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Evaluating a project

• project costs C units of consumption goods today

• project payoff is B units of consumption after t units of time.

• project is small so that we can consider the total gain through

marginal impacts; ignore the impact on the economy, that is.

• the project pays off if and only if

[−C + B
1

1 + r
] > 0

• What is the discount factor (1 + r)−1 to be used? How does

the answer depend on the time lag between costs and payoffs?

Consider nuclear power investments vs. road maintenance

General principle: the return requirement should be the same as

in alternative, comparable market investments. However, for long

maturities, the market benchmark does not exist.
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What discount rate? Asking economists:

years discount rate

immediate future 1− 5 4

near future 6− 25 3

medium future 26− 75 2

distant future 76− 300 1

far-distant future 301− ≈ 0

Table 1: Weitzman (AER, 2001) asked 2160 economists: What should

be the discount rate to be used for projects with different maturities?
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What discount rate? Asking markets:

Real interest rates for a set of countries since the late-nineteenth

century1

term pricing of assets, interest rates, and risk. Expanding the theory to explore its con-
sequences for long time horizons remains a challenge. Finance scholars are interested in explaining
the formation of the interest rate for a typical 3-month maturity, but we want to determine the
socially desirable interest rate to be used for maturities expressed in centuries! Another challenge
when we use modern finance theory is that the simplest versions of the theory fail to explain the
interest rates and risk prices observed in financial markets.

Following the tradition of the literature that we survey, in most of the article we make the
unrealistic assumption that the projectswewant to evaluate are risk free. Thus,we characterize the
determinants of the risk-free discount rate. But one should recognize that most actions have un-
certain short- and long-term impacts. In the finance literature, this recognition led to the char-
acterization of risk-adjusted discount rates, which we examine in Section 7.

2. DISCOUNTING IN PRACTICE

2.1. Market Interest Rates

Firms use their costly capital to invest. Consider a firm implementing a single investment project.
This project is profitable if andonly if its return is larger than the firm’s cost of capital. To illustrate,
consider a firmwith a safe project. Competition in the capitalmarket implies that the firmwill offer
its lenders a return on their capital that is not different from the risk-free market interest rate. To
generate a profit, the return to the project must exceed this rate. Thus, firms should use the market
interest rate as the discount rate to evaluate their safe investment projects.When projects are risky,
the cost of capital to finance themwill be adjusted for risk, and sowill their associated discount rate
(see Section 7).

Observed market interest rates are thus a good indicator of the discount rate used by firms.
These rates have fluctuated through time and across countries.We have good estimates of real
interest rates for a large set of Western countries since the late-nineteenth century. InTable 1,
we present the average realized real returns of sovereign bills and bonds and market equity

Table 1 Annualized real returns, 1900 to 2006

Bill Bond (10 year) Equity

Australia 0.6% 1.3% 7.8%

Canada 1.6% 2.0% 6.3%

Denmark 2.3% 3.0% 5.4%

France !2.9% !0.3% 3.7%

Italy !3.8% !1.8% 2.6%

Japan !2.0% !1.3% 4.5%

The Netherlands 0.7% 1.3% 5.4%

Sweden 1.9% 2.4% 7.9%

Switzerland 0.8% 2.1% 5.3%

United Kingdom 1.0% 1.3% 5.6%

United States 1.0% 1.9% 6.6%

Reproduced from Gollier (2012).

275www.annualreviews.org " Long-Run Discount Rate Controversy

A
nn

u.
 R

ev
. R

es
ou

r. 
Ec

on
. 2

01
4.

6:
27

3-
29

5.
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.a
nn

ua
lre

vi
ew

s.o
rg

 A
cc

es
s p

ro
vi

de
d 

by
 A

al
to

 U
ni

ve
rs

ity
 o

n 
11

/2
2/

15
. F

or
 p

er
so

na
l u

se
 o

nl
y.

1Gollier C. 2012. Pricing the Planet’s Future: The Economics of Discounting in an Uncertain World.

4 / 36



What are the government guidelines?

US

• First, 7% is the average before-tax rate of return to private

capital, taken as an estimate of the opportunity cost of

capital. Second, 3% is the average return to 10-year

government bonds, taken as an estimate of the social rate of

time preference.

UK

• calibrated ”Ramsey rule”, giving 3.5% for near term

maturities. For longer maturities, stepwise decline: 3% for

31-75 years, 1% for LONG maturities.

Norway

• 4% up to 40 years; 3% up to 75 years; 2% thereafter
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Plan for the lecture
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Two related steps to be take in this class

1. Consumer choice theory for consumption streams

• Prices are given as usual in consumer theory: interest rates,

asset prices

• Ramsey rule (different from Ramsey pricing!)

2. The determinants of returns

• What returns are consistent with observed consumption

choices?

• The answer helps when market returns are not available

• How discounting should change when economic/other

conditions change. Think of the current economic situation.

• We develop understanding the practical discounting guidelines

for projects of different types and length

• uncertainty (a little bit of this)
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Plan

• discounting and consumer theory: the link between interest
rates, asset prices, and consumption

• provides guidance on how the discount rate should be chosen

in both public and private projects

• Ramsey rule (different from Ramsey pricing!)

• determinants of equilibrium discounting

• how discounting should change when economic/other

conditions change

• uncertainty (a little bit of this)

• helps in:

• understanding the practical discounting guidelines for projects

of different types and length

• developing arguments for using rates that differ from the

market rates
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Preferences
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Preferences over consumption streams

• Denote a consumption stream by c = (c0, c1, c2, ...cn). This is

equivalent to the consumption bundle x that we saw in

consumer theory (lecture 1) but the goods are now

consumptions at different periods

• If we can rank consumption streams c = (c0, c1, c2, ...cn) then

we can say that c is preferred to some other c̃ if and only if

u(c) ≥ u(c̃)

Just like in consumer’s choice theory.
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Additional structure imposed on preferences

1. Time separability

u(c0, c1, c2, ...cn) = ∑n

t=0
ut(ct)

Rules out habit formation, for example. Very restrictive but

we need to start somewhere. We will mostly work with two

periods

u(c0, c1) = u0(c0) + u1(c1)

2. Exponential discounting

ut(ct) = βtu(ct)

Thus, the same utility from consumption every period but scaled

by the discount factor βt where β ≤ 1. Note that β discounts

utility, not money.
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Two period version

In what follows, we use the two-period model

u(c0, c1) = u(c0) + βu(c1)

But the interpretation of periods can be flexible

• real time between periods 0 and 1 is T could be years

• length of time period alters the discount factor: pure time

discount over T discrete periods is βT if β is annual; the

continuous time discount rate is given by βT = e−δT . For

example, δ = .05 means 5% rate and β = 0.95

• similarly gross return (1 + r̄) implies a continuous time return

r through 1 + r̄ = er . Below, I will use just one r for both

discrete and continuous time.
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Key concept: consumption smoothing

Consumer prefers to smooth consumption over time, and the preferences

or tastes should reflect this. This comes back to ”MRS” of consumption

over time. In two periods,

MRS =
u′(c0)

βu′(c1)
.

Suppose u(ct) is concave, so marginal utility is decreasing in ct . Further,

we may think that consumption depends on wealth, ct = wt . The

consumer has wealth w0 in the first period and is expecting to have so

much more wealth w1 in the period second that

MRS =
u′(w0)

βu′(w1)
> 1.

This consumer would not like to save from t = 0 to t = 1, unless

compensated by a sufficient return. Without return, the ”poor” first

period consumer has to sacrify more the ”rich” next period consumer

gains: u′(w0) > βu′(w1).
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We can measure the degree of this resistance by asking what is the

minimum return that would induce some saving? It is given by

u′(w0)

βu′(w1)
= 1 + r .

Obviously, r depends on w0, w1, β, and u(·). To focus on resistance

coming from pure wealth effect (decreasing marginal utility) and not

from impatience, set β = 1 (no discounting) for a moment. By the

first-order Taylor approximation we have

u′(w0)− u′(w1) ' u′′(w1)(w0 − w1)

which implies that r can be written as

r ' w1 − w0

w1
{−w1u

′′(w1)

u′(w1)
}.

The required compensation depends thus on

1. the ”growth rate” w1−w0
w1

2. elasticity of marginal utility γ = −w1u
′′(w1)

u′(w1)
, defined to be positive.
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Variable γ has many names depending the context. Here, it

measures the concavity of the utility: more concave utility

translates into more desire for consumption smoothing.

The functional form

u(c) =
c1−γ

1− γ
.

is convenient because γ = −cu′′(c)
u′(c) is constant (a parameter of

u(c)). When γ→ 0, the person does not have preferences for the

time profile of consumption (excluding discounting). When γ

becomes very large, preferences imply extreme aversion to

volatility/changes in consumption levels. When γ→ 1, the utility

becomes u(c) = ln(c).
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Illustration

GDP in Finland (2010 prices) over the period 1900-2018. Thought

experiment: consider consumer standing in 1900

• How important to you is the wealth in 2018? → pure impatience, β

• What are the incentives to save for the benefit of individuals that are 15 times

wealthier (as measured by GDP)? → consumption smoothing, γ

• labor productivity has increased by factor 25 → return r

16 / 36



Consumer choice theory
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Consumer’s choice for given returns for savings

We start using the above framework for linking the prices of assets and

their returns to consumer’s choices. Let pt be the current price, mt+1

discount factor, and zt+1 is payoff (e.g., price+dividend). This will allow

us to see how the consumer discounts future payoffs. Think that the

consumer takes prices of assets and their payoffs as given. We want to

show the following, over two periods, t = 0, 1:

Result 1

p0 =
βu′(c1)

u′(c0)
z1.

You see that the consumer effectively the discounts the future payoff by

m1 =
βu′(c1)

u′(c0)
.
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To derive the previous page results, consider consumer with income

in both periods and who can buy assets to save for the future:

• income is yt in period t = 0, 1

• consumer can buy with price pt at t a (certain) payoff next

period t + 1. Call this payoff zt+1. If the asset is stock, then

the payoff is

zt+1 = pt+1 + dt+1,

next period value plus dividend. For one-period bond, the

payoff is

zt+1 = 1.

Thus, it pays back one unit of consumption
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Let s denote the amount of the payoff bought, and write the

consumer’s budget constraints for both periods

c0 = y0 − p0s

c1 = y1 + z1s

• Sum up the budget constraints

c0 + c1 = y0 + y1 + (z1 − p0)s

• Using s = (y0 − c0)/p0 and rearranging

c0 + c1 = (y0 + y1) +
z1 − p0

p0
(y0 − c0)

= (y0 + y1) + r(y0 − c0)

where r = z1−p0
p0

is the rate of return for the asset.
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We can now write the consumer’s saving and consumption problem

as

max
c0,c1

{u(c0) + βu(c1)}

s.t.

(1 + r)y0 + y1 = (1 + r)c0 + c1

From the first-order conditions:

u′(c0)

βu′(c1)
= (1 + r).

If we call the left-hand side the marginal rate of substitution,

MRS , we see that MRS equals the gross returns on savings, which

is the relative price of consumptions between the two periods. A

familiar result from the consumer theory!
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Recall the definition of r and rewrite the previous as

u′(c0)

βu′(c1)
= (1 +

z1 − p0

p0
)

p0 =
βu′(c1)

u′(c0)
z1,

which is the result we wanted. Note

• p0u
′(c0) is the current cost in “utils” if an additional unit of

the asset is bought

• βu′(c1)z1 is the increase in future utils from having payoff z1
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Rewriting the previous:

p0 =
1

1 + r
z1

The payoff z1 thus sells at discount as 1
1+r < 1. This follows from

definitions but the MRS for consumption choices should produce

this same discount for risky assets. We could build upon this

framework if we considered risky assets and their pricing
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The determinants of returns
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Consumption-based determinants of risk-free interest rates

→We now turn the question around: What is the interest rate that

is consistent with consumption choices?
This question follows if we do not obtain the interest rate from the
market, as we discussed in the beginning of the lecture. We found

earlier that ”MRS=gross return”

u′(c0)

βu′(c1)
= (1 + r)

We may add uncertainty about future consumption c1. This can arise,

e.g., if y1 is uncertain:

ỹ1 = y1 + x̃

where x̃ is random income component.
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Think t = 0 today, and t = 1 “future” come after period of lenght

T . The consumption choice is otherwise the same:

max
{c0,c1}

u(c0, c1) = u(c0) + e−δTEu(c̃1)

c̃1 = ỹ1 + (y0 − c0)e
rT

where we use time discount rate δ as defined earlier. r is now the

rate of return for savings

The first-order condition is

u′(c0) = e(r−δ)TEu′(c̃1) (1)

To see the connection to ”MRS=gross return”, rewrite as

u′(c0)

e−δTEu′(c̃1)
= erT ⇔ u′(c0)

βTEu′(c̃1)
= (1 + r)T .

26 / 36



Note that investment in asset giving a sure return r can be

thought of as an investment in a zero-coupon bond maturing at T .

Condition (1) determines the demand for such bonds given return,

or alternatively, return for given consumptions. Take logs of

condition above and rewrite

r = δ +
1

T
ln(

u′(c0)

Eu′(c̃1)
) (2)

δ is the pure rate of preference for the present. The equilibrium

rate deviates from δ for two reasons.
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1. Income effect: if Ec̃1 > c0. Higher expected income tends to

reduce incentives to save and increase rate r . The income effect is

measured by the index of relative risk aversion:

A(c)c =
−cu′′(c)
u′(c)

Recall that for CRRA utility

u(c) =
c1−γ

1− γ

we have

A(c)c = γ.
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2. Precautionary effect: uncertainty about future income level

(large deviations from the expected level can occur) makes the

investor cautious. If u′(c) is convex, then Eu′(c̃1) > u′(Ec̃1), so

that uncertainty makes the investor value marginal utility more.

Such an investor is called prudent. Prudence tends to increase

savings and reduce the equilibrium rate r . Prudence is measured by

P(c) =
−cu′′′(c)
u′′(c)

.

For CRRA, we have

P(c) = 1 + γ.
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To make these effects explicit, we can take the second-order Taylor

approximation of (2)

r ' δ +
1

T
{A(c0)c0

Ec̃1 − c0

c0
− A(c0)c0P(c0)var(

c̃1

c0
)}

or for the CRRA case

r ' δ +
1

T
{γEc̃1 − c0

c0
} − γ(1 + γ)var(

c̃1

c0
)}
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Observe: the expected growth rate Eg̃ = Ec̃1−c0
c0

multiplied by the

resistance to consumption changes measured by γ captures the

income effect. The greater is γ, the higher is the required rate of

return on savings, given Eg̃ .
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Some numbers

Asumed utility u(c) = c1−γ

1−γ , T = 1, and no uncertainty:

⇒ r = ρ + γ[
c1 − c1

c0
]

• Above equation: “Ramsey rule”

• Weitzman (2007, Journal of Economic

Literature):ρ = c1−c1
c1

= .02 and also γ = 2. Leads to r = .06

• some other numbers: ρ = .0001, c1−c1
c1

= .013 and γ = 1.

Leads to r = .013. Huge difference!
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Calibration of the Ramsey rule

Source: Link

elasticity of intertemporal substitution of consumption. Using estimates of demand systems, Stern
(1977) finds a concentration of estimates of g of approximately 2, with a range of roughly 0–10.
Epstein&Zin (1991),whopropose a generalization of theDEU to disentangle aversion to risk and
to fluctuations, find a value ranging from 1.25 to 5. Pearce & Ulph (1995) estimate a range from
0.7 to 1.5.

If we combine an index of inequality aversion of g ¼ 2 with a prospective average growth rate
of g ¼ 2%, the Ramsey equation (Equation 3) gives us a normative discount rate of 4%. Table 2
gives some variations in the calibration of this equation that are representative of the current
literature on this question.

The Ramsey rule tells us the minimum return required to induce amarginal increase in savings.
The above analysis suggests that if one believes that the growth rate of the economy will remain
close to its historical trend since the Industrial Revolution, one should not invest at the margin in
safe projects whose return is less than 4%. But we have seen that past generations in the twentieth
century invested in safe projects whose return was as low as 1% in the United States. This in-
vestment led to a formidable accumulation of capital over the past century. This outcome was
socially undesirable. If past generations believed in a bright future, why did they sacrifice so much
of their production for the benefit of theirmuchwealthier successors? The low return on safe assets
during the period did not compensate for the large intergenerational inequalities that this generous
saving and investment behavior generated.We refer to this observation as the normative risk-free-
rate puzzle.5 A possible explanation is that past generations were pessimistic or recognized that
economic growth is an uncertain process (see the next section).

Table 2 Calibration of the discount rate based on the Ramsey equation (Equation 3)

Author Inequality aversiong Growth rateG Discount rate gg

Stern (1977) 2

Cline (1992) 1.5 1% 1.5%

IPCC (1995) 1.5–2 1.6–8% 2.4–16%

Arrow (1999) 2 2% 4%

HM Treasury (2003) 1 2% 2%

Lebègue (2005) 2 2% 4%

Arrow (2007) 2–3

Dasgupta (2007) 2–4

Stern (2007) 1 1.3% 1.3%

Weitzman (2007a) 2 2% 4%

Nordhaus (2008) 2 2% 4%

Pindyck (2013) 1–3

Some of the authors add a rate of impatience d to the Ramsey rule so that the last column is only a partial
representation of what these authors recommend for the discount rate. Blank cells denote that data were
not given.

5Weil (1989) was the first to present the (positive) risk-free-rate puzzle, which states that the classical consumption-based
capital asset pricing model (CCAPM) cannot explain why interest rates have been so low during the past century.
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https://www.dropbox.com/s/1sult7hxj8setyg/HammittGollier2014.pdf?dl=0


Summary
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Lessons:

• we have learned how the markets price assets and thereby

define returns

• the returns tell us how the society discounts future

• when making public/private investment decisions we can, in

principle, use those same return requirements

Complications:

• the market does not provide a benchmark return for maturities

over 20-30 years. But many projects have longer horizons

• we are forced to work out the return requirement for long

projects from the first principles

• To recover the return, we look at the consumer’s optimal

choice
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Evaluating a project

• the previous is just the familiar rule:

[−C + B
1

1 + r
] > 0

where 1
1+r = β u′(c1)

u′(c0)

• We have now recovered the discount factor from the primitives
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