Statistical Mechanics
FO415

Fall 2020, lecture 6
Abrupt phase transitions



Take home... RG

Quikly simulating the coarsening of some random 1D system. The starting configuration has

N = 3° elements. At each step, each set is replaced by the majority vote.
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... percolation ...

"Considering the conductivity and elasticity of this kind of system (with
dimension d > 1), | would expect that near the critical point the elastic
modulus increase faster than the conductivity. .... Thus the elasticity would
start increasing faster than the conductivity near the critical point, when the
correlation length is not quite infinite yet.”

The main argument here is not easy, and depends on the # of constraints as a
function of “p” and the consequences of that for the quantity at hand. In
other words, if you add a bond to a marginally connected structure, what

happens? “Constraint counting”.
https://en.wikipedia.org/wiki/Structural rigidity, and the great JC Maxwell

(This leads us quickly to some poorly understood problems in polymer
physics, granular elasticity, mathematics, and biophysics... in 3D in particular)


https://en.wikipedia.org/wiki/Structural_rigidity

Why bother?

Says Sethna:

Most phase transitions are abrupt. At the transition, the system has
discontinuities in most physical properties; the density, compressibility,
viscosity, specific heat, dielectric constant, and thermal conductivity all
jump to new values. Furthermore, in most cases these transitions happen
with no precursors, no hint that a change is about to occur; pure water
does not first turn to slush and then to ice,! and water vapor at 101 °C
has no little droplets of water inside.?



Stability and metastability

G(T,P,N)=E —TS + PV.

Gibbs: the phase with the lowest
chemical potential p wins.
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Maxwell construction

At constant number N and
temperature T
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Nucleation or critical droplets

Try to go below the phase
transition by a AT — where
does the liquid come to a

gas’?

Free energy difference per
molecule due to the
droplet vs. the cost of the
surface: surface tension.

[One makes here lots of hidden
assumptions... geometry,
surface tension...]
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Fig. 11.4 Vapor bubble. The nucle-
ation of a new phase happens through
a rare thermal fluctuation, where a
droplet of the new phase forms of suffi-
cient size to get it over the free energy
barrier of Fig. 11.5.
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Critical radius

Write the total FE as a function of
R: critical radius and a barrier
height come out of this.

Fate of a droplet depends on... in
particular AT.

This is “homogeneous” (in space)
nucleation, with rate I'.
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Morphology of phases or coarsening

. Y (FCC)  ppnen @' (BCT) Possible positions of

0.8%C 0.8 %C Carbon atoms
/ .
z onfvafrachionrof——
~the siies occupied

FCC =
Austenite )

C along the c-axis

obstructs the contraction

FCC
Austenite
Alternate choice of
Cell

s —
5ty ; . " Tetragonal In Pure Fe after
A% COlltldC'thI) (?t ('a'f"‘ Martensite the Matensitic transformation
12% expansion of a-axis =g

(()‘ BEILSTEIN JOURNAL OF NANOTECHNOLOGY W10,

i Nanoparticle shapes by using Wulff con-

f ] structions and first-principles calculations
\ ,.‘" Georgios D. Barmparis, Zbigniew Lodziana,

‘ | Nuria Lopez et al.

cube octahedron rhombic
Yioo Yiie dodecahedron Beilstein J. Nanotechnol. 2015, 6, 361-368
Vit doi:10.3762/bjnano.6.35

O6 -

Y100=v111 vIOO =Y110 V1|0=v111




Two mechanisms for coarsening

Conserved vs. non-conserved.

Surface tension drives in the latter
the process, resulting in a “RW”-
like scaling. B = Y2.

Fig. 11.8 Curvature-driven inter-
face motion. The surface tension o at
the interface produces a traction (force
per unit area) T = 20k that is propor-
tional to the local mean curvature of
OF the surface x at that point. The coars-

- ening morphology has a characteristic
— Lface (473—32) — 20’!}? lengtc-'h R, 51; it 11:2 a characteristic mean
OR curvature kK ~ 1/R. For non-conserved
order parameters, these forces will lead
to a length scale L(t) ~ t1/2,
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Fig. 11.9 Coarsening for conserved
order parameter. Differences in lo-
cal mean curvature drives the growth
in the case of a conserved order param-
eter. Atoms will diffuse from regions
of high positive curvature to regions of
low or negative curvature. Bulk dif-
fusion dominates on long length scales
(L(t) ~ #1/3); surface diffusion can be
important when the scales are small
(L(t) ~ t1/4). For liquids, hydrody-
namic flow makes things more compli-
cated [134].



Coarsening for conserved systems

Now this is driven by
inhomogeneities in the
chemical potential.
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Take home

We concentrate on Sethna Ch 11 and abrupt phase transitions. The Chapter
is about three things. Why there is metastability (and thus abrupt
transitions), how the metastability is broken (nucleation) and the signatures
such as snowflakes (and their shape due to the growth process). Read the
Chapter and check the particular focus topics from the lecture summary.

The take home problem is as follows. Check the problem 11.9 on snowflake
growth. It argues for the flake to have six-fold symmetry. Now the question
is, a popular claim is that no two flakes have equal shapes. Why is that so? To
have a bit more insight check out the Wikipedia article on snowflakes and a
good site is http://www.snowcrystals.com/science/science.html.



http://www.snowcrystals.com/science/science.html

