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Problem Set 3: Solutions

1. Solution
(a) 1. G(z,y) =v*+y—2*=0, (z0,y0) = (0,1). The implicit function theorem
cannot be applied at (zg,y0) = (0,1), because G(xg, yo) = 2 # 0.

2. G(z,y) =2 +y+In(zy) =0, (xo,y0) = (1,1). The implicit function theo-
rem cannot be applied a (zg,yo) = (1,1), because G(zg,yo) = 2 # 0.

(b) L. G(l‘, Ys Z) = $3+y3+23—$y2—1 = 07 (ZL'(), Yo, ZO) = (07 07 1) G(x()vyOu ZO) =0
and %—S(O, 0,1) = 3 # 0, so z can be defined implicitly as a function of g(x, y)
in a neighbourhood of the given point (zg, yo, 29). Thus
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2. G(z,y,2) =e* =22 =22 —y?> = 0, (70,90, 20) = (1,0,0). G(x0,v0,20) = 0
and %(1,0,0) =1 # 0, so z can be defined implicitly as a function of
g(x,y) in a neighbourhood of the given point (zg, yo, z0). Thus

dg 52 (1,0,0)

0" A 1L00)
and

dg g_g 1,0,0

a—y(l’o,yo) = T 961 0,0) = 0.



2. Solution

(a) We want to approximate the value of the function f(zy,xq,x3) = 10x}/3x§/2x§/6
around the point x = (27,16, 64).

1. First, calculate the value of the function at the given point z = (27, 16, 64).

£(27,16,64) = 10 % 27'/3 5 1612 % 41/6 = 240

Next, use total differential to approximate how much f changes around the
given point, when x; increases to 27.1, x5 decreases to 15.7, and x3 remains
the same (i.e. dx; = 0.1, dzg = —0.3, and dxz = 0).

af($1>$2,953) 5f(951,$2,$3) af($1,$2,903)

df =~ 240 d d d
f + f + 8x1 X1 + 8%2 T2 + @(L‘g T3
10 x;/Qxé/G xi/?’xé/ﬁ 5! x}mx;ﬂ
:240—1—?* e drq + 5 * 7 dl’g—i-g* 576 dxs
Ty Lo T3
10 16'/2641/6 271/3641/6
~ 238.046
2. f(27.1,15.7,64) = 10 % 27.1'/3 % 15.7"/2 % 641/ ~ 238.032
3. Now dxry = dry = 0.2 and dx3 = —0.4, so z; increases to 27.2, xo inc-

reases to 16.2, and x3 decreases to 63.6. The approximated value is now
f(27,16,64) + df ~ 241.843 and the actual value of the function is
f(27.2,16.2,63.6) ~ 241.837.

(b) Both = and y increase by 1%, so dx = 2% 0.01 = 0.02 and dy = 3 x0.01 = 0.03.
Thus

df = 22(2,3)dx + == (2,3)dy = 4 x 0.02 4 2 x 0.03 = 0.14.



3. Solution

(a)
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(c) For every t > 0,
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where the second equality follows directly from the proposition at p. 17 of the

slides from Lecture 7.

4. Solution

(a) f(x,y,z) =2+ 5y* + 4xy — 2yz, so the Hessian matrix is

H =

2f
Ox2
0%f
0xdy
0% f
0xdz

82
%Q{z 2 4 0
2f 0 -2 0
022

(b) g(z,y,z) = 100 — 22> —y? — 32 — xy — e*T¥=. Define u := x+y+ 2. The Hessian

matrix is

H =

—4—e* —1—-e" —e
—1—-e* —2—-¢e* —e
—e —e" —e"



5. Solution

Let ¢t > 1 be an arbitrary scale factor. For each production function, the following is
true.

(a) f(x1,22) = axy + bxy

f(txy,tee) = atxy + btag
= t(axy + bxs)

= t f (Zﬂl, 132) .
Returns to scale are constant.
(b) f(x1,22) = ax§ + bx§
f(txy,tes) = at®x{ + bt
= t°(az{ + baj)
= tc f (l‘l, ZL’Q) .

Returns to scale are constant if ¢ = 1, increasing if ¢ > 1, and decreasing if ¢ < 1.

(¢) f(x1,22) = min{axy, bxy}

f(txy,tee) = min{atz, btas}
t min{axy, bxo}
= tf (3’)1, $2) .

Returns to scale are constant.

(d) f (.131, Ig) = max{axl, bl’z}

f (txy,txs) = max{atzy,btxs}
= t max{az,brs}

t f (ZL‘l, ZL’Q) .
Returns to scale are constant.
(e) f(x1,22) = x‘f:vg
f(tey, tey) = t"a%tba)
t“+bac‘1’xg

taer f (xl, 33'2) .

Returns to scale are constant if (a + b) = 1, increasing if (a + b) > 1, and dec-
reasing if (a +b) < 1.



Returns to scale are constant.



