


-• v - etf =L
• - -n-cydet-qpyfy.mg#. i. particular.

$-0
the numberSAME GRAPH -

↳
of faces in

• a plane graph•

only dependlmaoo.
o. the underlyingNo f - cycle face. comb

. graph .

So the set of face cycles
depends on

the drawing .

÷¥.
If G is planar 3-corn

,

then a cycle C bonds a
face ⇐ C is induced

and
non

-separating
"

Co :
"

3-corn planar graphs can essentially
only be drawn in one way

"

.



I - boarding ⇒ Induced :
X

' '

a:÷÷
.

.*,then
.

I
"onus:b
,.ie

0%
"

⇒ {x.y} separator . a
Face - boarding ⇒ Non -separating :

if%Ea.ms: ⇐⇒¥ .
then all 3 path, ne's u

would
go through C

, then
they would intersect E

-←d& non
- separating .

÷. : ¥÷÷÷÷.
(so non

- induced
. separating



K-

wings :

r M✓→{I . . - k}
• £1 or

at if IT •
'

v

un EE ←
then glultycr) • •

NOT

chromatic number €61 ??

Fine I to '
smallest number k o_O

s.tbhasak-colowiy.laother words
, partition V

into k independent sets
.

do) : site of largest ind. set
w (GG) : size of largest clique .
Note : A clique QQ intersects an

ind . set I in O or l pts.



Ex : Xlkn)" - n
•K¥4.

.

↳

of.pukk X(B)⇒ 2

:÷€⑥.•

If 101=661 • •

na . stfu,XCcnl={3¥ : :B
.÷:÷h⇐*:*:* .E y •to

.⇒•*•.
' t.IE.

- =

"

a
:D: EM#Mhaaa¥*odd cycle, of length HUH ⇐ * a

75
. ) :{ ya ⇐

''

# colors "



Greekycoluwiy.ly £

Order nodes
4 µ

arbitrarily . ¥1616
For i =L

. . . n

{
BO

gli ) = min {colours not used on Nci)}
-

-

-
-

i

-
at most dce)

forbidden
colours

,

soylilsdh.lt#,So X(G) E. ⑥ (G) + I
T

maxtegree.ybrookst-heoren.IE
G not complete, not odd cycle,

thenXCGs0
⑥cleverordeiag)



In : Every planar graft is

4- colorable
.

Proof by exhaustive computer search
in the 70 's

.

Still no nice proof.

tho: Evey plan- graph isE-qfogfhk.FISome vertex lvofdeg-ee-5.my
-•cs Assume

rat:¥ei
.

If only 4czohoa.ec
,
colour, used

/ I on NH
,

then use

''fifth colour on r.

Now assume n' bows use colours
9 . . . Cs , bordered around ✓

clockwise
.



Denote H = G( colours is &j)
in the corn

. comp Ba
-of H

, containing co,

is
. .gg#mqOI..--oe.q;

s:&.. .,k.YiiThis leaves ¥#
colour 3 unset A

there " Ney
is a path from us to u

,

in His
.

But Then We would be separated
from k

,
in then

,

so I can changecolours in the Hey - component of
Va

, leaving colour 2 to N
- Dq



Greedy af can be arbitrarily
bad : a e

⇐

"÷.i÷÷¥¥÷.÷.
O O

'

Greedy Ig uses n colours

Xt

th (Erdos)
For

any
k
,
l FEIN

,
there exist

graphs with girth
(chron . # zkk
test cycle length .

""

G can have large X even if
it looks like a tree locally

everywhere "



"

PI
"

Let 6=64.pl have

vertex set {I - - an}
& edges EEwith prob. p

independently *T¥e
for All pairs

with prob → I o o

n-20

this graph la,
¥

n

XD 7*27 k.

and ⇐
'Z short cycles ( ee )

Take such a graph , delete
.

⑦ ne node from each shortcycle
.

left with 77 nodes
ng-



"

when is graph colouring purely local
"

• When is X(Al) =w(H) for
all MEG ?
/

Suchgraphs areinduced
called perfect.

• Weak Perfect Graph Theorem
-

G perfect ⇒ E perfect
(prove on monday)

•$troy PGT
-

G perfect⇐ 6 has no induced
Cn or I

where n 75 odd
.



5- colour theorem in la

Carsten Thomassen
#

If in a plane graph , every
node ✓

has a list f allowed

colours s.tt
.

- ICHI e5
• I dulls 3 if

•F¥•÷¥÷d¥i¥¥÷÷¥÷n÷TO Cly) = {23 if
•-•t• ×

,y
Assume why two given

triangulation n'bows onµ(except outer then piffle, Ia-

face
.) graph colouring where

each note gets a colour
from his list

.



S

Comment
or

outer
a-

""n : ÷÷÷÷÷÷÷÷÷÷÷÷. ::÷÷:
length 3h

•b longest a-b -path
1k

-
Recall : X chromatic number

is truly a global invariant
for example Erdos theorem :

there are graphs with huge
girth and huge chromatic #

.

"

Graphs G where X is a local invariant
"

XCH) = alle ) for all HEG
induced

are called perfect
- •



SPIT G perfect
⇐

G has no
induced Cn or I

for n 75 odd

FITT

Edge

,

•D HEY
,
}

"

÷÷÷. ÷.ie#*....
#• OH

•.
.••

.

w(C.) = 2 if n >4 WC = KEI
Nat --f} T.T.xccit.FI

so Cn
,
I not

perfect if n75
odd

.



Examples of perfect graph,
-
• Graphs with no edges .

.
÷

• (G)=l=XCD
• Bipartite graph'

g,would -1=41
:#ooo.

• Comparability graphs (of partially
ordered sets)
④a.÷÷i*÷.. .

""

• •

id l oooo oooo

w (Gp) = height of P
( length of the
longest chain )

X(Gpt height (colour vertex
✓ C- Gp by colour i

if it has a chain of length is

below it (but not of length it)



Operations that preserve perfectness :
i) Replicating a vertex ( if G -

- CEE)
.

well
, O

'

-_µuH3 , Eva:{I;guEE§
A

'

Fff: By induction on size
, enough to

-

show XCG.ME www.)
.

Case l : If u in some max size

clique ef G
,
then

we = coco) # I
11

XCGITI
V1

case 2 : if u

#(G ')
not

in
any Max

site clique of G .

WCG 't WCG)
.



G '

Bad G
'

¥••. Effi.in ¥o-q .

Let A be the colour class of

✓ in some w
.

-colouring of G .

F-her G
'
-A is perfect and has

clique number E w (G) - l . (because
every

w -clique, intersects - v

in G

G
'
- A can be Col - l) - coloured

,

add A for one more colour
,

get a XCG) - colouring of C#



2) If G perfect H perfect,
squattingGNH clique

ther Gulf perfect
G-CbJ H -- Ks

i¥:-#
Pf:

¥i"
L induced subgraph of Gutt ,
show XCL)= cell ) .

is

Max (www.wlhnGD
Colour LNG with w(Lack colours -
wlog use colours I

. . .

k (injective)
on Lncntt

.
Colour Ln H w

wknd
colours - why use colours 1

. .
.

k
on
Labatt



This colour, the union L -

-←go
(combined)

(Lnm)

with
max wknd

,funnel)
colours

.

XX
-

Def: The class of chordal graphs
are defined by :

• Complete graphs are chordal
• If G. H chordal

,
Gatt sep. clique

then Gutt chordal
.

In particular , chordal grapple'sfeed
.



Prop : TFAE ÷ - G chordal
-

he ! re I • All minimal
i

o u separators are
u a
i , cliques^

E
J n

• All induced cyclest

are triangles.
Proof : by induction on 161

.

IT

WPGFF :&
.

G perfect ⇒ I perfect
e e r h
a I a e

ke P o

.

c h
e

t m

#

fore: Any poset P can be partitioned
into w chains

,

where

w is the "

size of the largestPf÷fei¥ Get off:{Testing!WPGT

Colouring of EP :
partition into chai?

W (Ip) = w (P) . It



Proof ' of WPGT : roadmap :
C-

• Defining two polytopes
PIG .BE 7¥61 e IR " "

oooo G perfect =3 PI =. P

ea PI =P =3 E perfect .
-

p¥¥ Conk .EE?eii:IeinTgahtg

p
.

¥:*
. ÷:¥i÷¥na÷:

' 44 -- {* c- R*** : ⇐
•
" ⇐ lay?;q}OE X

,
OE Xz Osx

,

X. txzt X> It
.

Certainly PIE P.



Sometimes Pe =P ,
for example

PI(Cs ) # Pleas. )
* c÷÷¥÷÷i.⇐÷.
t

⇐ a : AG perfect ⇒ PICO) -- PK)

Koff : Assume **E PCG) n
Show *EP¥ICG)
Ther ⑤ Loose N s.t

.

µ£¥q•o c

NK = c- zu
- consider the graph Gyg

that has Yi copies of the

q vertex i for alliEVGI.by/--. By replication lemma
, Gy,Is perfect. e. • •


