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Problem Set 7: Solutions

1. Solution

We can rewrite all the equations in the form z;,1 = az;+b. When a # 1, the solution

18
xy=a' | xg— b + b
b 0" 1 _a 1—a

(a) r; = 5- 2" — 4; unstable because a > 1.

(b) z; = (%)t + 1; stable because |a| < 1.

(c) mp=—2 (—%)t — 2; unstable because |a| > 1.

(d) Here a = 1 so we cannot use the formula above. By repeated substitution, we

can see that the solution is zog = 3, 1 = 0, 29 = —3, 3 = —6, and so on. In
general, z; = 3 — 3t, which is unstable (z; — —occ as t — 00).

2. Solution

(a) We have

= (D)= ()
e () (4)- ()

(b) It follows immediately from what we did in (a) that the corresponding eigenva-
lues for eigenvectors v, and vy are A\; = 4 and Ay = —1, respectively.

and

(c) We know that

P= (v 02):(2 _11>.

We also know that D is a diagonal matrix and that its diagonal entries are
eigenvalues of A, so
4 0
p-(: %)

1



Next we need to find P~!. Because PP~! =1,

= () (=000,

This yields a system of four equations:

20 +c=1
2b+d=20
3a —c=
3b—d=
By solving this system we get a = %, b= %, c= g, and d = —%, SO we can write
Pl as
11
P_l - (g 52) .
5 5
Now
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(d) We know that A" = PD"P~! (Lecture 18, p. 15). Also, because D is a diagonal

matrix, we can write
oo (T O _ (0
- 0 T2 - 0 Tg '

A" — pprpt = (g —11) <40n (—01)”)
(
2

1 (2><4"+3>< (=) 2(4m — (1)
3(4" + (=)™ 3 x 4m —2(—1)" Tt

Thus

5
3. Solution

Write the system of difference equations in matrix form:
xt+1 2 _2 xt
o thﬂ] {—1 3 ] |:yt:| ¢

and the initial conditions can be written as zg = [2] . Use the characteristic polyno-

mial of A to find the eigenvalues:

det(A — rT) = det {2__1’” 3_—27»] —(2—r)(3—r)—2—



By solving this we get the eigenvalues r; = 1 and r, = 4.

Next we can use the eigenvalues to find the eigenvectors. Eigenvector v, satisfies
(A—rl)v,, =0,i=1,2. We know that r; = 1, so

gl ]

This yields a system of two equations:

U1 —21)2 =0
—V1 +2'U2 = 0.

The solution for this system of equations is v; = 2vs, so the first eigenvector is

=[]

The second can be found in a similar way. It is v,., = [_11} . Now we know that P is

p:ﬁ —11].

One can solve P~! as in Exercise 2c. It is

IR S e I A
=l =l )

Next, make a change of variables z = PZ. Now the system can be written as

2441 = Azy & PZy 1 = APZy < Zy,y = P 'APZ,

SO

Zt+1 = DZt

Now we can see that Zy = DZy, Zy = DZy, = D(DZy) = D?Zj etc., so

t
Z, = D'Zo, where D' = |0 Y.
0



Make a change of variables again: z = PZ < Z = P!z and write the system as

Pz, = D!P 1z,
z; = PD'P'z,.

2 1] ., [t
We know that P = 1,P =3

1r 0 1
t
1 },D —{0 4t],andz0—{2}.Thus,
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4. Solution

Write the system of difference equations as

.I't+1 4 —2 —2 Tt
Wit = |[Yer1| = [0 1 0 Y| = Awy
Zt41 1 0 1 2t

Use the characteristic polynomial of A to find the eigenvalues:

det(A—rl)=| 0 1—r 0 |[=@—-r)(1-r>+2(1-7)
1 0 1—r

— (1 =5 +6)(1—1) = (3= )2 —r)(1—7r) =0

The eigenvalues are 1y = 1, 7 = 3 and r3 = 3. Next we can use the eigenvalues to
find the eigenvectors. If v,, is an eigenvector, then (A —r;/)v,, =0, i =1,2,3. To
find the first eigenvector, write

4—1 —2 —2 U1 3 —2 =2 V1 0
0 1-1 0 vul =10 0 O vy | = [0
1 0 1-1f |u3 1 0 O U3 0



This yields the equations 3v; — 2vs — 2v3 = 0 and v; = 0, so v = —v3. Thus, the
first eigenvector is

0
U, = | 1
-1
1 2
The other eigenvectors can be found in a similar way: v,, = [0| and v,., = |0].
1 1

The general solution can be written as (see Lecture 18, p. 10):

t t t
Wi = C1T1{Vyp; + CoTyVp, + C373Vpg,

where ¢1, ¢ and c3 are constants. Therefore, the general solution of this exercise is

0 1 2
wy=c 1M 1| +628 0] +¢33° |0
-1 1 1

. Solution

Exercise 5 can be solved in a similar way as the previous exercise. Write the system
of difference equations in matrix form:

Tir1 3 -1 0 Ty
Wiy = (Y| = |1 2 —1 Y| = Awy.
Zt41 0 —1 3 Zt
1
The eigenvalues are r = 3, r, = 4 and r3 = 1, and the eigenvectors are v,, = | 0 |,
-1
1 1
Uy, = |—1| and v,, = |2].
1 1
The general solution is
1 1 1
we = Cl?)t 0 -+ Cg4t —1| + Cglt 2
-1 1 1



