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Overview

Last time:
@ Three ideal operations: Sums, products, intersections
@ Generating sets of the ideals obtained by these operations

@ Geometric operations corresponding to the algebraic
operations

@ Zariski closure

@ Finished the proof of the Closure Theorem
Today:

@ Quotients of ideals

@ Irreducible varieties and prime ideals

@ Decomposition of a variety into irreducibles
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Zariski closure and
quotients of ideals

Kaie Kubjas The Algebra-Geometry Dictionary



Zariski closure

If S C k", the affine variety V(I(S)) is the smallest variety that
contains S.

v

The Zariski closure of a subset of affine space is the smallest
affine algebraic variety containing the set. If S C k", the Zariski
closure of S is denoted S and is equal to V(I(S)).
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Zariski closure

If S C k", the affine variety V(I(S)) is the smallest variety that
contains S.

v

The Zariski closure of a subset of affine space is the smallest
affine algebraic variety containing the set. If S C k", the Zariski
closure of S is denoted S and is equal to V(I(S)).

Recall the difference of two varieties need not be a variety:
@ K= (xz,yz),l=(2)
@ V(K) — V() is the z-axis with the origin moved
@ the z-axis is the smallest variety containing V(K) — V(/)
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Zariski closure

If S C k", the affine variety V(I(S)) is the smallest variety that
contains S.

v

The Zariski closure of a subset of affine space is the smallest
affine algebraic variety containing the set. If S C k", the Zariski
closure of S is denoted S and is equal to V(I(S)).

Recall the difference of two varieties need not be a variety:
@ K= (xz,yz),l=(2)
@ V(K) — V() is the z-axis with the origin moved
@ the z-axis is the smallest variety containing V(K) — V(/)

Proposition

If V and W are varieties with V.C W, then W = VU (W — V).




Ideal quotient

Definition
If /,J are ideals in k[x1, ..., Xxy], then | : J is the set

{f € Kk[x1,...,xn) : fg € Iforall g € J}

and is called the ideal quotient (or colon ideal) of / by J.
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Ideal quotient

If /,J are ideals in k[x1, ..., Xxy], then | : J is the set

{f € Kk[x1,...,xn) : fg € Iforall g € J}
and is called the ideal quotient (or colon ideal) of / by J.

(xz,yz) : (z) ={f € k[x,y,2]| : fz € (xz,yz)}
={feklx,y,z]: fz= Axz + Byz}
={fek[x,y,z]: f=Ax+ By} =(x,y)
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Ideal quotient

If /,J are ideals in k[x1, ..., Xxy], then | : J is the set

{f € Kk[x1,...,xn) : fg € Iforall g € J}

and is called the ideal quotient (or colon ideal) of / by J.

(xz,yz) : (z) ={f € k[x,y,2]| : fz € (xz,yz)}
={feklx,y,z]: fz= Axz + Byz}
={fek[x,y,z]: f=Ax+ By} =(x,y)

Ifl,J are ideals in K[x1,...,Xn], then | : J is an ideal in
k[x1,...,Xxn] @and I : J contains I.

”
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Ideal quotient

Let | and J be ideals in k[xq, ..., Xs]. Then

V(I J) 2 V(1) - V(J).

If, in addition if k is algebraically closed and | is a radical ideal,
then
V(I:J)=V(l)—V(J).

Let / = (xy?) and J = (y). What s / : J? What is V(I) — V(J)?
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Ideal quotient

Let | and J be ideals in k[xq, ..., Xs]. Then

V(I J) 2 V(1) - V(J).

If, in addition if k is algebraically closed and | is a radical ideal,

then
V(I:J)=V(l)—V(J).

Let / = (xy?) and J = (y). What is / : J? What is V(/) — V(J)?
Then I: J = (xy), V(I : J) is the union of x-axis and y-axis and
V() — V(J) is the y-axis.
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Ideal quotient

Let V and W be varieties in k". Then

(V) : I(W) =LV — W).

@ Let V be the union of x-axis and y-axis.

@ Let W be the x-axis.

@ ThenI(V) = (xy), (W) = (y) and I(V) : I(W) = (x).
@ V — W is the y-axis without the point (0, 0).

o I(V—W)=(x)
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Ideal quotient

Proposition

Letl,d, and K be ideals in k[x,...,Xn]. Then:
Q /:Kkixq,....,xq] = I

Q@ IUCKifandonlyifl C K : J.

©Q JClifandonlyifl:dJ=k[xi,...,Xn].
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Ideal quotient

Proposition

Letl,d, and K be ideals in k[x,...,Xn]. Then:
Q /:Kkixq,....,xq] = I

Q@ IUCKifandonlyifl C K : J.

©Q JClifandonlyifl:dJ=k[xi,...,Xn].

Proposition
Letl l;,d,J;, and K be ideals in K[x1,...,Xn| for1 <i<r. Then

(N7 H-J::mf(ﬁ:JL

§:4 = N_;(I: Jp),

U.Jyl(:I.JK.
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Ideal quotient

Let | be an ideal and g an element of k[xy, ..., Xn]. If
{h1,...,hy} is a basis of the ideal I N (g), then

{h1/g,...,hp/g} is a basis of | : (g).
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Ideal quotient

Let | be an ideal and g an element of k[xy, ..., Xn]. If
{h1,...,hy} is a basis of the ideal I N (g), then

{h1/g,...,hp/g} is a basis of | : (g).

An algorithm for computing a basis of an ideal quotient:
o /=(fh,....fHandJ=(gy,....gs) = (G1) + -+ (s)
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Ideal quotient

Let | be an ideal and g an element of k[xq, ..., Xp]. If
{h1,...,hy} is a basis of the ideal I N (g), then

{h1/g,...,hp/g} is a basis of | : (g).

An algorithm for computing a basis of an ideal quotient:

o /=(fh,....fHandJ=(gy,....gs) = (G1) + -+ (s)
@ compute a basis for / : (g;)
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Ideal quotient

Let | be an ideal and g an element of k[xq, ..., Xp]. If
{h1,...,hy} is a basis of the ideal I N (g), then

{h1/g,...,hp/g} is a basis of | : (g).

An algorithm for computing a basis of an ideal quotient:
o /=(fi,....fYand J=(g1,...,9s) = (91) + -+ (gs)
@ compute a basis for / : (g;)
@ compute a basis for (fi,...,f) N {(g;)
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Ideal quotient

Let | be an ideal and g an element of k[xq, ..., Xp]. If
{h1,...,hy} is a basis of the ideal I N (g), then

{h1/g,...,hp/g} is a basis of | : (g).

An algorithm for computing a basis of an ideal quotient:
o /=(fh,....fHandJ=(gy,....gs) = (G1) + -+ (s)
@ compute a basis for / : (g;)

@ compute a basis for (f, ..., f) N {g;) by finding a Groebner
basis of (tfy, ..., tf;, (1 — t)g;) wrt a lex order in which ¢
precedes all the x;
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Ideal quotient

Let | be an ideal and g an element of k[xq, ..., Xp]. If
{h1,...,hy} is a basis of the ideal I N (g), then

{h1/g,...,hp/g} is a basis of | : (g).

An algorithm for computing a basis of an ideal quotient:
o /=(fh,....fHandJ=(gy,....gs) = (G1) + -+ (s)
@ compute a basis for / : (g;)

@ compute a basis for (f, ..., f) N {g;) by finding a Groebner
basis of (tfy, ..., tf, (1 — t)g;) wrt a lex order in which ¢

precedes all the x;
@ use the division algorithm to get a basis for / : (g;)
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Ideal quotient

Let | be an ideal and g an element of k[xq, ..., Xp]. If
{h1,...,hy} is a basis of the ideal I N (g), then

{h1/g,...,hp/g} is a basis of | : (g).

An algorithm for computing a basis of an ideal quotient:
o /=(fh,....fHandJ=(gi,....0s) = (G1) + -+ (gs)
@ compute a basis for / : (g;)

@ compute a basis for (f, ..., f) N {g;) by finding a Groebner
basis of (tfy, ..., tf;, (1 — t)g;) wrt a lex order in which ¢
precedes all the x;

@ use the division algorithm to get a basis for / : (g;)

@ compute a basis of / : J by applying the intersection
algorithm s — 1 times, computing first a basis for

I:(g1,92) = (1:(g1)) N (I:(ge)) etc
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Irreducible varieties and
prime ideals
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Irreducible varieties

@ Recall that the union of two varieties is a variety
@ V(xz, yz) is the union of a plane and a line

@ The line and the plane are more fundamental than
V(xz, yz), since they are indecomposable
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Irreducible varieties

@ Recall that the union of two varieties is a variety
@ V(xz, yz) is the union of a plane and a line

@ The line and the plane are more fundamental than
V(xz, yz), since they are indecomposable

Definition
An affine variety V C k" is irreducible if whenever V is written
in the form V = V, U V5, where V4 and Vs are affine varieties,

then either V; = Vor Vb = V.
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Irreducible varieties

@ Recall that the union of two varieties is a variety
@ V(xz, yz) is the union of a plane and a line

@ The line and the plane are more fundamental than
V(xz, yz), since they are indecomposable

Definition
An affine variety V C k" is irreducible if whenever V is written
in the form V = V, U V5, where V4 and Vs are affine varieties,

then either V; = Vor Vb = V.

V(xz, yz) is not an irreducible variety.
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Irreducible varieties

@ For the definition to be reasonable, a point, a line and a
plane should be irreducible (homework).

@ The twisted cubic V(y — x2, z — x3) is irreducible. How to
prove this?

@ When is an algebraic variety irreducible? The key is to
consider the corresponding algebraic notion.
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Irreducible varieties

@ For the definition to be reasonable, a point, a line and a
plane should be irreducible (homework).

@ The twisted cubic V(y — x2, z — x3) is irreducible. How to
prove this?

@ When is an algebraic variety irreducible? The key is to
consider the corresponding algebraic notion.

Definition

Anideal I C k[xq, ..., Xp] is prime if whenever
f,g € k[x1,...,xp] and fg € I, then either f € [or g € I.
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Irreducible varieties

@ For the definition to be reasonable, a point, a line and a
plane should be irreducible (homework).

@ The twisted cubic V(y — x2, z — x3) is irreducible. How to
prove this?

@ When is an algebraic variety irreducible? The key is to
consider the corresponding algebraic notion.

Definition

Anideal I C k[xq, ..., Xp] is prime if whenever
f,g € k[x1,...,xp] and fg € I, then either f € [or g € I.

Proposition

Let V C K" be an affine variety. Then V is irreducible if and only
ifI(V) is a prime ideal.
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Irreducible varieties

Note that every prime ideal is radical.

When k is algebraically closed, then functions | and V induce a
one-to-one correspondence between irreducible varieties in k"
and prime ideals in K[x1, . .., Xn].
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Irreducible varieties

Note that every prime ideal is radical.

Corollary

When k is algebraically closed, then functions | and V induce a
one-to-one correspondence between irreducible varieties in k"
and prime ideals in K[x1, . .., Xn].

The ideal of the twisted cubic is prime:

suppose fg € I( V)

o f(t,12,13)g(t, t?,13) = O for all t

o f(t,12,13) or g(t, 2, 3) is the zero polynomial
@ forgliesinI(V)
°
o

I(V) is a prime ideal
twisted cubic is an irreducible variety in R3
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Irreducible varieties

The idea how we showed that the twisted cubic is an irreducible
variety can be generalized:
Proposition

If k is an infinite field and V C k" is a variety defined
parametrically

X4 :f1(t17"')tm)7

Xn = fn(t1,. . .,l('m)7

where fi, ..., f, are polynomials in k[t ..., tm], then V is
irreducible.
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Irreducible varieties

If k is an infinite field and V C K" is a variety defined by the
rational parametrization

At tn)
g1(t1,...,tm)’

_ fn(t1,,tm)
gn(t‘h...,t‘m)7
., Im], then V is irreducible.

n

where fi, ..., fn,01,...,9n € K[t1, ..

v
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Maximal ideals

@ the simplest variety {(a1,...,an)}

@ parametrization fi(t, ..., tm) = a

@ hence a point is irreducible

@ Quiz: What is the ideal of the point? Is the ideal prime?
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Maximal ideals

@ the simplest variety {(a1,...,an)}

@ parametrization fi(t, ..., tm) = a

@ hence a point is irreducible

@ Quiz: What is the ideal of the point? Is the ideal prime?
o I({ay,...,an}) = (X1 —a@1,...,Xn — an)

@ the ideal of a point is prime

@ itis also maximal: the only ideal that strictly contains it is
K[xt,...,Xn]
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Maximal ideals

@ the simplest variety {(a1,...,an)}

@ parametrization fi(t, ..., tm) = a

@ hence a point is irreducible

@ Quiz: What is the ideal of the point? Is the ideal prime?
o I({ay,...,an}) = (X1 —a@1,...,Xn — an)

@ the ideal of a point is prime

@ itis also maximal: the only ideal that strictly contains it is

K[xt,...,Xn]
Definition
Anideal I C k[xy, ..., Xp] is said to be maximal if
I # K[x4,...,Xp] and any ideal J containing / is such that either

J=1lordJd=K[xq,..., X
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Maximal ideals

Definition

If k is any field, an ideal | C k[x1, ..., Xs] is called proper if | is
not equal to K[x1, ..., Xp].

Kaie Kubjas The Algebra-Geometry Dictionary



Maximal ideals

If k is any field, an ideal | C k[x1, ..., Xs] is called proper if | is
not equal to K[x1, ..., Xp].

If k is any field, an ideal | C K[xy, ..., Xs] of the form

/:<X1—a1,...7Xn_an>,

where ay, ..., an € k, is maximal.
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Maximal ideals

If k is any field, an ideal | C k[x1, ..., Xs] is called proper if | is
not equal to K[x1, ..., Xp].
If k is any field, an ideal | C K[xy, ..., Xs] of the form
I=(xy —ai,...,Xn— an),
where ay, ..., an € k, is maximal.

@ every point (ay, ..., an) € k" corresponds to the maximal
ideal (x; — ay,...,Xn— an)

@ the converse does not hold if k is not algebraically closed
@ (x? 4 1) is maximal in R[x]
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Maximal ideals

Proposition

If k is any field, a maximal ideal in K[X1, ..., Xn] is prime.
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Maximal ideals

Proposition

If k is any field, a maximal ideal in K[X1, ..., Xn] is prime.

If k is an algebraically closed field, then every maximal ideal of
K[X1,...,Xn] is of the form (x; — ay, ..., Xn — an) for some
ai,...,an € k.
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Maximal ideals

Proposition

If k is any field, a maximal ideal in K[X1, ..., Xn] is prime.

If k is an algebraically closed field, then every maximal ideal of
K[X1,...,Xn] is of the form (x; — ay, ..., Xn — an) for some
ai,...,an € k.

Corollary

If k is an algebraically closed field, then there is a one-to-one
correspondence between points of k" and maximal ideals of
K[X1, ..., Xn]-
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Decomposition of a variety
into irreducibles

Kaie Kubjas The Algebra-Geometry Dictionary



Decomposition of a variety into irreducibles

Proposition (The Descending Chain Condition)
Any descending chain of varieties

Vi2 Va2 V3D

in k" must stabilize. That is, there exists a positive integer N
such that Vy = V1 = -+
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Decomposition of a variety into irreducibles

Proposition (The Descending Chain Condition)
Any descending chain of varieties

Vi2 VoD V3D ...

in k" must stabilize. That is, there exists a positive integer N
such that Vy = V1 = -+

Let V C k" be an affine variety. Then V can be written as a
finite union

V=ViU---UVp,

where each V; is an irreducible variety.
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Decomposition of a variety into irreducibles

V =V(xz - y? x3 - yz)

v

Kaie Kubjas The Algebra-Geometry Dictionary




Decomposition of a variety into irreducibles

V =V(xz - y?, x3 - yz):
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Decomposition of a variety into irreducibles

V =V(xz - y?, x3 - yz):

@ z-axis V(x, y) is contained in V
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Decomposition of a variety into irreducibles

V =V(xz - y?, x3 - yz):
@ z-axis V(x, y) is contained in V
@ what about V — V(x,y)?
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Decomposition of a variety into irreducibles

V =V(xz - y?, x3 - yz):
@ z-axis V(x, y) is contained in V

@ what about V — V(x,y)?
@ consider (xz — y2,x3 — yz) : (x,y)
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Decomposition of a variety into irreducibles

V =V(xz - y?, x3 - yz):
@ z-axis V(x, y) is contained in V
@ what about V — V(x,y)?
@ consider (xz — y2,x3 — yz) : (x,y)
o (I:x)n(l:y)
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Decomposition of a variety into irreducibles

V =V(xz - y?, x3 - yz):
@ z-axis V(x, y) is contained in V
@ what about V — V(x,y)?
@ consider (xz — y2,x3 — yz) : (x,y)
o (I:x)n(l:y)
@ INn(x) = (x2z — xy? x* — xyz,x3y — xz?,x° — xy?)
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Decomposition of a variety into irreducibles

V =V(xz - y?, x3 - yz):

z-axis V(x, y) is contained in V

what about V — V(x, y)?

consider (xz — y?,x3 — yz) : (x,y)

(I:x)n(l:y)

1N {x) = (x2z — xy?, x* — xyz, x3y — xz2, x° — xy3)
|- x = <X22—xy2 x*—xyz x3y—x22> _

(xz - y2,x° — yz,x2y — 28) = I+ (xty — 22)
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Decomposition of a variety into irreducibles

V =V(xz - y2, x3 — yz):

z-axis V(x, y) is contained in V

what about V — V(x, y)?

consider (xz — y?,x3 — yz) : (x,y)

(I:x)n(l:y)

1N {x) = (x2z — xy?, x* — xyz, x3y — xz2, x° — xy3)
v XPz—xy® x*—xyz x3y—xz®\ _

&ZX— y<2,x3 - }”27;2}/ _ 22)5 = >I+ (x2y — Z)

o [:y=1I+(x2y— 2%
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Decomposition of a variety into irreducibles

V =V(xz - y?, x3 - yz):

z-axis V(x, y) is contained in V

what about V — V(x, y)?

consider (xz — y?,x3 — yz) : (x,y)

(I:x)n(l:y)

1N {x) = (x2z — xy?, x* — xyz, x3y — xz2, x° — xy3)
|- x = <X22—xy2’ x“—xxyz7 xay;x22> _

(xz — y?,x3 — yz,x%y — 2%) = | + (x°y — 2?)

o [:y=1I+(x2y— 2%

@ I:(x,y) = (xz—y? x® - yz,x°y — 2?)
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Decomposition of a variety into irreducibles

V =V(xz - y2, x3 — yz):

z-axis V(x, y) is contained in V

what about V — V(x, y)?

consider (xz — y?,x3 — yz) : (x,y)

(I:x)n(l:y)

1N {x) = (x2z — xy?, x* — xyz, x3y — xz2, x° — xy3)

2 5__yyl 4_ Sy _ w72

/:X:<XZ Xy’ ’x nyZ7nyXZ >:

<XZ—y2,X3 - yzvx2y - 22> = I+ <X2y - 22>

o [:y=1I+(x2y— 2%

°/: <X7y> = <XZ—y2,X3 _yz7x2y_22>

@ V(xz — y2,x3 — yz,x?y — z?) is an irreducible curve
parametrized by (13, t*, t°)
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Decomposition of a variety into irreducibles

Let V C k" be an affine variety. A decomposition

V=V,U...UVp,

where each V; is an irreducible variety, is called a minimal
decomposition if V; ¢ V; for i # j.
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Decomposition of a variety into irreducibles

Let V C k" be an affine variety. A decomposition
V=ViU...UVp,

where each V; is an irreducible variety, is called a minimal
decomposition if V; ¢ V; for i # j.

Let V C K" be an affine variety. Then V has a minimal
decomposition

V=ViU---UVpy

Furthermore, this decomposition is unique up to the order in
which V4, ..., Vy are written.

The uniqueness part is wrong if one does not assume

finiteness of the decomposition.
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Minimal decomposition

If k is algebraically closed, then every radical ideal in
k[x1, ..., Xn] can be written uniquely as a finite intersection of
prime ideals, | = Py ---N P, where P; ¢ P; fori # j. We often
call such a presentation of a radical ideal a minimal
decomposition.
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Minimal decomposition

If k is algebraically closed, then every radical ideal in

k[x1, ..., Xn] can be written uniquely as a finite intersection of
prime ideals, | = Py ---N P, where P; ¢ P; fori # j. We often
call such a presentation of a radical ideal a minimal
decomposition.

If k is algebraically closed and | is a proper radical ideal such
that

is its minimal decomposition as an intersection of prime ideals,
then the P;’s are precisely the proper prime ideals that occur in
theset{l:f:fekxy,...,xn]}
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Minimal decomposition

@ I=(xz—y?x3—yz)
@ Assume that / is a radical ideal
@ Can we write / as an intersection of prime ideals?
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Minimal decomposition

@ I=(xz—y?x3—yz)

@ Assume that / is a radical ideal

@ Can we write / as an intersection of prime ideals?
o V() =V(x,y)UV(xz — y? x3 — yz,x?y — 2?)
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Minimal decomposition

@ I=(xz—y?x3—yz)

@ Assume that / is a radical ideal

@ Can we write / as an intersection of prime ideals?
o V() =V(x,y)UV(xz — y? x3 — yz,x?y — 2?)

o I=(x,y)n(xz—y? x® - yz, X2y — 2?)

Kaie Kubjas The Algebra-Geometry Dictionary



Minimal decomposition

@ I=(xz—y?x3—yz)

@ Assume that / is a radical ideal

@ Can we write / as an intersection of prime ideals?
o V() =V(x,y)UV(xz — y? x3 — yz,x?y — 2?)

o I=(x,y)n(xz—y? x® - yz, X2y — 2?)

@ we know /: x = (xz — y?, x3 — yz,x?y — 2°)
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Minimal decomposition

@ I=(xz—y?x3—yz)

@ Assume that / is a radical ideal

@ Can we write / as an intersection of prime ideals?
o V() =V(x,y)UV(xz — y? x3 — yz,x?y — 2?)

o I=(x,y)n(xz—y? x® - yz, X2y — 2?)

@ we know /: x = (xz — y?, x3 — yz,x?y — 2°)
o I=(x,y)yn(l:x)
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Minimal decomposition

@ I=(xz—y?x3—yz)

@ Assume that / is a radical ideal

@ Can we write / as an intersection of prime ideals?
@ V(I)=V(x,y)UV(xz — y? x3 — yz, x?y — 22)

o I=(x,y)n(xz—y? x® - yz, X2y — 2?)

@ we know /: x = (xz — y?, x3 — yz,x?y — 2°)

o I=(x,y)yn(l:x)

@ want to remove V(xz — y?, x3 — yz x%y — 7?)
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Minimal decomposition

@ I=(xz—y?x3—yz)
@ Assume that / is a radical ideal
@ Can we write / as an intersection of prime ideals?

o V(I) = V(x,y)UV(xz — y2,x3 — yz,x%y — 2)
o I=(x,y)n(xz—y? x® - yz, X2y — 2?)

@ we know /: x = (xz — y? x3 — yz x?y — 7%)
o /=(xy)n(l:x)

@ want to remove V(xz — y2, x3 — yz, x2y — 7?)
o /:(x2y —2%) = (x,y)
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Minimal decomposition

@ I=(xz—y?x3—yz)

@ Assume that / is a radical ideal

@ Can we write / as an intersection of prime ideals?
V() =V(x,y)UV(xz — y2, x3 — yz,x°y — Z?)

I = (x,y)N{(xz—y? x3 — yz,x?y — 2°)

we know /: x = (xz — y?, x3 — yz,x?y — Z?)
I={x,y)n(l:x)

want to remove V(xz — y2, x3 — yz, x2y — z2)
I:(x%y — 22) = (x,y)

I=(I:(x2y —22))n(I: x)
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Minimal decomposition

@ I=(xz—y?x3—yz)

@ Assume that / is a radical ideal

@ Can we write / as an intersection of prime ideals?
@ V(I)=V(x,y)UV(xz — y? x3 — yz, x?y — 22)

@ /= (x,y)n(xz—y? x3 —yz, x?y — 72)

@ we know /: x = (xz — y?, x3 — yz,x?y — 2°)

o I=(x,y)yn(l:x)

@ want to remove V(xz — y?, x3 — yz x%y — 7?)

o I:(xPy —2%) =(xy)

o /=(I:(x2y —Z2))n(l: x)

@ it remains to show that /: (x?y — z?) and (/ : x) are prime
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Minimal decomposition

@ I=(xz—y?x3—yz)

@ Assume that / is a radical ideal

@ Can we write / as an intersection of prime ideals?
@ V(I)=V(x,y)UV(xz — y? x3 — yz, x?y — 22)

@ /= (x,y)n(xz—y? x3 —yz, x?y — 72)

@ we know /: x = (xz — y?, x3 — yz,x?y — 2°)

o I=(x,y)yn(l:x)

@ want to remove V(xz — y?, x3 — yz x%y — 7?)

o I:(xPy —2%) =(xy)

o /=(I:(x2y —Z2))n(l: x)

@ it remains to show that /: (x?y — z?) and (/ : x) are prime
o I:x=1(V(xz — y? x® — yz,x°y — 2?))
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Conclusion

Today:
@ Quotients of ideals
@ Irreducible varieties and prime ideals
@ Decomposition of a variety into irreducibles

Next time: Applications in robotics
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