
N(B) = {0}, or equvalently R(BT) = RM , with N and R denoting the nullspace
and range.

4.3 Theory of saddle point problems
4.3.1 The Lax-Milgram-Nirenberg Lemma
Theorem 4.3. Let H be a Hilbert space with inner product (-,-)g and norm

I'lz- Suppose that the bilinear form B : H x H — IR satisfies the following
conditions.
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o Continuity: there is a positive constant C such that

IBW V)| < CIWulV]a YW,V € H. (4.42)

e The 7inf-sup” condition: there is a positive constant o such that

B(W,V
sup BUV.V) > a||W|g VW e H. (4.43)
verm,vzo [Vin
e The condition
sup B(W,V)#0 VYV € H. (4.44)

WeH

Then the variational problem: find U € H such that
BU,V)=F(V) VV € H, (4.45)

has a unique solution depending continuously on the data:

Ul < aHIF ||, (4.46)
where |||y is the dual norm
F(V
IFlly = sup 200 (4.47)
ver [|VIu

Proof. ( [2], [7]) Step 1). For every W € H
Pw (V) =B(W,V) (4.48)

defines a continuous linear functional on H. By the Riesz representation theorem
there is Z € H such that
Sw (V) =(Z2,V)n. (4.49)

Hence, we have a linear mapping A: H — H , Z = A(W), such that
(AW), Vg =B(W,V) VW,V € H. (4.50)
From the continuity condition it follows that A is bounded:
IA]< C. (4.51)
2). The mapping A is bounded from below and R(A) is closed: We have
AWz = sup  (AW),V)g=  sup  BW,V)y = o|W|a.
VeEH,||V]u=1 VeEH,||V]u=1
(4.52)

Let A(W,,) be a Cauchy-sequence. From above we have

[AWn) = AWn)l[a = [ Wn = Wl (4.53)

19



and hence W, is also Cauchy, converging to (say) W € H. Since A is bounded
we have A(W,,) — A(W) which shows that R(A) is closed.

3). R(A) = H. If not, there exists V5 # 0 such that

(AW),Vo)g =0 VW € H.

This is equivalent with
BW,Vp)=0 YW e H

which contradicts the third condition assumed of B.

(4.54)

(4.55)

4). Next we apply the Riesz representation theorem to the right hand side

as well: there exits G € H such that
F(V)=(G,V)x.
The variational problem is now equivalent to

(A(U)a V)H = (G’ V)H

ie.
AlU) =G
with solution
U=A"G).
5). From the inf-sup condition we now finally have
B(U,V) F(V)

a|Ullg < sup -

vemvzo (Ve — vemvzo|VIa

which also shows the uniqueness.

4.3.2 Finite Element Discretization

Choose a subspace Hy, C H and solve U;, € Hj, from
B(U,V)=F(V) YV € Hp.

We then have the analog to Cea’s lemma.

= ”FH;Iv

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

Theorem 4.4. Suppose that the following discrete ”inf-sup” condition is valid:

there is a constant v > 0 such that
BW,V)

sup ————= >|[|[W|lg VYW € Hy,.

VeH, V#£0 ”VHH

Then it holds

c. .
U= Unllg < (1+—) inf [|U—Z]4#,
Y ZEH)

where C' is the constant in the continuity condition.
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Proof. 1). Testing with v € Hj, in the the continuous problem and subtracting
from the discrete formulation gives

B(U-U,V)=0 VYV € H,. (4.64)

2). Let Z € Hy, be arbitrary. Choosing W = U, — Z in the inf-sup then gives

BU, —Z,V BU-2ZV
WO - Zlg < sup BGRZBV)_ g, BU-ZV)
ver,, vzo  |[Vllu ver,, vz  |[VIlu (4.65)
<C|U - Z||u,
i.e.
C
”Uh_Z”HS;HU_Z”H~ (4.66)

The claim now follows from the triangle inequality (and ”taking the inf”). O
Remark 4.1. Alternative ways of posing the stability condition are

o There exist a positive constant v such that

. B(W,V)
inf sup —m——— > ~. 4.67
W, S W 2 (1467)

o There exist a positive constant v such that for every W € Hy there is
V € Hy, such that

BW,V) 2 oWy, and |Via =Wz (4.68)

o There exist a positive constant C such that for every W & H;, there is
V € H}, such that

BW.V) = |W|%, and |Vlg < C|W]|a- (4.69)

4.4 Application to the Stokes problem
4.4.1 The Babuska-Brezzi splitting for Stokes problem
For the Stokes equations we define H := H} ()Y x L%(Q), with the norm

(v, Q) l7 := lvll3+lqll3, (4.70)
and the bilinear form
B((v,q),(z,7)) = (Vv,Vz) — (div z,q) — (dive,r). (4.71)

The dual space is now H' = H=1(Q)" x L3(1Q).
The inf-sup is now:

wp B0 (1)

= all(v,q V(v,q) € H. 4.79
zmer 1z 7)|lu (v, )lm Y(v,q) (4.72)
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The Babuska-Brezzi theory for mixed (or saddle point) problems says that this
is a consequence of the two conditions.

The Babuska-Brezzi conditions.

o The ellipticity: There is a constant Cy such that

(Vo, Vo) > C||v||3 Yo € H(Q)". (4.73)

e The LBB (Ladyshenskaya-Babuska-Brezzi) condition: there is a positive
constant Cy such that

(divw, q)

sup > Oyllgllo Vg € LE(Q). (4.74)

veEHL(Q)" [[v]lx

The first estimate above is simply the Poincaré inequality.

In order to keep track of the influence of the LBB constant it will be conve-
nient to work with the norm ||Volp for v € H}(Q)". The LBB we then write
as: there is a positive constant 8 such that

(divw, q)

sup > Bllgllo Vg € LE(). (4.75)

weri@r  [Vwllo
Then we perform the analysis with the ”triple-bar” norm:
1w, )lI[7r= IV ol5+8%llall5- (4.76)

We also use the standard trick, the ”arithmetic-geometric-mean inequality”
(AGM):

1
lab| < Sa?+ —b?, abe R, &> 0. (4.77)
2 2e
or more precisely
1
—|ab| > —%a2 — 5P abeR >0, (4.78)

Let’s now build the inf-sup for B from the ellipticity and the LBB.

Proof. 1). Let (v,q) € H be arbitrary. We first have
B((v,q), (v,~q)) = (Vv,Vv) — (dive,q) + (dive,q) = [Voll.  (4.79)
2). The LBB condition reformulated is: there is w € Hg(£2)™ such that

(divew,q) > Bllqll§ and [Vwllo = llqllo. (4.80)
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Using this, Schwartz and the AGM (with € = 3) gives

B((v, ) (—w,0)) = =(Vv, Vw) + (divw, g)
> —(Vo, Vw)+/?’||f1|\o
2= \IVvllol\le\o+ﬂ||qllo

**BIIVvHo - 5||Vw||o + Bllall§

1 B
= *%vaﬂg + 5 llalls.
3). For § > 0 we then have

B((’an)ﬂ(v*éwafq)
= B((v,9),(v,=q)) + 0 B((v,q), (-w,0)

> (1= 55 Ivol+ lal?

1 1
= Lyvol+ L el = Hiw ol

when choosing § = .
4). For z = v — éw = v — fw and r = —¢ we thus have

B((v,0), (1) 2 5, )} (4:81)
and (AGM again)
[z Mll< (9@ = Bw)llo + Blallo)
< (Ivollo + BIVwllo + Blalo)

= (Iw2llo + 28llallo) < 2(I¥2llo + Bllallo)
< 2v2]|(v,4) |

5). Combining gives (if T calculated the constants right)

B((v.q),(z,7) _ V2

sup  —r——o—— > ——|[[(v, g)ll[[m V(v,q) € H. (4.82)
zmen |z )lla 8
Since ||-||g and |||-|||z are equivalent the claim is proved. O

4.5 The Babuska-Brezzi condition for the FEM

We discretize Stokes: find (up,pn) € Vi, X P, =: H, C H such that
B((uh7ph)7 (Ua q)) = (_f7’0) V(”vQ) € Hh~ (483)

The discrete inf-sup follows from the ellipticity condition and the discrete
LBB condition. From Cea’s lemma we get the following result.
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Theorem 4.5. Suppose that the discrete spaces satisfy the condition: there is
a constant B > 0, independent of h, such that

(divw, q)

sup > Bllallo Vg € Pp. (4.84)

weVy, vaHO

Then there is a constant C > 0, independent of h, such that

|w —unllr + |lp = prllo < C{ inf [[u — o[y + inf [[p —qllo}. (4.85)
vEY), qEP

The purpose of using the triple-bar norm above was to trace the influence
of the LBB constant. When we redo it for the discrete problem we get the
estimates:

= sl < CH7 int u— ol + inf p—alo}. (456
and

Ip=pallo < CB72( inf u—vly+ inf [p—glo}. (487
These hold also in cases when § > 0 depends on the mesh length h (e.g. the

@1-Pp) and then shows that the accuracy is degenerated for unstable methods.

4.6 Verifying the stability condition

It has turned out that the proof of the Stokes inf-sup condition is easiest by
first proving the corresponding condition with a mesh dependent norm for the
pressure. In the the FE subspace Pj, we define

lalli = > h%lIValgx + > helldlg s a€ P (4.88)
KeCy, ECQ

The modified stability condition is

divwv, g
sup WD) > e p, (4.89)
veEV), Hv”l

The reason why this is advantageous is that it can be proved locally.
The following result is called the Pitkdranta—Verfirt trick [11,17].

Theorem 4.6. Suppose that the FE subspaces satisfy the stability condition
(4.89). Then the condition (4.84) is valid.

Proof. Let q € Py be arbitrary. By the continuous stability condition (4.74)
there exists v € Hg(Q) such that

(dive,q) > Cillalollo]s- (4.90)
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Let Inv € V}, be the Clément interpolant to v. We first write

(div Ipv, q) = (divw, q) — (div (v — Iv), q).

(4.91)

By element by element integration by parts and using the Cauchy and Schwarz

inequalities we get

[(div (v — Tpw), q)|=| Z (div (v — Iyv), ¢) k|
KeCy,
== > (@=L, Vo + Y ((v—Tw) -ng,[4q)sl
KecCy, ECQ

-~ -~ 1/2
(X mlo = vl + Y hptllw = 1) el g ) gl

KeCp ECQ
Hence, Theorem 2.1 yields
|(div (v = Ihv), )< Col|v]l1[lg]|n-
Combining (4.90), (4.91), and (4.93) yields

(div Inv, q) = (Cillgllo — Callglln)l|v]l:-

If now Cil|qllo — C2ll¢qlln < 0, the assertion is proved.
In the other case, we use the fact that Cs||Ipv|1 < ||v]|1 to obtain

div Ipv, q
AVI.9) - ol = Calalla),
ol
that is (di )
ivu, q
sup ‘YD) 5 riallo = Chlall.

vev,, ||U||1

The stability in the mesh dependent norm is

divw, g
sup V2D 5 ool ge B
Tl

Taking a convex compination of these estimates, with 0 < ¢ < 1, gives

sup (divw,q) —tswp (div v, q) + (1= 1) sup (divw, q)

vevi, vl vevi, vl vevi,  [vlh
> (t(Cs + C3) = Co)llglln + (1 = 1)Cillqllo-

Choosing 1 >t > cricr, broves the claim.

+C’
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Next, let us prove the stability for the methods considered before.

The MINI element.

Vi ={ve H}Q) |v|ge [P(K)® B(K)‘K €C},

) (4.99)
P,={qeLi()NCQ)|qlxe PI(K)K €Cp,}.

Let ¢ € P, be given. v € Vj, we define as v|x= —h% b Vq|k for each K € C.
This gives

(dive,q) = —(v,Vg) = > &by *Vall2
KecCp

) ) ) (4.100)
2 Z hiIVallo.x Z llallz-
KecCy
On the element K it holds
IVollo.x S b llvllo.x S hillbxVallo.x S hxllVallox- (4.101)
Hence, we have
[vlle S IVollo < llglln, (4.102)
and the stability is proved.
The lowest order Crouzeix—Raviart element
V, ={ve H} Q) |v|ge [P(K)?K €C},
L= (v € HY(®)|vlxe [PK)PK €Ca) 1o

P, ={qe LiQ)|qlxc Py(K)K €Cp,}.
For q € P, we define v by v|g= hxbg[q]|r. This gives
(divo.g) = Y (0eneld)e = 3 be [ bellalPds ~[glf. (4100
ECQ ECQ E

and by the inverse inequality and scaling gives

vl < Nl (4.105)

The second lowest order Crouzeix—Raviart element

Vi ={vec H}Q) |v|xe [Po(K)® B(K)*K €C,}.
(4.106)
Py ={qe L§(Q)|qlxe PI(K)K €Cy}.
We now ”glue together” the estimates from the previous examples. To this

end g € P, we split in the piecewise constant component and its orthogonal
component ¢ = ¢ + ¢, with
B S adx

alre= Sy da

(4.107)
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From the lowest order CR, we know that there exists © € V}, such that
(dive,q) = [|gl} and Cla]: < alo- (4.108)

By using the bubbles we have v € V}, such that (we can use the same constant
here)
(divo,q) = [lg][§ and Cllo]l < [dlo- (4.109)
It also holds that
(divo,q) = 0. (4.110)
Let § > 0, and estimate using the AGM (with v)and (4.108)

(div (0 + 6v),q) = (div (D + 60),G + )

= (div o, §) + 6(divw, q) + §(div v, §)

= 14l15 + ollqll§ + 6(div o, §)

> [|41l5 + sllallg — sll@ll1lldllo (4.111)

oy

. _ _ o .
> [ldlls + ollalls — -1l - 5”(1”3

4 Y s
> (1 ——)|l4]2 11— —2)|gll.
2 (1= 5)allE + 60— 555) lall

Hence, choosing first v such that 1 — 525 > 0 and then ¢ so that 1 — % > 0,
gives
(div (& +69),q) Z (lall7, + llall3) Z llall5- (4.112)
Since
|9+ 61 < llallo, (4.113)

the assertion is proved.

The above examples show the technique to prove the stability for those
elements for which it can be done element by element. For the methods where
this cannot be done it looks more complicated. For the Taylor-Hood method
it seems pretty difficult to explicitly construct the stability. It can, however, be
proved [15] that if one can prove the local uniqueness on a patch of elements, and
this independently of the geometrical shape of the element, then the stability is
valid.

Let us end this section by giving a list of known stable combinations.

Triangular and tetrahedral Taylor—-Hood
The finite element partitioning Cj, consist of triangles (d = 2) or tetrahedrons
(d=3) and k > 1.

Vi = {v € Hy(Q) |v|K€ [Pera (K"K € Cn},

(4.114)
P,={qeL2(Q)NCQ)|qlxe P.(K)K €Ch}.

The proofs are given in [3,5,12,14,17] for the 2D problems and [4,13] in 3D.
Quadrilateral and hexahedral Taylor-Hood
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For discontinuous pressure we have seen that the lowest order Crouzeix-
Raviart elements need both internal and edge/face bubbles. The lowes order
methods in this family are the following.

The finite element partitioning Cp consist of quadrilateral (d = 2) or hexa-
hedral (d = 3) and k > 1.

Vi, ={v e Hy(Q)|v|xe [Qu1 (K"K €Cn },

(4.115)
Py ={qe Lj(Q)NC(Q)|glxe Qr(K) K € Cp}.

The proofs are given in [3,12,14] for the 2D problems and [13] for &k = 1 in 3D.

The lowest order method with linear velocities is the MINI element.

Exercise 4.2. Construct the MINI element for quadrilaterals.

The Fortin element [8]
Cy, consists of triangles/tetrahedrons. Denote an edge and face bubble func-
tion by bg and the edge/face bubble subspace as

S(K) = span{bgng, E C 0K }. (4.116)

Vi, ={ve H}Q) |v|xe [PL(K)"® S(K)K €Cp },

) (4.117)
Pp={q€ Ly(Q) |alx€ Po(K) K € Cp }.

Qr+1 — Py -discontinuous
The finite element partitioning C, consist of quadrilateral (d = 2) or hexa-
hedral (d = 3) and k > 1.

Vi, = {v € Hy(Q) |v|x€ [Qri1(K)' K €Ch},

(4.118)
P,={qc L3Q)|qlxe P.(K)K €Cp }.

The stability is easily verified [8,12,16].

4.6.1 A posteriori estimate

In the preceding section we assumed homogeneous Dirichlet boundary conditions
as these are the "worst case” when studuing stability. In ths section we will
assume more general boundary conditions and also a non-vanishing loading in
the second equation, i.e. the problem: find (u,p) such that

—Au+Vp = f inQ, (4.119)
dive = g in{, (4.120)

u = 0 onlp, (4.121)

(e(u) —pI)n t only. (4.122)
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With
F(v,q) = (f,v) + (t,v)ry —(9,9), (4.123)
the variational formulation is: Find (u,p) € H}(Q) x L*(Q) such that
B(u,p;v,q) = F(v,q) V(v,q) € H5H(Q) x L*(Q). (4.124)
The finite element method is then. find (up,pr) € Vi x Pj such that
Bp(wn, pr;v,q) = F(v,q) V(v,q) € Vi, X Pp. (4.125)
The local error indicators are
Mo = Wkl Aw, — Vo + P cHldiva, - gl (4126)
and

2
= { hell[(e(un) — prI)n]lf; . when E C Q, 127

hell(e(un) — prnl)n — tllaE, when E C T'y.

By &, we denote the collection of edges/faces in © and on I'y. The global error
estimator is then defined as

7= nk+ Y nh (4.128)
Kecy E€é&n
The upper bound is given by the following theorem.
Theorem 4.7. It holds

(lu — wplli+[lp — pallo) < 7. (4.129)

Proof. By the stability of the continuous problem there exists (v, q) € H} () x
L2(Q) with
[vlli+llgllo=1 (4.130)

and
lw —wnlli+lp = prllo< B(w — wn, p — pri v, q). (4.131)

Let Iv € V}, be the Clément interpolant (Lemma 2.1) of v for which we recall
the estimate

(> hillo = Invl3 c+ > bl — Ll p)? S wliS 1. (4.132)
KeCp Eeé&y

Choosing the pair (v, q) = (Iv,0) in the finite element formulation (4.125), we
get
B(u —up,p — pn, [nv,0) = 0. (4.133)

Subtracting this from the right hand side in (4.176), we obtain

B(u — un,p — priv,q) = B(u — up,p — ppiv — I, q). (4.134)
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Next, we have

B(u —up,p— pp;v — Ipv,q) = B(u,p;v — Iv,q) — B(up, pr; v — v, q)
= (f,v—ILv)+ ({t,v — Iv)ry — (9,9) — B(up, pn; v — Inv,q)
= (f,v— L)+ ({t,v — Iv)r,y — (e(up),e(v — Ihv)) + (div (v — Iv), pn)
+ (divup, — g, q).

(4.135)
The terms are estimated as follows.
(divun — g,9) < [[diva — gllollallo = [dive — glly S . (4.136)
Integrating by parts gives
—(e(un), e(v — Ipv)) — (div (v — Iv), )
= Z (Aup, — Vpp,v — Ipv)k
KeCy,
= Y (l(e(un) = puI)nl, v - Iv)e (4.137)
ECQ
- Z ((e(up) — prD)n,v — [LV)E.
ECI'n

Hence, we get

(F.v — Iyv) + (8,0 — Liodry — (e(un).e(v — Iw)) — (div (v — Iyv), pr)

= > (Aup = Vpr + fov—Liw)g — Y ([(e(un) — puI)n], v — Ihv)g

KeCy, ECQ
- Z ((e(up) —prl)n —t,v — Ipv)E
ECI'n
< Z |Aup, — Vpr + fllo,x||v — Inv|jo,x + Z [(e(un) — prI)n]|lo.x|lv — Invllo,E
Kecy, ECQ
> lIe(un) = p)n — to.kllv = Invllo.g
ECTN
<n (Y hlllo = ol et Y bt o = Lold )2 S nllolhS .
KeCy Eecé&y,
(4.138)
The assertion now follows by combining the above estimates. O
We define osck (f) by
osci (f) = hillf — fullo,x, (4.139)
where f, € V}, is the interpolant of f. Similarly, we define
oscg(t) = hl |t — trllo.e. (4.140)
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with £, € V3|1, being the interpolant . The global oscillation terms are defined
through

osc(f)? = Z osck(f)? and osc(t)? = Z oscp(t)2. (4.141)

KeCy ECT N

The efficiency is obtained exactly in the same way as for the model Poisson
problem.

Theorem 4.8. For all (v,q) € V}, X Py, it holds:

hK|‘A’lJ—Vq+.f||07K§ ||€(u—v)||0,K—|—||p—q| 0,K+OSCK(,f) VK € (. (4.142)

For E in the interior of )

2 l(ew)—gDnlllg g < lle(u—v)lows+Ip—allows+ > oscx(f) (4.143)

KCwg
and for E C T
1/2
hi*I(e(w) —aln —tlo  Slle(u = v)llows +p — allows
+ Z osci (f) + oscg(t). (4.144)
KCwg
Exercise 4.3. Prove this lemma.
From the local bounds, the global bound follows
1 S (= il +Hlp — pallo) + ose(f) + osc(t). (4.145)

4.7 Stabilised methods

In this section we will study stabilisation by which it is possible to design meth-
ods for which a stability condition for the subspaces can be avoided. To this
end, we first recall the Stokes problem

—Au+Vp = f in{, (4.146)
dive = 0 1inQ, (4.147)

u = 0 onlp, (4.148)

(e(u) — pI)n 0 only, (4.149)

where Au = dive(u), define the (big) bilinear and linear forms
B(w,r;v,q) = (e(w),e(v)) — (dive,r) — (divw, q), F(v,q) = (f,v),

and recall the variational formulation for the continuous problem: Find (u,p) €
HL(Q) x L*(Q) such that

B(u,p;v,q) = F(v,q) V(v,q) € Hp(Q) x L*(Q).
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Next, we define the following terms

Sn(w,r;v,q) Z h3(—Aw + Vr,—Av + V), (4.150)
Kecy,
v,q) = Y hi(f,—Av+ Vg, (4.151)
KeCy,

for a FE function pairs (w,r), (v,q) € Vi, x Pp, and then the forms
B (w,r;v,q) = Bw,;v,q) — aSy(w, ;v,q) (4.152)
and
]:h(v7q) = ‘F(Uv q) - aﬁh(va q)v (4153)

where « is a positive constant less than a fixed constant C; to be specified below.
The stabilised finite element method reads as follows: Find (up, pp) € Vi, X Py,
such that

Br(up,pr;v,q) = Fr(v,q) Y(v,q) € V), X Py, (4.154)

Before explaining the added value of this modification, let us show that it
at least does not do any harm. The formulation is consistent:

Theorem 4.9. Suppose that f € Lo(Q). Then the finite element method
(4.154) is consistent, in the sense that the exact solution (u,p) € Hp (Q)x L*(Q)
to (4.124) satisfies the discrete variational form

Bh(uap;vaq) = fh(”vQ) v(an) € Vi X Py (4155)

Proof. The differential equation (4.146) has to be interpreted in the sense of
distributions. However, with the assumption f € Ly(§2) the sum —Awu + Vp is
in Ly(Q) and hence both Sy, (u, p;v,q) and Ly, (v, q) are well defined and equal.
Hence, it holds

Sn(u,p;v,q) = Ln(v,q) Y(v,q) € Vi, X P, (4.156)
from which the claim follow. O

Let us turn to the stability of the method. The constant C7 is given from
the following inequality (which follows from the standard inverse inequality)

Cr Y hillAv[§ < lle()II5. (4.157)

KecCy,

Next, we turn to the stability. Assume that 0 < o < C;. Then it holds

Bu(w,riw,—r) = [e()lf—a Y hilAw|§ x+a Y WE|Vrl§ «
Kecy, KeCp
> (- Sllewlira X IR, @15)
KeCy,
Z (le@)lls+ > hilVrils x)-
KeCy
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The conclusion is that we have the stability (in the mesh dependent norm)
for continuous pressures. For discontinuous pressures we have stability for all
components except the piecewise constant component. The stability for this
must hence be obtained from the original bilinear form. More precisely, for a
discontinuous pressure we denote the piecewise constants by

PP ={qeL*(Q)] qlxe Py(K) VK €Cp }, (4.159)
and we have to assume that the following discrete stability inequality is valid.

div v,
(dive,q) Z llgllo Vg € Py (4.160)
veEV), ”Ulll

Theorem 4.10. Suppose that one of the following conditions is valid:
(1) Ph - CO(Q)7
(i) the stability inequality (4.160) is valid.

For 0 < a < Cy it then holds

Bh(w7 v, Q)
sup O

Z (lwli+lrllo) V(w,r) € Vi x P, (4.161)
wa)evixp, |[vli+llallo

For the proof of the stability we need the following result.
Lemma 4.1. Under the assumptions of Theorem 4.10, it holds that
(divw,q)

> (Cillalo—Ca( Y- WkIVal )?) Vae Pu  (4162)

vevi,  [[vlh Kec,

Proof. For continuous pressures

lallz = > pkIValgx + Y helldlie = > hklVals

Kecy ECQ Kecp,

and thus the estimate follows from Theorem 4.6, see equation (4.96). For a
discontinuous pressure ¢ € Pj, we write

q =g+ (I —1)g, (4.163)
where IIj, : L?(Q) — P} is the L*-projection. Observe that
lall§ = IMaalld + (7 = Ta)alls, = [Magllo > lallo—lI(I = In)allo,

and recall the interpolation estimate

I = Ta)gllo < Cs( > RVl )2, (4.164)
KecCy,
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Now, estimate (4.160) implies that there exists a constant Cy > 0 and v € V,
with ||v|l1= 1, such that

(dive,Ilhq) = Cy|[agllo Vg € Py
Therefore,
(divw,q) = (dive,lpq) + (dive, (I = IIx)q) = Cy [[Hagllo—|[v][1][(1 — x)qllo

> Cullgllo—Cs( Y m(IVal3 )'*
KeCp

and the assertion is proved. O

Proof of Theorem 4.10. For any given (v, q) € Vi, X Py, let © € V}, be a function
for which the supremum is attained in the stability estimate (4.162) and assume
that ||9|1= ||g|lo- We thus obtain, using the inverse inequality (4.157) and the
norm equivalence ||e(v)||o= ||v]1, that

Bi(v,¢;—,0) = —(e(v),&(9)) + (dive,q) —a Y hi(—Av+ Vg, Ad)k

KeCy,
> —le@)lolle(@) o181 (Crllalo~Ca( Y- hkIValid x)*/?)
Kecy,
+a Z h% (Av, AD) i — « Z h3 (Vq, Ad)
KeCy, KeCp
> —[le()lolle(@®)llo+CullgllB—Ca( > r3IValZ ) lallo
KeCy
— a7 le®)lolle(®)lo—a Cr2( Y W%|IValR )" lle(®)llo
KeCy,
~Cslle@)llollallo+CrllalZ—Ca( Y r3IVal2 )" llallo
KeCy,
> Cullql3—Cslle@)B-Cs Y n%[IVall? -

KeCy,
On the other hand, we already proved that for 0 < o < Cj, it holds that
Ba(v,gs0,—q) = Cr (le@)i+ > hklVall x ).
KeCy,

Therefore,
Bh(vvq; v — 667 _q) = Bh(va q,v, — ) + 5Bh(v q; - 0)
> (Cr = 6C5) [le(@) ][5+ Cullgllg+(Cr = 6C6) Y M lIVallg -

KeCy,

Thus, choosing 0 < § < min{C7/C5,C7/Cs}, and defining w = v — 6 9,r = —q,
we conclude that
Bu(v,q;w,7) 2 [le(v)]5+]qll5-
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Moreover,
le(w)llo+[I7lloS le(@)llo+llallo,

which proves the assertion. O
From the stability and the consistency the a priori estimate follows.

Theorem 4.11. [t holds
lu — wnlli+Hlp — prlloS inf u—vli+ inf Ip— glo+osc(f).  (4.165)
vEV) qEPy,
Proof. Let (v, q) € V), X Py, be arbitrary. By the stability estimate (4.161) there
exists (w,r) € Vj, x Py, with
lwl[li+(rlo=1 (4.166)

and
lur, — v|[1+pr — qllo< Br(up — v, pp — q;w, r). (4.167)
Using (4.154), (4.153), (4.124) and (4.152) yields
Bn(un —v,pn — gw,r) = Bp(un,pr, w,r) — Bp(v,q;w,r)
= Fu(w,r) = Bp(v,qg;w,r)
= F(w,r)—aly(w,r)— Bp(v,qw,r)
= B(u,p;w,r) — aly(w,r) — Bp(v,g;w,r)

= B

From the boundedness of the bilinear form B and the normalization (4.166), we
have
B(u—wv,p—gw,r) < ([u—v]i+lp = gllo)- (4.169)

From the definitions (4.150) and (4.151) we have

Sp(v,¢;w,r) — Lp(w,r) Z h3(—Av+Vq— f,—Aw + Vr)g. (4.170)
KeCy,

The Cauchy—Schwarz inequality then yields
|8h('U, q,w, T) - Lh(w7 T)l
) , \1/2 ) , \1/2
< (X mkl-Av+ Vo flx) (X kll-Aw+ Vrld )

KeCy, KeCp

By local inverse inequalities we have

1/2 1/2
(> mil-Aw+vrlde) "~ < (20 MhUlAwlE x+IVTIE )
KeCy, Kecy,
S (lolli+lirlo).
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(
= B(u,pyw,r) — aly(w,r) — Bv,g;w,r) + aSp(v, g w,r)
(u—v,p—qw,r)+ a(Sp(v,g;w,r) — Lp(w,r)).



Hence, (4.142) gives

1/2
Su(v,qw,) = La(w,n)| S (D l-Av+ Vo fI3 )
Kecy,

S (lw =vlitlp = gllotosc(f))-
The assertion now follows from (4.167), (4.168), (4.169) and (4.171). O

We finish the section by the a posteriori analysis.
For the a posteriori estimates we define the local estimators

Nk = Wl Aus — Vi + FIP g+ diveus, — gl (4.171)

and

2
. { hi|[(e(un) = prI)n]lg g, when E C Q, (4.172)

hell(e(un) — prl)n — t||(2)’E, when E C T'y.

By &, we denote the collection of edges/faces in 2 and on T'y. The global error
estimator is then defined as

7=kt Y. b (4.173)

KecCy, EcE,

Taking (v, q) = (up, pr) in Theorem4.8 yields a local lower bound for the error.
Now we will prove the following upper bound.

Theorem 4.12. It holds

(lw = un|li+lp — prllo) S0 (4.174)

Proof. From the stability of the continuous problem, it follows that, for any
(u —up,p—pp) € H5H(Q) x L?(Q2), there exists (v,q) € H5(Q) x L?(), such
that

[olli+llgllo=1 (4.175)

and
lu —unlli+|lp — prlloS B(u — un, p — pr; v, q). (4.176)

Let Inv € V}, be the Clément interpolant of v for which we have the estimates

_ _ 1/2
(> hidlo = Invl3 c+ > hptllo — Ll ) < Iwli< 1,
KeCp FEe&),

[holli < ol -

Choosing the pair (v, q) = (I5v,0) in the finite element formulation (4.125) and
the consistency equation (4.155), we get

Bp(w — up,p — pn, Inv,0) = 0. (4.177)
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Subtracting this from the right hand side in (4.176), and using the definition of
B;,, we obtain

B(w — un,p— pn;v,q) = B(w — up,p — pp;v,q) — Ba(w — wp,p — pp, Inv,0)
= B(u — un,p — pr;v — 10, q) — aSp(u — up,p — pr; [pv,0).

The first term above is estimated exactly as in Theorem 4.7 using element by
element integration by parts and the interpolation estimate (2.1). This results
in

B(U_uh’p—thU—Ihv:Q) 577 (4178)
Recalling definition (4.150), equation (4.146), and using an inverse inequality
together with estimate (2.1), we then get

|Sn(w = wp, p—pp; Tw, 0)| = | D hi(—Au+ Vp+ Auy, — Vpn, —A(Iv)) k|
Kecy,

< () Wklf + Aup — 203 BEllAIw) [o.x)
Kecy, Kecy,

Slllvlis allvlis g

The assertion now follows by combining the above estimates. O
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