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Kernel methods

o Kernel ridge regression

N
f X) = Qa; K X, X;
() =2 a1 Koo x)
weight  similarity
a=(Kxx +M )y €RY
(Kxx )y

regulariser

o GP posterior mean coincides with KRR
o CS-E4830 Kernel Methods in Machine Learning

o Gaussian kernel (similarity)

' [l —x'||?
K(x,x') = exp (—T
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Kernel trick

o Let’s study quadratic kernel over 2D inputs a,b € R?

k(a,b) = (a”b)? (4)
= (a1b1 + asb2)? (5)
= alb? + 2a1a2b1bs + a3b3 (6)
= (a3, V2a1a2,a3) (b3, V2b1ba, b3)", @)
()T #(b)

where ¢(a) = (a3, V2a1a2,a3) € R?
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Kernel trick

o Let’s study quadratic kernel over 2D inputs a,b € R?

k(a,b) = (a”b)? (4)
= (a1b1 + asb2)? (5)
= a2b? + 2a1a2b1ba + a2b3 (6)
= (a3, V2a1a2,a3) (b3, V2b1ba, b3)", @)
BT ®(b)

where ¢(a) = (af, v2a1a2,a3) € R®
o Linear in R3
o Non-linear in R2

@ Theory: For PSD kernel there always exists some Hilbertian feature space H such that

K(x,x") = (¢(x), p(x)). (8)
@ It also means that
N
f(x) = Z i K (%, %;) (9)
=wl¢(x), weH (10)



Kernel trick

o Basis expansion (‘Reproducing kernel Hilbert space, RKHS, Rasmussen 6.1.)

K(x,x") = (¢(x), ¢(x)) (11)
fx) =(w,6(x)),  d(x)eH (12)

@ Gaussian kernel considers infinite number of monomials z*

_ 22 /902 1 1
Pgauss(T) = e 211 x, 952: N (13)

¢:R*—H



How to learn a kernel?

@ Marginal likelihood: Choose a prior with maximum amount of functions that match the data
D = {xi,yi}ie1

togp(y16) = [ plyIf)p(10)dt (14)
= f%yT(Kg+021)71yf%10g|K9+021|7%10g27r (15)
data fit model complexity

o ELBO: More generally variational approximation with M inducing points u

log p(y6) > ZEqm) log p(y:|fi) — K L[g(u)|[p(u)] (16)
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o Determinant captures the volume of the data cloud in the kernel feature space
o Finds a simple basis for the data
o Overfitting still possible, if p(f) contains only high-fitness solutions



How to learn a kernel?

@ Marginal likelihood: Choose a prior with maximum amount of functions that match the data
D = {xi,yi}ie1

togp(y16) = [ plyIf)p(10)dt (14)
= f%yT(Kg+021)71yf%10g|K9+021|7%10g27r (15)
data fit model complexity

o ELBO: More generally variational approximation with M inducing points u

log p(y6) > ZEqm) log p(y:|fi) — K L[g(u)|[p(u)] (16)

=1

o Relatively robust against overfitting

o Determinant captures the volume of the data cloud in the kernel feature space
o Finds a simple basis for the data
o Overfitting still possible, if p(f) contains only high-fitness solutions

@ Powerful formalism to learn kernels

o No need for model selection cross-validation
o We can differentiate log p(y|6) and apply gradient optimisation for parameters 6



Recap (regression setting)

@ Gaussian process prior on inputs x € RP, output y € R,

F(x) ~ GP(m(x), K (x,x")) (17)
& (18)
p(f) = N(flm, Kxx) (19)
E[f(x)] = m(x) (20)
cov[f(x), f(x)] = K (x,x') (21)
for inputs X = (x1,...,xn5)7 € RV*P functions f = (f(x1),..., f(xnx))T € RY and means

m = (m(x1),...,m(xy))" € RY,
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Recap (regression setting)

@ Gaussian process prior on inputs x € RP, output y € R,

F(x) ~ GP(m(x), K (x,x")) (17)
& (18)
p(f) = N(flm, Kxx) (19)
E[f(x)] = m(x) (20)
cov[f(x), f(x)] = K (x,x') (21)

for inputs X = (x1,...,xn5)7 € RV*P functions f = (f(x1),..., f(xnx))T € RY and means

m = (m(x1),...,m(xn))T € RY,
@ Predictive (regression) posterior f(x)|(X,y) ~ N (u(x), 0(x)?)

pw(x) = Kex (Kxx +onln) 'y (22)
cr(x)2 = Kxx — Kxx(Kxx + UHIN)_lKXx (23)

@ Optimization criteria (‘- loss function') for hyperparameters 6
p(516) = [ PyIDR(EOdx = N(310, Ko (X, X) + 031)
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Which kernel to choose?

Gaussian kernel Ky(z,z') = exp (

o Periodic kernel Keos(z,z') = exp(

350

_ (1‘71‘/)2 )
202

_251n2(7r|x—m/\/p))
02

Linear kernel Ky (z,2') = 22’ + ¢
Kernel sum K(z,2') = K (z,2") + Kiin(z, ")

CO2 level

345
340
335
£
g 330
o
Q 325
(]
320
315

310 -

305

* data
N Gaussian kernel
I Cosine kernel
[ Linear kernel
Cosine+linear kernel

50 100
Month since jan 1970

@ Spectral kernels can learn arbitrary kernel forms

o The topic of today’s lecture
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Fourier transforms
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where
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Fourier transforms

@ Fourier transform S(w) of a function f(z),
S(w) = / Fla)e2miwdy (24)

where

o i is the imaginary number with 2 = —1 and ¥ =1
o w is a frequency

@ Inverse Fourier transform f(z) of spectral density S(w),

o .
f(zx) :/ S(w)e?™ i@ gy (25)
— 00
@ Euler's identity helps compute Fouriers in practise
e = cosx +i sing (26)
~—~— —~—
real part imaginary part

where the complex part is often designed to cancel out (or simply ignored)

@ Hence,

eF2mITY = cos(2mrw) £ i sin(2mzw) (27)
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Fourier duals

@ Let's apply Fouriers to the function K(7) = K(z — z') = K(z,z'), where T =z — 1’

Theorem (Bochner)

Any stationary kernel K : RP — R and its spectral density S : RP — R are Fourier duals
K(x—2')=K(r) = / S(w)eQﬂinwa (Inverse Fourier Transform)

S(w) = / K(T)e_%inTdT. (Fourier Transform)

@ All stationary kernels have spectral density S(w) where w is a frequency

o If someone gives you a kernel K (7), we can solve what frequencies it considers by solving the (FT)
o Studying known kernel's frequency representations usually of theoretical interest

@ All spectral densities define a covariance function K (7)

o If someone gives you a spectral density S(w), we can solve its similarity function (=kernel) by solving the (IFT)
o If we change the spectral density, we get a new kernel
e = kernel learning (!)
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Kernel sinusoid representation

@ Assume symmetric frequency distribution S(w) = S(—w)
o Euler's identity e™*® = cosz + isinz
@ Sine identity sin(—z) = — sin(x)

@ Then we can solve the inverse Fourier as
— / S(w)eQﬂ'idew
7/ S (w) cos(2mTw)dw +/ S(w) sin(2r7Tw)dw
0 oo
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Kernel sinusoid representation

@ Assume symmetric frequency distribution S(w) = S(—w)
o Euler's identity e™*® = cosz + isinz
@ Sine identity sin(—z) = — sin(x)

@ Then we can solve the inverse Fourier as

— / S(w)eQﬂ'idew

7/ S (w) cos(2mTw)dw +/ S(w) sin(2r7Tw)dw
0 oo
= Eg(y) cos(2nTw) + / i+ S(w)sin(2r7Tw)dw + / i+ S(w) sin(2r7w)dw
—o00 0
[e o] o0
= Eg(w) cos(2mTw) + / 1S(—w) sin(2n7(—w))dw + / 1S(w) sin(2rTw)dw

= Eg(w) cos(2mTw) + / —1S(w) sin(2r7w)dw + / w) sin(27Tw)dw
= Eg(y) cos(2mTw)

@ Hence, all stationary kernels are S(w)-weighted combinations of sinusoids cos(2mTw)



Kernel sinusoid representation

@ Our new general kernel definition

K(7) = Eg(u) cos(2mTw) (28)
o Frequency w is inverse of period 1/w
o Frequencies are symmetric S(w) = S(—w)
o With S(w) = 81/15(w), the kernel becomes K () = cos(2771%)

Cosine kernel Spectral density

2
15

Frequency + 1/15
Amplitude of 2 1
0.5
0

-20 -10 0 10 20 -0.1 0 0.1

Input distance x - X' Frequency w



Gaussian kernel sinusoids

o Gaussian kernel Ksg(7) = exp(—

Kse(
G ian kernel
1
0.5
B S it
True kernel
05} |7 Cosine approximation
: Amplitude * cosine
cosine
-1
0 5 10 15 20
Distance 7

Markus Heinonen
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72 /%) fourier representation
w) :/ KSE(T)672TrinTdT
= 270? exp(—2n2 02 w?)

/ Sse(w cos(27r7w) dw

amplltudes smusmds

~ Z Sse(w) - cos(2mTw)

Spectral density

Frequency = 0.000
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Gaussian kernel sinusoids

o Gaussian kernel Ksg(7) = exp(—72/£?) fourier representation

oo
_oriwT
w) = / Ksp(r)e ™™ Tdr (33)
— 00
2 292 2
= 27ml” exp(—277 L7 w") (34)
Kse(t / Sse(w cos(27r7'w) dw (35)
amplltudes smusmds
~ E Sse(w) - cos(2mTw) (36)
w
G ian kernel Spectral density
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0 Frequency = 0.004
True kernel Period 1 /f = 260
05} |7 Cosine approximation 50
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cosine
-1 0
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Gaussian kernel sinusoids

o Gaussian kernel Ksg(7) = exp(—72/£?) fourier representation

—2miwT T
Sse( / Kse(r)e dr (33)
292 2
= 2100? exp(—2n° *w?) (34)
Kse(t / Sse(w cos(271'7'w) dw (35)
amplltudes smusmds
~ E Sse(w) - cos(2mTw) (36)
w
G ian kernel Spectral density
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Gaussian kernel sinusoids

o Gaussian kernel Ksg(7) = exp(—72/£?) fourier representation

Sse(w / Kse(r)e —amielr g, (33)
= 2100? exp(—2n° *w?) (34)
Kse(t / Sse(w cos(271'7'w) dw (35)
amplltudes smusmds
~ Z Sse(w) - cos(2mTw) (36)
G ian kernel Spectral density
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Gaussian kernel sinusoids

o Gaussian kernel Ksg(7) = exp(—72/£?) fourier representation

Kse(r

G ian kernel

True kernel
05} |7 Cosine approximation
Amplitude * cosine

cosine

0 5 10 15 20
Distance 7

Markus Heinonen

w) = / Ksp(r)e > "dr

= 270? exp(—2n2 02 w?)

/ Sse(w cos(27r7w) dw

amplltudes smusmds

~ Z Sse(w) - cos(2mTw)

Spectral density
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Gaussian kernel

o Gaussian kernel Ksg(7) = exp(—

sinusoids

Kse(
G ian kernel
1
0.5 NG
0 EE—
True kernel ——
05} |7 Cosine approximation
: Amplitude * cosine
cosine
-1
0 5 10 15 20
Distance 7

Markus Heinonen

72 /%) fourier representation

w) = / Ksp(r)e > "dr

= 270? exp(—2n2 02 w?)

/ Sse(w

amplltudes

cos(27r7'w) dw

smusmds

~ Z Sse(w) - cos(2mTw)

Spectral density
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Gaussian kernel sinusoids

o Gaussian kernel Ksg(7) = exp(—72/£?) fourier representation

—2miwT T
Sse( / Kse(r)e dr (33)
292 2
= 2100? exp(—2n° *w?) (34)
Kse(t / Sse(w cos(271'7'w) dw (35)
amplltudes smusmds
~ E Sse(w) - cos(2mTw) (36)
w
G ian kernel Spectral density
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Gaussian kernel sinusoids

o Gaussian kernel Ksg(7) = exp(—72/£?) fourier representation

SSE / KSE ) —2miwT Td
= 270? exp(—2n2 02 w?)
Ksg(r / Sse(w Cos(271'7'w) dw
amplltudes smusmds

~ Z Sse(w) - cos(2mTw)

G ian kernel Spectral density

150

100

0 Frequency = 0.073

True kernel Period 1/f=14
05} |7 Cosine approximation 50

: Amplitude * cosine
cosine

-1 0

0 5 10 15 20 0 0.05 0.1
Distance 7 Frequency w

0.15

Thursday 28.1.2021

15 /39



Gaussian kernel sinusoids

o Gaussian kernel Ksg(7) = exp(—72/£?) fourier representation

Sse(w

Kse(r

G ian kernel

True kernel
,,,,,,, Cosine approximation
-0.5 i * cosi
Amplitude * cosine
cosine
~

0 5 10 15 20
Distance 7

Markus Heinonen

/ KSE ) —2miwT Td
= 270? exp(—2n2 02 w?)

/ Sse(w cos(27r7w) dw

amplltudes smusmds

~ Z Sse(w) - cos(2mTw)

Spectral density
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Gaussian kernel sinusoids

o Gaussian kernel Ksg(7) = exp(—72/£?) fourier representation

Sse(w

Kse(r

G ian kernel
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/ Sse(w cos(27r7w) dw

amplltudes smusmds
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Gaussian kernel sinusoids

o Gaussian kernel Ksg(7) = exp(

Ssm(
Kse(
G ian kernel
True kernel
05} |7 Cosine approximation
: Amplitude * cosine
cosine
-1
0 5 10 15 20
Distance 7

Markus Heinonen

—72/42) fourier representation

/ KSE ) —2miwT Td
= 270? exp(—2n2 02 w?)

/ Sse(w cos(27r7w) dw

amplltudes smusmds

~ Z Sse(w) - cos(2mTw)

Spectral density
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Gaussian kernel sinusoids

o Gaussian kernel Ksg(7) = exp(—72/£?) fourier representation

Sse(w

Kse(r

G ian kernel

True kernel
05} |7 Cosine approximation
Amplitude * cosine

cosine

0 5 10 15 20
Distance 7

Markus Heinonen

/ KSE ) —2miwT Td
= 270? exp(—2n2 02 w?)

/ Sse(w cos(27r7w) dw

amplltudes smusmds

~ Z Sse(w) - cos(2mTw)

Spectral density
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Markus Heinonen

Some spectral densities

7_2
Kgon(7) = exp(=75)

Kernel

Gauss
Exp
Triangular

0.8

0.6

0.4

0.2

Distance 7

0.4

0.3r

0.2r

0.1

Gauss

Exp

Triangular
-20 -10 0 10

% exp(—tw” /4)

Seap(w) = 1/(7/L + Tlw?)
Siri(w) = (1 — cosw)/(mw?)

Sgauss (OJ) =

Spectral density

Frequency w

o Can we construct new kernels from custom spectral densities?

Gaussian processes

20

Thursday 28.1.2021
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Sparse Spectrum (SS) kernel

o Define Q real frequencies (w1, ...,wo)" € R? with Fourier dual®
1 Q
S(w) := —Z5(w=w¢,) (40)
Q=
1 Q
= K(rt)= = cos(2mTw; 41
(1) 0 ; ( ) (41)

@ Highly structured covariance, no decay, prone to overfitting

Sparse Spectrum kernel Spectral density

0.3
1
0.2
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0
0
0 5 10 15 20 0 0.05 0.1 0.15
Distance Frequency w

!Lazaro-Gredilla et al (JMLR 2010) Sparse spectrum gaussian process regression



Sparse Spectrum (SS) kernel

o Define Q real frequencies (w1, ...,wo)" € R? with Fourier dual®
1 Q
S(w) ==Y 5w =w) (40)
Q=
1 Q
= K(r)= = cos(2mTw; 41
(1) 0 ; ( ) (41)

@ Highly structured covariance, no decay, prone to overfitting

Sparse Spectrum kernel Spectral density
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!Lazaro-Gredilla et al (JMLR 2010) Sparse spectrum gaussian process regression



Wilson: Spectral Mixture (SM) kernel

o Define mixture of Q Gaussians {a; N (11, 07)}< 2

Q
S(w) =Y aiN (wlpi, o7) (42)
=1
= K(r) = / S(w) cos(2mrw)dw (43)
Q b
= Z a; exp(—2m2 o 12 cos(2mT 1) (44)
=1 smooth decay periodic

Sparse Mixture kernel Spectral density
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4
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0 5 \
o NN\
0 5 10 15 20 0 0.05 0.1 0.15
Distance 7 Frequency w

2Wilson, Adams (ICML 2013) Gaussian process kernels for pattern discovery and extrapolation



Wilson: Spectral Mixture (SM) kernel

o Define mixture of Q Gaussians {a; N (11, 07)}< 2

Q
S(w) =Y aiN (wlpi, o7) (42)
=1
= K(r) = / S(w) cos(2mrw)dw (43)
Q b
= Z a; exp(—2m2 o 12 cos(2mT 1) (44)
=1 smooth decay periodic

o Dense in the set of stationary kernels = can generate any stationary kernel

Sparse Mixture kernel Spectral density
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4
15
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10 /\
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o N N
0 5 10 15 20 0 0.05 0.1 0.15
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2Wilson, Adams (ICML 2013) Gaussian process kernels for pattern discovery and extrapolation



Wilson: Spectral Mixture (SM) kernel

Gaussian vs SM kernel Spectral density
1 150
Gaussian kernel
SM kernel
100
0.5
50
0 0 —
0 5 10 15 20 0 0.05 0.1 0.15
Distance 7 Frequency w

o Approximate gaussian kernel with SM kernel with Q = 5 components, i.e.

2 2 2 2 (z _x/)z
Z a; exp(—2n~0; 77) cos(2nT ;) R exp (7>
i=1

for certain a;, i, o;



Spectral kernels

Gaussian Kernel SS Kernel SM Kernel

o Image from Remes, Heinonen, Kaski: Non-stationary spectral kernels, NIPS'17
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SM kernel inference

@ Optimize 3Q hyperparameters 6 = {a,, ui,ai}i@:l of kernel
Ko(z — ') = 2?21 a; exp(—2m%0;27?) cos(2mT ;) by maximizing

1 _ 1 N
logp(y|0) = —5 y (Ko +0°D)7y —3 log | Ky + o1 -3 log 27

data fit model complexity

o After kernel is fixed, predictions have closed form

20

— 95% CR
S 400 —Train —SM
Q S 15 —SE
o Test = — Empirical
c 380 MA c
o) o 10
'g —RQ a
o PER ©
£ 360 <
o --- SE 3 5
e —SM o
Q 340} g @ o
(G] | — =

A A e O
N 4 4
®) ., 5
O 320 g

1968 1977 1986 1995 2004 % oz o4 o086 08 1 12
Year Frequency (1/month)



Spatio-temporal temperatures

1 1
2 0.8
2 0.6
805 ’ 0.5
g 0.4
] 0.2

0 0

0 50 0 50 0 50 100
X [Km] Y [Km] Time [mon]

(a) Learned GPatt Kernel for Temperatures

2os 0.8 0.8
F06 0.6 0.6
204 0.4 0.4
§oz2 0.2 0.2
0 20 40 0 50 0 5
X [Km] Y [Km] Time [mon]

(b) Learned GP-SE Kernel for Temperatures

@ SM kernel induces only stationary covariances, but temperatures are non-stationary



Iterative kernel learning strategies

@ Deep Kernel Learning (DKL): use a neural network as a feature extractor NN : R% — R”
f(x) = GP(0, k(NN(x), NN(x')))

o Automatic Statistician / Automatic Bayesian Covariance Discovery (ABCD) / Neural Kernel Network
(NKN): Search over kernel sums and products

Module 2

! Primitive  Linear Product
| Kernels  Layer

Figure 2. Neural Kernel Network: each module consists of a Linear layer and a Product layer. NKN is based on compositional rules for
kernels, thus every individual unit itself represents a kernel.
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More flexible assumptions

o Standard GP regression

y(x) = f(x) +e (46)
e~ N(0,6%) (47)
f(X) ~ gP(Oa ke(x, X,)) (48)

o Global noise variance
o Global kernel function



More flexible assumptions

o Standard GP regression

y(x) = f(x) +e (46)
e~ N(0,0%) (47)
f(X) ~ gP(Oa kl(xv X,)) (48)

o Global noise variance
o Global kernel function

@ Heteroscedastic GPs: What if noise depends on inputs?

o Non-stationary GPs: What if function dynamics depends on inputs?



3

Heteroscedastic Gaussian process

100

50

Acceleration (g)
|
(&)
o

-100 W /o | - - 95% Confidence GP
* 7 —— Mean Heteroscedastic GP
-150r Noof - - -95% Confidence Heteroscedastic GP
-200 ‘ ‘ ‘ ‘ y
0 10 20 30 40 50 60
Time (ms)

Figure 1. Silverman’s (1985) motorcycle benchmark is an
example for input dependent noise. It consists of a se-
quence of accelerometer readings through time following a
simulated motor-cycle crash.

3Kersting et al (2007): Most Likely Heteroscedastic Gaussian process regression



Heteroscedastic Gaussian process

Standard Gaussian process assumes additive zero-mean noise model

y(x) = f(x) + (] (49)
(] ~ N (0,02) (50)

2

where all noises are zero mean with constant variance o;,

@ Heteroscedastic model assumes input-dependent noise:

e(x) ~ N(0,0n(x)*)

More complex (non-Gaussian) noise models are sometimes used
2

The function 0, (x)* can be another Gaussian process (!)

o Leads to a joint model



Stationary kernels

@ Stationary kernels are translation-invariant:
K(z,2') = K(z + a,2’ + a) (51)
K(z,2") = K(z —2') (52)

for any a

o Stationary kernels are function of vector distance x — z’
o For instance if input variable is ‘age’ in years, then a stationary kernel has property K(1,2) = K(80,81)
e Strange to assume that 1 and 2 year olds are as similar to each other as 80 and 81 year olds

o Non-stationary kernel is not translation invariant, i.e. we can have K(1,2) # K(80,81)

@ Simplest non-stationary kernel is the dot product, K (x,x’) = x7x since

o x=[1,1T, x' =[2,2], K(x,x')=1-2+1-2=4
o x = [10,10]T, x’ = [11,11], K(x,x’) =10- 11+ 10-11 = 120



Problem with stationary functions

05} O Data 4
Tre unction

0 0.2 0.4

@ Simple dataset



Problem with stationary functions

T T T T T T
0.6+ O Data B
Posterior mean
[ Posterior
041 Noisy posterior 7
True function
o 02
=
g o0
-0.2
-0.4
0.6 L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time
Parameters
0.3 T T T T T T T T T
———— { lengthscale
0.25 o signal variance 1
w? noise variance
02} 4
S
=015 1
>
0.1F 1
0.05F 1
0 ! ! ! ! ! ! ! ! !

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time

@ Optimal Gaussian process fit

@ Bad fit in the beginning
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Problem with stationary functions

value

03
0.25
0.2

S
2015

>
0.1
0.05

0

GP posterior
T T T

L[ o Data -

Posterior mean

W Posterior
Noisy posterior
True function

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time

Parameters

T T T T T T T T T
———— { lengthscale

o signal variance
w? noise variance

o Let's increase lengthscale to get smoother model

o Initial fit fixed, now ill fit in the middle
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Problem with stationary functions

GP posterior
T T T

0.6+ O Data B
Posterior mean
0.4 |- | ™= Posterior
- Noisy posterior
True function

value

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time

Parameters
0.3 T T T T T T T T T
———— { lengthscale
0.25 o signal variance
w? noise variance

g
20415F A 1

0.1
oosfF 0 T 77777777777 E

@ Let's increase noise level to to match data

o = We need input-dependent parameters



Non-stationary Gaussian process

@ The Gaussian kernel has a fixed, global lengthscale

K x) = exp (X0 (53)

o Equally smooth functions everywhere

@ The non-stationary Gaussian kernel (‘Gibbs kernel’) admits a lengthscale function ¢(x)

_2Wa)@) (@)
U(2)? + L(a)2 =P ( U(z)? + é(r/)2> &4
—_—

normalizer

@ The multivariate Gibbs kernel, where ¥; := ¥(x;) € RP*P

K (i, ;) =[Sl 4804S+ 25) /207 exp (— 06— x0) (S + 25)/2) ki = %)) (55)



Non-stationary solution*

@ Function process
‘ L — y(z) = f(z) +e(z) (56)
ool [ e f F@) ~ GP0, ()0 (2 Ky (,2)) (57)
% 0.2 True function E(m) - N(O, w(x)2) (58)

o Parameter processes

064 01 02 03 04 tﬁ;fe 06 07 08 09 1 Z(l?) ~ g’])(ue, KZ (l‘, x/)) (59)
03 i MAP Dar‘ame‘er‘s . . . ﬁ(’) ~ gP(Mo-, KU ((L’, ZE,)) (60)
w(@) ~ GP(po, Kuo (z,2")) (61)
o Kernel
"o_ 20(z)e(z’) (z—a')?
e e e e B
@ Explicit function representation through smoothness, scale

and noise functions

“Heinonen et al. Non-stationary Gaussian process regression with Hamiltonian Monte Carlo. AISTATS 2016



Non-stationary inference

Nonstationary GP

06f[ © Daa
Posterior mean
0.4 | | M= Posterior
Noisy posterior
True function

value

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time

MAP parameters
T T T

@ Marginal joint likelihood

L=p(y,Lw,0o)=pylEw, o)pp(o)p(w) (63)
= N(y|0,00" o Ky + diag(w))N (€|pue, Ke)N (0| pio, Ko )N (w|pe, Ko) (64)

o We optimize £ for MAP estimates é, o,w.

@ The predictive posterior p(f|é7 &,w,y) is of standard form, except our kernel is 66T o K,



Inference

Nonstationary GP

value

0 01 02 03 04 05 06 07 08 09 1
s Lengthscale posterior
mm— Samples -
3 = = . =
ot =" e &~ ~
0 L L R ——— | L L |
o 0.1 0.2 03 04 05 06 0.7 08 09 1
Noise variance posterior
0.1 |- [ Samples ==
) — — MAP noise variance =
L S —
o n L . L L )
o 0.1 03 04 05 0.6 0.7 08 09 1
Signal variance posterior
0.4 |- [—— Samples i
3 = = MAP signal variance - -
So2 i S ~
0 i L . L L . . L I )
o 0.1 0.2 03 04 0.5 0.6 0.7 08 09 1

@ Sample exact posterior with HMC®
p(f,4,0,w;y)

®Heinonen et al. Non-stationary Gaussian process regression with Hamiltonian Monte Carlo. AISTATS 2016
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Non-stationary spectral kernels

@ We have seen how to learn arbitrary stationary kernels via spectral learning

We have seen how to learn (non-stationary) Gaussian kernel with parameter functions

What about non-stationary spectral kernels?
Model input-dependent frequencies, or spectrograms S(z, w)
o E.g. wavelets are time-dependent frequencies in signal processing

2.5 Input dependent spectral densities

2

spectral density

X (input)

7 6
frequency



Generalised Spectral Mixture (GSM) kernel®”

@ Non-stationary spectral kernel can be derived:

(x_x/)Q ) — (2D
Koo sz weemp (=5 ) costamtun(e)e - @)

periodic
Exponential kernel
with
log wi(z) ~ GP(0, Kw) (65)
log pi(x) ~ GP(0, K,) (66)
log Vi(x) ~ GP(0, Ks) (67)

Leamed GSM kernel

Simulated time series with GSM kernel

Spectrogram

Confidence interval
© Observation
|——"Posterior mean

“is -1 0.5 0 0.5 1

v
®Remes, Heinonen, Kaski (2017): Non-stationary spectral kernels
Shen, Heinonen, Kaski (2019): Harmonizable mixture kernels with variational Fourier features
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Summary

@ Performance of GP has crucial dependency on how well the kernel matches the data
o Gaussian kernel is a convenient ‘default’ kernel that can interpolate well

o Advantage: simple, efficient, easy-to-learn, universal
o Disadvantage: cannot fit periodic data, stationary only



Summary

@ Performance of GP has crucial dependency on how well the kernel matches the data
o Gaussian kernel is a convenient ‘default’ kernel that can interpolate well

o Advantage: simple, efficient, easy-to-learn, universal
o Disadvantage: cannot fit periodic data, stationary only

@ Spectral kernels can extrapolate repeating patterns

o Advantage: can learn arbitrary periodic or non-periodic stationary patterns
o Disadvantage: slower to learn, high possibility to overfit



Summary

Performance of GP has crucial dependency on how well the kernel matches the data

Gaussian kernel is a convenient ‘default’ kernel that can interpolate well

o Advantage: simple, efficient, easy-to-learn, universal
o Disadvantage: cannot fit periodic data, stationary only

@ Spectral kernels can extrapolate repeating patterns

o Advantage: can learn arbitrary periodic or non-periodic stationary patterns
o Disadvantage: slower to learn, high possibility to overfit

o Non-stationary Gaussian kernel can learn adaptive interpolations

o Advantage: can learn smoothly changing smoothness / variance
o Disadvantage: slower to learn, more possibilities to overfit

@ Compositional kernels search for base kernel combinations
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