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1. Find the most likely hidden state sequence => Viterbi
algorithm

2. Estimate the emission and transition probabilities of the
HMM => Viterbi training v/

3. Determine the probability of a sequence s given the
HMM model => Forward algorithm

4. Determine the probability of being in state k at position i
=> Posterior decoding
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Forward, Backward & Posterior decoding
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calculate the probability P(s) of sequence s, given
by our HMM

Sum over all possible hidden state paths (set IT) that
could have been used to generate s:

P(s) = z P(s, 1) = z P(s|m)P ()

ell ell
Exponential sum, cannot enumerate over all state paths!
Again, we will define a problem,

and fill a table of

F. (i) = P(s;...s;, Ty =K)
Probability of emitting the prefix s,,...,,s;and ending up in
state k
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The Forward Algorithm — derivation

F, (i) = P(s;...s;, T, = k)
=%, P(s;...5, Ty = 1,1, =k)
=2 P(s1...81.0 My = 1) P(my = K|, = 1) P(si|m = k)
=% P(sysig,mig = 1) T Ex(sy)

=E(sp) 2 Fi(i-1) Ty

« Sum over all possibilities of emitting s,...,s;.; ending up in state I,
and then making a transition from I to k, and emitting s;
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Fr(1) = E(sp) L Fi(i-1) Ty

Dynamic programming
formulation:

— table F of size m X n where:

« m=num of hidden states

* n=length of the observed
sequence
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(first column)
F(k,1) =1/mE,(sy), forallk >0

all k, and for all i=2,...n

(sum all the values
In the last column)

P(s) =%, F(kn)

Difference to Viterbi: replace
max with sum



Forward at th

e Casino

forward <- function(s, T, E) {

n.states <- ncol(E)

F[,1] <- 1 / n.states * E[s[
for (i in 2:length(s)) {
for (1 in 1l:n.states) {
F[1,i] <- sum(F[,i-1] *
F[1,i1] <- F[1,1] * E[s[i
3
}

prob <- sum(F[,length(s)])
res <- 1list()
res$fprob <- prob

res$F <- F

return(res)

F <- matrix(rep(0, n.states *

length(s)), nrow = n.states)
11,1

7LD
1,11
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0.7
1110

0.7
1:1/6
2:1/6 | 03 2:110
3106 3110
4:1/6 03 4110
5:1/6 —— 5110
6: 1/6 6. 1/2
Fair Loaded
> T
[,11 [,2]
[1,] 0.7 0.3
[2,] 0.3 0.7
> E
[,11 [,2]
[1,] 0.1666667 0.1
[2,] 0.1666667 0.1
[3,] 0.1666667 0.1
[4,] 0.1666667 0.1
[5,] 0.1666667 0.1
[6,] 0.1666667 0.5




0.7

0.7
1:1/6 1:110
2:1/6 | 03 2:110
3106 3110
* Initialization 4106 | g [ 41110
[T [T
516 — 5110
F(1,1)= Ep,,(s;) 0.5 = 0.1667 * 0.5 = 0.08335 61| |6 1
F(2,1)=E .404(51) 0.5=0.1*0.5=0.0500 Fair Loaded
> T
[,11 [,2]
[1,] 0.7 0.3
[2,] 0.3 0.7
> E
[,1] [,2]
[1,] 0.1e66667 0.1
[2,] 0.1666667 0.1
[3,] 0.1666667 0.1
[4,] 0.1666667 0.1
_— [5,] 0.1666667 0.1
113221236666 [6,] 0.1666667 0.5
> forward.res$F
1] [,2] [,3] [,4] [,5] [,6] [,7] [,8] [,9] [,10]
[1, 0.01222222 0.0017259259 0.0002406914 3.342288e-05 4.634329e-06 6.422555e-07 1.452416e-07 4.637090e-08 1.679837e-08
[2, 0.00600000 0.0007866667 0.0001068444 1.469985e-05 2.031676e-06 1.406236e-06 5.885209e-07 2.277686e-07 8.667463e-08
> forward.res3fprob
[1] 1.03473e-07

F(ki) = E.(s) 2, F(Li- 1) Ty,
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1:1/6 :110

ARENES
« Compute F(1,2) g: 15 — éHB
« For clarity, we'll use informal notation F(fair,2) for F(1,2) 4106 | g | 4110
_ _ 5:1/6 — 5110
* F(fair,2) = P(sy,s,, T, = fair) 6:1/6 6 112

— Efair(sz) 21 F(l,l) Tl,fair Fair Loaded
=0.1667 [F(falr,l) Tfair,fair + F(lcaded!l)Tloaded,fair] T

[,1] [,2]
=0.1667[0,0833 * 0,7 + 0,05 * 0,3] = 0.0122 E%j 05 07
(.11 [,2

[1,] 0.1666667

]
0.1
. - . [2,] 0.1666667 0.1
And so on, until the table is filled.. [3,] 0.1666667 0.1
[4,] 0.1666667 0.1
= [5,] 0.1666667 0.1
[113221236666 [6,] 0.1666667 0.5
> forward.res$F
[,1] 2] [,3] [,4] [,5] [,6] [,7] [,8] [,9] [,10]
1,1 0.08333333* 0.0017259259 0.0002406914 3.342288e-05 4.634329e-06 6.422555e-07 1.452416e-07 4.637090e-08 1.679837e-08
[2,] 0.05000000 O.0UBU0000 0.0007866667 0.0001068444 1.469985e-05 2.031676e-06 1.406236e-06 5.885209e-07 2.277686e-07 8.667463e-08
> forward.res$fprob
[1] 1.03473e-07

F(ki) = E.(s) 2, F(Li- 1) Ty,
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07 0.7
1:1/6 . 1: 1110
« The probability of the full sequence s: e b
P(s) = F(fair,10)+F(loaded,10) £106 | g5 | 4110
. . . . 5: 16 —— 5 110
* Note: working with logarithms is not as 6 106 & 10
straightforward as with Viterbi (logarithm of a sum Fair Loaded
does not simplify).
. = = = > T
 For an algorithm that deals with this issue, see 0 Y L2
e.g., Bishop: Pattern Recognition and Machine 2.3 03 07
Learning, Ch. 13.2 (not required on this course). [1.] 0.1666867 B.1
[2,] 0.1666667 0.1
[3,] 0.1666667 0.1
[4,] 0.1666667 0.1
>S5 [5,] 0.1666667 0.1
[11 32212366266 [6,] 0.1666667 0.5

> forward.res$F

[,1] [,2] [,3] [,4] [.5] [,6] [,7] [.8] [,9]
[1,]1 0.08333333 0.01222222 0.0017259259 0.0002406914 3.342288e-05 4.634329e-06 6.422555e-07 1.452416e-07 4.637090e-0&K1.67 -08
[2,] 0.05000000 0.00600000 0.0007866667 0.0001068444 1.469985e-05 2.031676e-06 1.406236e-06 5.885209e-07 2.277686e-0%38.6 e-08

> forward.res$fprob
[1] 1.03473e-07

F(k,l) = Ek(si) 2l F(lrl - 1) le
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We want to compute the probability of state k for
position i given sequence s: P(m;, =k | s)
— e.g. “During i'th roll Casino was using the loaded dice”, “Nucleotide s, belongs to an
ORF”

— This is different from computing the most likely path =, =, by Viterbi

« We compute the result by splitting the sequence into two parts and computing
the probabillities of prefixes and suffixes of s, such that the hidden state at
positioniisk: P(m =k, s) =P(s;...s, 1, =Kk, 5,,1...,)

= P(s1..5 T, = K) P(541.:5, | 5105, T = K)
= P(sy...8, T = K) [P(Sj41..8, | T = K)
Forward, F,(i) Backward, B(i)

* Then,
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he Backward Algorithm — derivation

Define the backward probability:
B, (i) = P(siz1.:S, | 1 = k)
= L P(siy1,Sit2 - Sp T =1 | 1 =K)
=X P(Si11,Si42 oo Sp | My = 1) Py =1 1y = k)
=2 P (S0 05, [ = D P(Sigq | My =D Py =1 = k)

=X E(si31) Ty B)(1+1)
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The Backward Algorithm

We can compute B, (i) for all k, i, using dynamic programming

 Fillin atable B of size m X n where;:
— m=nr of hidden states

— n=length of the observed sequence

Initialization:
B(k,n) =1, for all k

lteration: (backward from position n to 1)
B(ki) = 2 E/(5;41) Tig B(Li+1)
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. B(ki) =2, Ei(siz1) Ty B(Li+1)
Backward at the casino

0.7 0.7
1:1/6 1110
2:1/6 | 9330 2:1/10
backward <- function(s, T, E) { 3106 3110
4:1/6 03 4110
n.states <- ncol(E) 5 1/6 M— 5 1/10
_ 6:1/6 6 1/2
B <- matrix(rep(0, n.states “ length(s)), nrow = n.states) il Loaded
B[, Tength(s)] <- 1
. T
for (i in seq(length(s)-1,1)) { >
[,1]1 [,2]
for (k in 1l:n.states) { (1,1 0.7 0.3
B[k,i] <- sum(E[s[i+11,] * B[,i+1] * T[k,1) (2,1 0.3 0.7
} > E
[,1] [,2]
} [1,] 0.1666667 0.1
[2,] 0.1666667 0.1
res <- 1list() [3,] 0.1666667 0.1
resiB <- B [4,] 0.1666667 0.1
[5,] 0.1e66667 0.1
} [6,] 0.1666667 0.5
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B(k,i) = 2, E\(s;y1) Ty B(Li+1)

0.7 0.7
1:1/6 0 1110
Ce . . 2106 | 22 22110
* |nitialization 116 1110
. 4‘ 1 E' [}3 4: 1'1[:]
B(1,n)=F(fairn)=1 5106 M—— 5110
6:1/6 6 12
B(2,n)=F(loaded,n)=1 — -
Fair Loaded
> T
[,1]1 [,2]
[1,] 0.7 0.3
[2,] 0.3 0.7
> E
[,11 [,2]
[1,] 0.1666667 0.1
[2,] 0.1666667 0.1
[3,] 0.1666667 0.1
[4,] 0.1666667 0.1
[5,] 0.1666667 0.1
[6,] 0.1666667 0.5

> 5
[1] 32212366¢6%6
> backward.res$B
[,1] [,2] [,3] [,4] [,5] [,6] [,71 [,8] [,9] [,10]
[1,] 8.623071e-07 6.208959e-06 4.450478e-05 0.0003147900 0.002138403 0.01265679 0.03362963 0.09111111 0.2666667 1
[2,] 6.322813e-07 4.597620e-06 3.389115e-05 0.0002593093 0.002176988 0.02205926 0.05822222 0.15333333 0.4000000 EEEEE

A 4
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B(k,i) = 2, E\(s;y1) Ty B(Li+1)

0.7 0.7
1:1/6 0 1:1/10
. 2106 | 22 22110
« Recursion, for example: 2116 2 110
. . 4:1/6 4110
B(fair,7)= P(sg,....510| m; = fair) 5116 M= 5: 1/10
. 6:1/6 6 112
=TfainloadedEloaded(S8)B(loaded'8)+ Tfair,fairEfair(SB)B(falrr8) Fair Loaded
=Tfair,loadedEloaded(6)B(loaded'8)+ Tfair,fairEfair(6)B(fair'8) _—
=0.3*0.5*0.1533 + 0.7 *0.1667 * 0.0911 e Eélg [62%
=0.0336 £2I:E] 0.3 0.7
[,11 [,2]
[1,] 0.1666667 0.1
[2,] 0.1666667 0.1
[3,] 0.1666667 0.1
[4,] 0.1666667 0.1
[5,] 0.1666667 0.1
[6,] 0.1666667 0.5

> S
[1] 322123666F¢6
> backward.res$B

[,1] [,2] [,3] [,4] [,5] [,6] [,8] [,9] [,10]
[1,] 8.623071e-07 6.208959e-06 4.450478e-05 0.0003147900 0.002138403 0.0126567€¢ 0.03362963)0.09111111 0.2666667 1

[2,] 6.322813e-07 4.597620e-06 3.389115e-05 0.0002593093 0.002176988 0.02205926 0.US8 2 0.15333333 0.4000000 1
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P(m=k|[s)=
We can now calculate

P(r, =k, S)IP(s) =
Fi(1) By (1) P(Sy s Sy = K, Sy - S.) | P(S) =

P(Tti == k | S) = ———.—
p(s) P(Sys -5 Sjy 1= K) P(Sisq, --- Sy | 1 = K) I P(S) =

F(i) Be(1) / P(s)

Posterior Decoding now gives the most likely state at position i of
sequence:

* = argmax, P(m, =k | s)
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« We have now 2 methods for decoding:
— Posterior decoding
— Viterbi algorithm

* Which is most appropriate?
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* For each state
— Posterior Decoding gives us a probability distribution for the
state at each position
— This is sometimes more informative than Viterbi path ="

» Posterior decoding takes into account all possible paths when
determining the most likely state

 Viterbi method only takes into account one path, which may end up
representing a minimal fraction of the total probability
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Posterior Decoding

S Sy 53 tiiiiitie et S,
State 1 ;"\\/\ /\_\
| - / N

| X )

P(mi=k|s) =2.P(n|s)1(m=kK) 1(y) = 1, i  is true
=2 {mnfi] = k} P(TC | S) 0, otherwise
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HMMs for sequence alignment
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« So far, we have used HMMs to detect certain
regions from a single sequence

« HMDMs can also be used for sequence alignment

tasks
can be used to find high-scoring alignments
between two sequences, allowing gaps
can be used to model a multiple alignment
of a set of sequences
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Pair HMM

* Given 2 sequences X and
Y, we want to identify
their alignment

e Pair HMM consists of

— Begin and End state
which do not emit
symbols

— Three normal states

M (match)

« X(gapinY)

* Y (gap in X)
X TAG-CTATCAC--GACCGC-GGTCGATTTGCCCGACC
Y -AGGCTATCACCTGACCTCCAGGCCGA--TGCCC—--

XXMM Y MMMMMMM Y ¥ MMMMMM Y MMMMMMMX XMMMMMX XX
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Pair HMM - Transitions

* Transition from M to X
(resp. Y) opensagapinY
(resp. X),

« Transition back to M closes
the gap

— O ~ open gap probability
— & ~ extend gap probability

X TAG-CTATCAC--GACCGC-GGTCGATTTGCCCGACC
Y -AGGCTATCACCTGACCTCCAGGCCGA--TGCCC—---
XXMM YMMMMMMM Y Y MMMMMM Y MMMMMMMXXMMMMMX XX
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Pair HMM - Emissions

« State M: emit (b,b’) with
probability E,(b,b’)

- State X: emit (b,-) with
probability E_(b,-)

e State Y: emit (-,b’) with
probability Ey(-,b’)

(OO |>|m

Ey

X TAG-CTATCAC--GACCGC-GGTCGATTTGCCCGACC
Y -AGGCTATCACCTGACCTCCAGGCCGA--TGCCC—---
XXMM YMMMMMMM Y Y MMMMMM Y MMMMMMMXXMMMMMX XX
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Pair HMMs — Finding Optimal Alignment

A state sequence st from begin to end state that emits x
and y gives an alignment for them

— Transition and emission probabilities give the probability of the
alignment

* The best alignment of two sequences corresponds to the
most probable state sequence

n* = argmax _ P(x)y, n)

« (Can be computed by the Viterbi algorithm

X TAG-CTATCAC--GACCGC-GGTCGATTTGCCCGACC
Y -AGGCTATCACCTGACCTCCAGGCCGA--TGCCC—---
XXMM YMMMMMMMY ¥ MMMMMM Y MMMMMMMX XMMMMMX XX
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Viterbi for pair-HMMs

. [ (1-28) Vy(i- 1, - 1)
V(i J) = Ep(x;, ) max (1-€)Vy(i-1,j-1)

(@-e)Vy(i-1j-1)

Vy (i, ) = Ex(x) max [ 8 Vmli-1,])
1 eVx(i-1,))

Vi, ) =Ey(y) max [ 8 Vmlii-1)
L e V(i j- 1)

X TAG-CTATCAC--GACCGC-GGTCGATTTGCCCGACC
Y -AGGCTATCACCTGACCTCCAGGCCGA--TGCCC---
XMM Y MMMMMMMY ¥ MMMMMM Y MMMMMMMX XMMMMMX XX
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Full model

« The complete model should also contain the transitions
between the begin, end and normal states
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V@Aﬂ?2 @3 ©41 ?5&@@7

— HMM transition to a match
state ~ NW diagonal move

NN — HMM tr. to Y state ~ NW
horizontal move

| — HMM tr. to X state ~ NW
vertical move

— HMM Emissions ~ NW
substitutions

(S}

DN N D

&n
<

*

s = @ =5 X

=

= - o
L
zZ> >
Z N

— HMM transition and emission
probabilities can be trained

— NW substitution scores fixed

Z > >
=z - o
< N
= 0O O
>
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Profile Hidden Markov Models

Aalto University
School of Science
] 30



* In functional genomics the goal
IS to annotate the genes by
their function (e.g. catalysis of a
biochemical reaction)

* In principle, possible functions
of proteins are determined by
their 3D structure

« 3D structure is in principle
determined by the amino acid
sequence l

« Consequently, the amino
sequence should determine the | Y
function e
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From Sequence to Structure to Function
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However, predicting the 3D
structure of a protein (aka Protein
folding problem) from the amino
acid sequence is extremely
difficult

— Not fully solved yet

Also, predicting the function from
the 3D structure is not easy

— Require molecular simulations run
on supercomputers l
A shortcut is offered by Hidden v o
Markov Models m T

32



Profile HiIdden Markov Models

ITH L .

* Protein families: S
— Sets of related sequences and  :iimen, nn o Ll L e

4 OPE0WS_POPTR/A30-146  65.8%
S LAC10_ARATH/30-146 T0.15

Stru Ctu reS & LACA_RRATH/52- 145 70.9%
? LACA ORTZI/36-152  71.8%

& DHEAD_LOLERA37-155 69,23

9 OSAUT4_PINTA/36-152  66.7%

— Diverged from each other in AR
11 QPAULIG_FINTAAS9-155 6675
12 TAC2_ARATH/35-151 &5 . 4%
13 Q9zZ0W2_PFOPTRA41-1%57 &0.7%

their primary sequence during  juimmece o

evolution A
— Some regions are more

conserved than others

«  Profile HMM is tailored to the d,
family

T
T
T
i
L
™
T
-FLE!
-H I
.

i i 7
— Dby defining the HMM structure ( : % o
. e
to match the family Mo m, m; e M - M

— by training the parameters with Figore 1. The model
the sequences of that family
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 We construct a HMM of a set of
proteins that share a function or
structural regions (called
domains)

« This model can be used to give a
for each new protein
sequence to share that same
function or domain

« The same sequence can be
tested against a large set of
HMM models

— high probability by a HMM
indicates that our new sequence

may share the domain or
function modeled by that HMM
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1 IAC11_APATE/51-147 100,05

2 LACZ_ORY3J/54-150

3 O9AUIO0_PINTA/32-145
4 09Z0W3_POPTRF30-146
S LACLO_APATEL/30-146
& LACA_ARATH,GZ2-145

7 LAC4_ORYSJ/36-152

& OSHSAOD_LOLERFST-153
9 09AUI4_PINTA/56-152
10 O9AUI1_PIHTHA41-156
11 09AUTE_PINTASS9-155
12 TAC2 ARATH/GS-151

13 09E0%2_POPTRS41-157
14 TAC17_ARATE/S0-146
15 024042 _LIRTU 42-155
1A NANAT T T 9148

TE.15
7095
65 .85
70015
T0.9%
7l.6%
£9 2%
1]
£5.0%
-1
£5 . 4%
60,75
62 .45
65 .05
A% 9

d
iy iy »5 i» 9% i Wl iy
2
)\. .
7 {idmg
’72‘?,9
My my My [Tmgmy| M3 My

Figure 1. The model.




Example: zinc finger domain

« Typically it functions as interaction
module that binds DNA, RNA,
proteins, or other small, useful
molecules

« Several variants exist, one of which
IS depicted above right

« Below right a protein with three zinc
finger domains embedded

Aalto University
School of Science
a 35



Example: zinc finger domain

« Part of the multiple alignment of
proteins containing the zinc finger
domain is depicted below

« The full alignment has 194 proteins
* A profile HMM can be trained to

1 SRYC_DROME/358-380  100.0%

recognize new members of the 2 ML BN/ 44146 33,38
. ] HPIN_HENLMlE?B-l!QB 26,18
famlly 4 YPIN KENLA/1044-1066 43,59
] § ENE'?B_HUMMUEES-]M 40,08

— Does not require 3D structure € (2 DROVE/401-423 47,88
1 IHEE'l_HOIJSEflM-lE-B 47,84

8 EVI1 HUMAN/131-154 17.54

 PFAM database contains a large oW CHEL/ATR B

10 SUHW_DROAN/343-373 2.0

number of profile HMMs for L B BN/ L5

12 ADR1 YEAST/104-126 10.48

different structural and functional 13 S0 CABEL/2E800 47,6

: : 14 SDC CABEL/145-168  33.38
domains or motifs 15 KRUH DROME/299-321 4358

16 TTKB_DROME/538-561 41,78
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« Correspond to the columns of the  ...meir wo * bomen

2 LACZ_ORI3J/34-150 7615
. . 3 Q9AUTO_PINTRA32-145  70.9%

I I |U tlp e a Ignl I lent 4 OSZOWS_PORTRAS0-146  65.85%

5 LACL0_ARATH/S0-146  70.1%

& LAC4_RRATH/32-145 70,95

. 7 LACA_ORTZJ/36-152 71.8%

° & OSHOAD_LOLERA3F-153  69.2%
UI II er O “Ia C S a eS pIC e 9 O9AUI4_PINTRAS6-152  66.75

10 09AUI1_PIHTAA41-156  &5.0%

- 11 O9AUIE_PINTASS9-155 66,75
using expert knowledge e.g g
. . 13 QREQWZ_PORTRA41-157  &0.7%

14 TAC1T_ARATHS0-146 62 45

15 024042 _LIRTU/42-158  £5.0%

] A

— average length of sequences in e ——
the alignment

— number of columns that contain
at least 50% non-gap symbols

* Initial emission probabilities can
be computed from the multiple
alignment: Figure—t—Fhemmodet

— For each amino acid, count the
times it appears in each column
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allow the profile
HMM to model symbols in the
sequences that do not match
the model
— aligning a symbol in sequence
to a gap in the model
allow the profile
HMM to model symbols deleted
from the sequence
— aligning a gap in a sequence to
a symbol in the model

A9 Aalto University
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Summary: Building Profile HMM topology

(a) Sequence Alignment

Seq 1 S—>—3k (& = G e 3
Seq 2 5——T C A C A—— 3
Seq 3 5—=—T G A G T —>— 3
Seq 4 5—>—T C A C - —— 3
Seq 5 5—>—= C A € T—— 3

(b) Ungapped HMM @
(Star—qM, 4@ M 4}& M End M,| Match states

() Profile-HMM

Match states
Start | | | [ l ' End @ Insert states

1 M, M M, Ms @ Delete states
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