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1 Delta function

Definition

δ(r − r0) = 0, if r 6= r0

∫

V
δ(r − r0) dV =

{

1, if r0 ∈ V
0, if r0 /∈ V

Consequence
∫

V
δ(r − r0)f(r) dV = f(r0)

∫

V
δ(r − r0) dV =

{

f(r0), if r0 ∈ V
0, if r0 /∈ V

δ in different coordinates

• Rectangular coordinates: δ(r − r0) = δ(x − x0)δ(y − y0)δ(z − z0)

• Cylinder coordinates: δ(r − r0) = 1

r
δ(r − r0)δ(ϕ − ϕ0)δ(z − z0)

• Spherical coordinates: δ(r − r0) = 1

r2 sin θ
δ(r − r0)δ(ϕ − ϕ0)δ(θ − θ0)

Singular sources in terms of the delta function

• Point source at r0: S(r) = Sδ(r − r0)

• Plane symmetry

– Plane source at x = x0: S(r) = Sδ(x − x0)

• Cylinder symmetry

– Thin, hollow cylindrical source of radius r0: S(r) = S
2πr

δ(r − r0)

– Line source on z axis: S(r) = S
2πr

δ(r)

• Spherical symmetry

– Thin, hollow spherical source of radius r0: S(r) = S
4πr2 δ(r − r0)

– Point source at the origin: S(r) = S
4πr2 δ(r)



2 Bessel functions

Jn and Yn are Bessel functions, In and Kn modifioied Bessel functions. Jn

and Yn have infinite number of zeros, In increases monotonically, and Kn

decreases monotonically. At the origin and infinity the functions behave as
follows:

J0(0) = 1, Jn(0) = 0 (n 6= 0), lim
x→0

Yn(x) = −∞

I0(0) = 1, In(0) = 0 (n 6= 0), lim
x→0

Kn(x) = ∞

lim
x→∞

In(x) = ∞, lim
x→∞

Kn(x) = 0.

For derivatives:

d

dx
(xnKn(x)) = −xnKn−1(x), for others

d

dx
(xnZn(x)) = xnZn−1(x)

I ′0(x) = I1(x), for others Z ′

0(x) = −Z1(x)

In(x)Kn−1(x) + In−1(x)Kn(x) =
1

x

3 Integral theorems
∮

∂V
F · dS =

∫

V
(∇ · F) dV (Gauss theorem)

∮

∂S
F · dl =

∫

S
(∇×F) · dS (Stokes theorem)

4 Coordinate systems and differential operators

Rectangular coordinates (x, y, z)

∇u =
∂u

∂x
ex +

∂u

∂y
ey +

∂u

∂z
ez

∇ · F =
∂Fx

∂x
+

∂Fy

∂y
+

∂Fz

∂z

∇× F =

(

∂Fz

∂y
− ∂Fy

∂z

)

ex +

(

∂Fx

∂z
− ∂Fz

∂x

)

ey +

(

∂Fy

∂x
− ∂Fx

∂y

)

ez

∇2u =
∂2u

∂x2
+

∂2u

∂y2
+

∂2u

∂z2



Cylindrical coordinates (r, ϕ, z)










x = r cos ϕ
y = r sinϕ
z = z











r =
√

x2 + y2

ϕ = arctan y
x

z = z











ex = er cosϕ − eϕ sinϕ
ey = er sinϕ + eϕ cosϕ
ez = ez











er = ex cosϕ + ey sinϕ
eϕ = −ex sinϕ + ey cos ϕ
ez = ez

PSfrag replacements

x y

z

z

ϕ

r

eϕ

er

ez

∇u =
∂u

∂r
er +

1

r

∂u

∂ϕ
eϕ +

∂u

∂z
ez

∇ · F =
1

r

∂(rFr)

∂r
+

1

r

∂Fϕ

∂ϕ
+

∂Fz

∂z

∇× F =

(

1

r

∂Fz

∂ϕ
− ∂Fϕ

∂z

)

er +

(

∂Fr

∂z
− ∂Fz

∂r

)

eϕ +
1

r

(

∂(rFϕ)

∂r
− ∂Fr

∂ϕ

)

ez

∇2u =
1

r

∂

∂r

(

r
∂u

∂r

)

+
1

r2

∂2u

∂ϕ2
+

∂2u

∂z2



Spherical coordinates (r, θ, ϕ)










x = r sin θ cos ϕ
y = r sin θ sinϕ
z = r cos θ











r =
√

x2 + y2 + z2

θ = arccos z√
x2+y2+z2

ϕ = arctan y
x











ex = er sin θ cosϕ + eθ cos θ cos ϕ − eϕ sinϕ
ey = er sin θ sinϕ + eθ cos θ sinϕ + eϕ cos ϕ
ez = er cos θ − eθ sin θ











er = ex sin θ cosϕ + ey sin θ sinϕ + ez cos θ
eθ = ex cos θ cos ϕ + ey cos θ sinϕ − ez sin θ
eϕ = −ex sinϕ + ey cos ϕ

PSfrag replacements

x

y

z

ϕ

θ r

eϕ

er

eθ

∇u =
∂u

∂r
er +

1

r

∂u

∂θ
eθ +

1

r sin θ

∂u

∂ϕ
eϕ

∇ · F =
1

r2

∂(r2Fr)

∂r
+

1

r sin θ

∂(Fθ sin θ)

∂θ
+

1

r sin θ

∂Fϕ

∂ϕ

∇× F =
1

r sin θ

(

∂(Fϕ sin θ)

∂θ
− ∂Fθ

∂ϕ

)

er +
1

r sin θ

(

∂Fr

∂ϕ
− sin θ

∂(rFϕ)

∂r

)

eθ

+
1

r

(

∂(rFθ)

∂r
− ∂Fr

∂θ

)

eϕ

∇2u =
1

r2

∂

∂r

(

r2 ∂u

∂r

)

+
1

r2 sin θ

∂

∂θ

(

sin θ
∂u

∂θ

)

+
1

r2 sin2 θ

∂2u

∂ϕ2
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