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26.10 . 2020 Lecture I mothered on vector space
- -

ILO 3 A beater Skee Bq over a scalar F
-

a. Identify how course is technically is a set where * is defined

implemented
u
,
U
,
we

,
ti UH → VW

÷÷÷÷÷:÷÷÷÷:c :c::: :::::: ÷÷÷.÷÷÷÷:÷:
Hilbert space 4

. V ve V I - VEN s
.

t
.
Vt C-V) -- o

⇒

• Complete inner product space
S
.
a ( b# = ( ab) V

1
. N -

- { Its} is a vector space ever
6 . AV e w ,

when a * f

t
.
al U tu) = CU t au

en scaler field Cl t
- Cathar = avtbv

2
.
There is a scaler predict defined
FHM

en A set . ties , them we here
⇒ we Cen define a norm llxHIEVEH.IT Zoo

HITS# Its , 11459 C- ¢ set
.

ex
.

. Hattie> I ↳ 114111144 Cauchy -Schwarz nee
.

(a) of Its = ( 21443 )
#
s LtlXS* Ex

. . tensile> a ↳ 1144 -111kV triangle inequality
(b) (yl at , t blog> ⇐⑥41 Catti> tbhKD

3
.
All achy sequences converse intoR .

*, I5¥E? ⇐* miso } SEE miss !htis¥e¥'s "! it?i¥"÷¥g
are those elements et

(
not going to ask about this entire

H foe which norm is unity, icy cults -4 exam



Meth
Bra and het vectors -
-

• A functional f acting on spaced
•• we define the Ket vectors as elements )

is a hatpins f : A → ¢as U
,
i. e.
,
Y -

- { wD3 #
• we desire or beer heater 484 IN

through the inner product set .

Lt ITS = ( Iles , Its) c- Cl

- observation : we car identify

each been vector L# l with

a linear and bounded factional f¢6¢
⇒ Riesz representation theorem
← not Sorrento ask about this in exam

tells that for each ft Ille>ER

⇒ There is a one-to-one correspondence

between Hellas} and Te*EELtB



Linewopeeetersoe.AT
is a linear epee

.

onGl

⇒ A- * yes N set
. 0144163 EH,

areI

A- Calf> tbh KS) =# 145+11*03

• we also define notation as !%%tfh
* KID 's AHS It

• It follows that htt , Be LCH) we have
to Its) e- Cto ) IND

Eisenvedresardeiserstate.SI
• Eisen State 14,83 ON related to the

eisenvede KG of operator I c-LCR)
Golf.tk Alya> =] Ha >



28.biz#ectuelI*use
bases to represent operators

2
. Identify the minimal mathematical
structure to describe a Physical
system fronton mechanically

3
.
Differentiate Between a measurement ← moved to Lecture 3
outcome and its expected res value

outedt

we defin the order product 14×61:X-5hL, with, If> ON
S
-t .

ht IX> c-Yl we have

UHD 1125--1434413=24121>
HJ

Bases of Tl . for orthonormal basis ,
-

• a set El -fix CN is cured b-nearly independent Elkie) } we have

•
is: s.is?:oi::::.ci:o:::EtisIc::i--oti4e*?¥÷÷it . -nearly independent set of vectors exists

• The set is ceded complete is f It> Eye
ICKOE s . t . 14 > = Eifel toes
( similarly for infinite -dimensional space)

• A complete set of linearly independent vector} Etta 's
is a basis of N



. Observation for orthonormal basis Eldad} : state us . Vectors
take on

' arbitral HS EN . Tiananmen, El kik}
we have 14 > qq.ci/tqy

end a 145 GN

H Cfml
HS " { celled

"
s:*:c:&:S: ÷÷¥÷k

..

= E. ltenxlemtt)
-
- CE llenxtnl ) HD
-

r

= : I



operators V. s
. matrices
-

.
operation

. let A :c. LCN) and Elks's 525fthound

ftp.nqe.eu#nXlqlA--IAE=fEmltnnXtenDtfEltX*Ycalledk k

smeetneck Hit

:÷::¥:÷¥:*
" f:÷÷÷÷÷÷::-I ft

,

} ! FIE
-

II -) meth on couples Lenius was

f Eef we have Kit EIR

z = X t i 4 ,
I is inss.at

2-
*
s X- it



Adj unsafe talc 14) = ( 143, CHS)
i¥2LH) .

we definite U*
e- C ( its, HD )sit . HHS

,
ht> or

K A) 143=2415143 ) e- ( c# Its
,
its)

we observe that the operetta ⇒ Ct = # t '¢

÷÷::÷÷:::::::t:
Caffs At

Thus it fellows from Rie 57 representative rn n n

theorem that I 14 '> Eye set
.

(AB)
t
'B'At

Lt 't =L felt (14×41)%141/41
This defines also

'

a linear speeder
-

ftIf> = ( KDabeutnotutiontiCHATS fits , AHS) s (Atlas , XD
udsiunsde of I /

⇐ can
#
* / x> ← sometimes dented like this

I



Hermitian weeders

¥
• It is defined Hermitian

IH Its ft

• these Generalized ) spectral
theorem that States that

HittiteHN) I { It CTC
which is a coupletis of N

m'd { ai } 4/2 s
-
t
.

it HIS = are HD

• Thus we can express Its EdieHEXYL
w



Postulates of quantum mechanics
+
weather.IE

a-

I) for each Physical system there exists a corresponding kissed) Hilbert
space

I) reach physical state of this system can be represented by a

b-Verbum state 143 EH
,
where (4/4)=1 * in case et retro

description efta
full system, or
sub Sy ten may be

IT) Fear each measurable quantity of the system A we have described b- I
k Se-celledft E LCH) set . It -_ I density operated

• In an ideal measurement ant measurement outcome equals
be on eigenvalue of t

TEIIII.IT?fcngw...eEiiameanz.ardrecommendingStates { I tha
,
;D n

,

Ej ,
where 9h equals the cineast of degeneracy .\ .

"

It::; ?.IE:44.in?w.esasrs*ae
• The prepabilities obtaining a measurement result can is silver by

( plan ) 's Eileen
,
it 4512 I



-www.vimeo#ww.i.ismeimWEgeqavaesinitiensg.If we measure ar est for IND (us above) ,
the state of the system collapses int

it
'
> ⇐

rites
o

.÷:i÷÷÷:÷:÷÷÷÷:i÷÷÷÷÷
.

I%%fi=ai¥÷Hamiltonian which is typically equal to the total energy
of the system in question

. Thus we have

it 2+14 Ct ) ) = It 1441 > ← Schrodinger equation.ee#etE.wstIEa.thI~~-



2.ll.202olectvrelt.ly = E CE ayy Cfml load
Mik

ILO s
- s q are Kkk = { au Paz)1

. Distennitiote between measurement outcome
and its expectation valve Ln

2
. Identity continues bases for Hilbert spaces p ( ayy
3
. Apply Lagrangian formalism to front.- 2- e physical
systems Variance÷÷÷:÷÷÷÷÷.÷÷÷÷⇒µ⇐:÷÷i÷÷÷÷÷÷÷÷÷ "sKA.AB-ssxltixs.cas.ae#ixs=Ewek-CEaePej2

• Let A be an observable ⇒ I -_Tft
⇒ § { ftp.3 s

-t.LK/dm.-fkm
and Altes = anelka , a.ee/R

⇒

jiiii-i.IE#cueasjtt.EceltD=CEcdlodJtEceaaltD



Continuable
•

÷
" hangs .ge. scenes. mtT*¥s%g⇒s=sare used .

d
' EIN

• let { 142>3 where NOR St
.

Eta Hta> s Sca-al)
- Note that athlete> = Sco) =D
thus I -4ps is normalizable .

⇒ we work with Rigged Hilbert space
that allows these 2 maybe move on

this Actor

- In any case
,
we can use these as

143 = Scalia> das Satan> HD da
q

CE Glatt> = X CL) ← wavefunction

=SHas*xahbd⇐( Skkxtalda) tub , HIXSON
-

• tuegenseueenert Probability as the measurement =I
* ppl

d
'
Add] is deemed by

(d) ← parking
'
da



Quantization of quantum systems : meth Taylor series
- -

clussiaWeenddun_
cos# I -XI T XI - - - -24

• Pick our generalized
y

position to be . The Hamiltonian is defined by

9- -LO HAE g. p - ⑥ =m&↳C{mI2. rigged

÷÷÷÷÷÷÷÷÷÷¥÷÷÷÷÷:*:= insect - Cosa)
e5 ID harmonic oscillator

z
'

qmg 2=4-99-9.2 • Quantization proceeds as fellows :

- the kinetic energy 2
.
operate substitution

is described by tf . Thus we have of → § : yes Tl
,

§ --It
T='qmv2= I met82 - Im ¥2 p-sfije-s.ge ,

f -- ft

• hastens ien is defined as

← E T -D= Inez-02 - { ng e 2. {my? gig
I . Cr

, :# JEFE - off = - it

3.
.

It→ It with the help es 1 .

• Generalized Momentum is defined us ( son above H we have it - II # IIe E-
"I

F- Itis.EE?iiij!a7eiie.eiiiii:......e
.

4
. ithsthbs Its



Lecture 4 math

- Jxfcxyeafcx) ⇒ ⇒ =AIMEE'tILO s
1
.

Neely operator exponential to Stukeley solve
#

2. Differentiate between IhEset eat .

and a general quantum system . we observe that Oct)t Oct)
3 . Represent qubit state on the Bloch sphere

, eilttlb e- i Hhtlh = - I ✓ =
bnitd-ytenporweuelu.fi r

e let Into Eye end It ELCJL) be the ex
.

Hamiltonian . Schrodinger eduction which means by definition the
yields the terror evolution as 0 is unitary
⇒ Has > engl set

. I yet -- e)> = tyco))

and if 2+14 = # HAD ⇒ dtHHH=
-ifIHt§ . Let 44ms} CN be eiserbasis

i÷÷÷÷÷÷÷÷÷:÷÷÷÷÷÷÷÷÷:÷÷:÷÷i¥÷÷÷÷÷:÷÷÷÷÷÷:÷÷¥MI o

=EE79II=iE ⇒ www.eiittitixcos
no

= An ett =CE⇐tntn$§.cm/tnS)-ilIt/zno

• thus HAD - e HKD = E. ( E! Itsy canning
-
⇐ Ict) s I.cm Eiatth Itm>



case of temporal otoeperdest properties of uniform operators
- Eitan
-056inthe screamer equities is obeyed @ ( j, j , )t= Igt¥ s Uj

' 4^4=44051
iaohtctjs # Android

and the evolution is unitary,
⇒ biog is also unitary

• Let 145 , Its eye and GET-1 they

÷÷÷÷÷÷÷÷÷÷÷÷:*:i:¥::÷÷÷÷÷÷:÷÷¥:i÷:*.⇒ into = Ict) Oct)
is equivalent to scared.-su eq. .

= LT 't KS
• Unitary operators can be considered as
rotations ( sometimes Stef lect ios as well)

e±

rsoild OLD for Htt)



Qubit math Let { lYmS3 CM
- -

• t qubit can Refer either to a Physical system span ( { 14ns3) = { ME Cn HDP cm }
er to a mathematical castration . In either case!
it modeled by a two - level lxueutvm 343 -

term
-as fellows i

= Eg Etsy + texel) t
"III

~
N n n

- Let Ms spun { le> , 1133 , new Y, ur
2

rn we ca deep
• My belly describes all possible

and let 's" ethos it,q=←{ (19×91 - texel) this since
States of the qubit where

it just chess og
the Phase

ly > Eyez and 1114511=1 . we can define the et WIESER
qubit States to> = Is>

"÷÷÷÷÷÷:÷÷÷÷÷÷÷
"

it: ⇐man"

is > and led
,
respectively

.

I [ Eg Ig )
. thus It = E

,
19×91 + Egl exel . The tenured evolution is given by

= EqG1gXg1tleXeDlXCtD-e-iHtHtx@D.H ecoles

1- SID

1 = exist#Takes,
e-- ee

- e
,
* CELLED 19451 . etty

* Cergy texel
= e' E Celeste

:{ that,



ltgysfgmsetuabitsomumes.ie# [ To ; , I ;], Eaiaeeijz ,
61*473

- KEENA

•

fifties determine
to the subspace of where E

.

. ,y= {
I

,
Ex EzxFEy*

- T , Eyxz = Ezyx = Eazy
• for exmple

,
a spin is a natured

e, ethewwsse
two - lewd system

,
but confined

(for example in atoms) a Def .

I
-

= text )
• For example

,
non - linear system It s CI- Jt = I Hol

÷÷÷:÷:&? FEE
we
" .÷÷¥:S 's. .

Parliamentary
Desi

. If I exit - 11×11 where 1184=1
of . 8- = eye -9×-1- atzydazbz

Ex - text I -111401

Isil exit - il Nol
properties

9=1 ,
ist -- I.



blogger.int#can always be etnessea as Blech sphere representation

HD s cos e) lost e
'll
sin CON ID
-

f 9polar erste
aairutha angle

• Note that since a global Phase of the State eid
does not affect any measurement out come , lie . )

at it 145=24 If e- idek 145=241eine
'-45

=L eat theirHS ,
we can always choose Ce EIR in ht> --Celeste , ID

• Thus for each state there are *nique
⑦ C- [o, TDT art to c-Eo

,
ZIT) which correspond

to a Point on a unit sphere as shown heres

ex
.

Tut) are rotations at

the Bloch vector



Lecture -That urn result in se
- caved Rabi

oscillation's to be discussed later
ILOS
-

single - qubit safes .

1- Apply tenser Product to construct a
-_ee3

quantum resister of N 9-0545 : t.ge?nowTasgtoee corresponds to E- Ioxhthxoti
corresponds to

2. Identify the constituents a its -3*5×241 ) 'z=HF±
a quantum algorithm . Phase Hie corresponds to BE lexel -11×11

3
. Apply the commutator to identify E (e'I)=2z=Z
conserved quantities ex.:÷:i÷÷÷÷÷÷÷assume that control ever the Hun :L boring • Le 't It> GHz be quantum state

.

g. t
.

It -

- EF Rt) . §
,

where EHR ?"Eiti thus 14> = Colo ) t c, 113 ,
where GµGE
St. 1414-14111E. A jerk 'tIR

. Thus
• thus any unitary evolution I cos (a) It Sinbad the news went probabilities are given

( which is referred to us a single- qubit gate) but

can be impenerteb , for example, say a Pe =p Lol HII
! I cell

control sequence

Ects -- {{if .to a zone
.

P
,
= 12114512=1412--1 - Ic 122

e
,

t 's Eotleo . After applying a quantum gated on ht>

the Probabilities are Siver by
• There are many other woes of course
* Note there is use away to use Po = Ice 101431%2410*1%10143

It - - { Iz c-
EID = ICE 14512

,
where IIs = cities

and apply a seed Tiedt) -- I Sinlwttee ) similarly fer P
,
-_Kitty 2=1514512, were IT > -- Otley



Nor Kronecker product)
2- qubit 543 ten ← tensor product

,
that it , is a bilinear composition-

us qT*h as the two vector spaces (with minimal
• The Hilbert space Ny - Nz Nzc.nstx.at#
is U - dimensional

ar b
- Thus single - qubit operators are Siver by

Al @I and I * Taz ,
wave ftp.2tzejyctts-E?cukSeEETIkSEru

m

Aee 25k¥ ) s :{Let@Ilks on

- Let A' ④Bat c- LCN4) eiii it'
I * E = E c- LENO '

Ti
'

TEE= Ecu Al is @ B

⇒ IF = (tasks @E) a # 5) ④ LIE)
neo

Examples of two- qubit gates-
gate

• we construct the basis for the two - fusil controlled Net where qubit 7
Hilbert space Tey sans is the central qubit and

÷:÷:÷÷÷i÷÷÷÷¥¥i÷÷:÷÷÷:÷L÷÷:÷÷:÷÷÷:÷¥÷÷÷:::*::c.correspondingly
e.
construct the above matrix ref esertations

and E - if④ BE 2CNy ) ( have test at superscripts a) and K)) EX Cret for qubit 1 as target

Hss! " k >
, YYfefgfjadk.s.kz , who Rikers sinai n-qusitsyst.ee ""n÷¥÷tB

= Celeste ,
lol> + cello staging

• Ngu 's TCI
"

@ Jed"④ . . -
④ Ted"

. ht > = elk> = Celaeno> ac
,
lo . . -east . . .

in on
= Ce les t C,

11 > ⇐ Cel 2> T Cz13) n zeroes n- I 2-erases
a %@ - ⇒fI④

④n - is a single- go.it operator
MY ¥ fab 9-us.- t m



I

QumtumWsorithSornGubits_ Commitment fit, Bti

1
.
Initialize qubits to la> cnet.us?egesswiHw ) . Let it

,
BELCH) , and [A TBT -_e

2
. Neely a desired n - qubit safe I Thus it Kar be shown that
( can be constructed from single and
two - qubit safes I complete eiger basis as t that is

a# so ar Eiger basis as §
.

3
.
Measure qubits ( not necessarily all tubas)

44 . Use imeasunenert data and Seto 1
,

• Especially is ,
It to htt the

unless's algorithm finished
* In the simplest case one sees only meee through 1.→ 4

. EssenVIL 'S of £ we referred fe
CX and initializes and measures all 70 bits in 7

.

end 3.
,
respectively

.

Keetch algorithm as conserved ofocztities since we here

f- Htt) > = An Oct) likes > statues>

÷÷¥÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷:÷÷¥:÷¥¥÷÷÷÷÷÷÷÷÷:÷:*:"÷÷÷:÷::÷:÷i÷÷÷÷÷÷. thus 0143 c- Jeu,
that are not entangled
*

± ix. sense:
'
art He> c-NY )

Svt
. try> = It ,

> ⑤ He>
e. Examples of so - called Maximally entangled
States

.

Bell States RE 't> str ( le es till>)
( X 't > =fz( lets Elles)



Lecture ( Inst from Mike) . Let us define Is > = (A - CAS ) HS
MOS

and 1$> - CS -of> ly>
-

q
l
. Identify Heisenberg 's uncertainty relation

. AA s Left - LADE ITS
2- Apply creation and annihilation operators for = Lif Icd -of>E) (F-CASI ) ITS
a harmonic oscillator

. LN

3
. Aeron canonical commutation relations

(CF - CA>E) tf> It

= ( 5-155=44153112
uncertainties

are , egg> = His> HE
in

:i÷÷÷÷÷÷÷÷÷÷÷÷÷÷:÷÷÷÷÷÷÷÷÷÷i÷÷÷:"warning : does not strictly speaking appt
-

is an operator is bearded
=/ cry - cist -25 > E) IT> l

"

• Robertson uncertainty relation > puff # -CADI )LB - 2B>IIXS -ftp.YYE.at?IeKBcx1cs-eosIKA-CASE HSA -44
tatties !

and c. s - all - Its
= 141 CA -CASI , I -05353145144
= lactis -35144 is



One-dinn3ienWfUmtomhwmnicosciUat# math

As we derived earlier ( x -y) ( x -14 ) =Xk -42
1×1442

it .- In .in?egig'..EntImaiE3hx-iIcxuieD=x4t2=ht
'

z* sit

when [ §
,
Essie ,

E-

ftp..tt#q=V*T.ii:::i:::.:siiiiiiii-irises .

e- tf 'd
+

iABIF-iBPAI.BY?c=riE4sef4iaocIieztcci=VEF- ( Exif )
in

cheese it its TEELE - Iwf)FEW ~ Let us calculate

sarin
- TBA

[a. et ]=Yf- [ if - nine , I
- Iaf ]

G- TAB TE

stew
' Enttmw't

'

+ {why
' II@ oh

,
Interest]

= @rng.ir#tferE..iriaY=twczE:÷trE÷ stilts.a÷:a⇒



>

i. 42 . ⇒ I le> Eye
• observations o

t.LI/Hl4S3o ,
for VHS set

.

£103 so
3

siree 241 tweet 'd 143¥14 ) e les is the ground state , i- G

=tY + Cy Hirata ly>
the state with the lowest

+ "C{ think> 112930
eneesy

=

. I to> ⇒ tu ( cites -11 ) do>

Thus all eisen energies are positive . stifle>

z. *
et 143 be an eigenstate et Ist . ⇒ E. = o

B
ith>= EHS

,
thus

ii. etty> = @ +TWINS ,
it a fry> = tweeted IHS when AHS -- E . ex

.

in

= Edt - I
Thus spectrum of It is

=bLaw(cities I - DTD Een 3--4-Wen - E) 3
= I ( e -fifths LE - tight) with eigenstates { In> 3 .

that is It Ins - Gwen -1431N]



StnbelicePeraddiHemtd_ Lets check the claim

• bet 9- and 5 be a conjugate eerie [ §
,
f] = off - FI

and § has

'

- continuous spectrum -

e- otting ) - fits;) I
Thus we have

= - ihg2qtih2q§
[ I , I ]= it

= - ihgsq + it Coq * it 52;
and this satisfied by symbolRally in

a-I
defining f = - th Og ,

where
= if y . adfdedatftee

Hectare

÷÷÷÷÷÷:÷::/ :÷÷÷i÷÷÷÷÷÷÷÷::÷÷i÷÷.siexampled fly> EN M

=V¥SdEC*" I (* + Tube)#
t 5- CE ) It> in ur

9- = SCI-X ') :# lo>

=@ CE ) tfcg ) # ¥714) ,
⇒ (* two t.cm -

- o

-
x2mw2

where 5- is a continuo sty distant able ⇒ X. CX ) = C e -25

Function and f
' means its derivative / X,

deities
. . .

knormwizationc.es#-ciert--LTff)"4


