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Groth Kiviniemi Kumpulainen Exercise set 5

General information

The exercise sessions will be held as blackboard sessions, where the participants will present
their solutions to the group. As such, the problems should be set up and solved before
the session. The focus of the exercises lies on analyzing and discussing the task at hand
together with the group: thus, a perfect solution is not required to be awarded points. The
(attempted) solutions should be submitted via email to the assistant at the start of the
exercise session on February 17th. A point will be awarded for each question, and a person
will be chosen to present their solution from the pool.
This exercise set concentrates on tokamaks and highlights especially the key concept of
trapped particles that play a role in several physical processes in tokamaks, including trans-
port of heat and particles.

Exercise 1.

Equilibrium of magnetic fusion devices

The equations describing the equilibrium properties of all magnetic con�gurations of
fusion interest are [1]:

MHD momentum equation (Newton II): ρ
dv

dt
= J×B−∇p→ J×B = ∇p (1)

Ampère's law: ∇×B = µ0J (2)

Gauss' Law for magnetism: ∇ ·B = 0, (3)

where the equivalence is due to the equilibrium assumption (∂/∂t = 0), ρ is the density, v
the velocity, J the current density, B the magnetic �eld, and p the plasma pressure.

Using equation (1), show that the magnetic �eld lines must lie in surfaces of constant
pressure, i.e. that the pressure gradient is perpendicular to the magnetic �eld B.

a)

Using equation (1) and a similar method as in a), show that the current lines must lie
in surfaces of constant pressure.

b)

Using equations (1)-(3), derive equation

∇
(
p+

B2

2µ0

)
− κB

2

µ0

= 0. (4)

Use the Ampère's law to eliminate J from the MHD momentum balance equation. Then

use the vector identity, (∇×B)×B = (B · ∇)B−∇
(
B2

2

)
, to derive the force balance

equation in terms of the thermal pressure gradient of the plasma, ∇p, the magnetic
pressure gradient in the plasma ∇ B2

2µ0
, and the magnetic tension of the plasma κB

2

µ0
.

κ = b · ∇b is the curvature vector of the magnetic �eld, and b is the unit vector of the
magnetic �eld.

c)
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Shortly explain the physical interpretation of equation (4). The plasma pressure p
represents the thermal energy of the plasma, but what are the meaning of the other two
terms in the equation?

d)

Exercise 2.

Pressure driven instabilities

Instabilities driven primarily by the pressure gradient in the plasma are typically classi�ed
either as interchange modes or ballooning modes [1]. Start by investigating the somewhat
amusingly named sausage mode.Consider a straight plasma cylinder at equilibrium with a
radius, a, a plasma pressure, p, and a current running only in the direction parallel to the
axis of the cylinder. The axial magnetic �eld is assumed to be zero in this exercise (i.e. the
magnetic �eld in the direction of the cylinder axis Bz = 0).

Figure 1: Sausage instability in a cylindrical plasma.

Using Ampere's law, show that the poloidal magnetic �eld, Bθ, scales as ∝ 1/r.a)

Next, consider a radially narrwoing, �sausage like�, perturbation, as presented on �gure
1. If we assume the pressure to remain constant, what happens to the equilibrium in
the �waist� of the perturbation? How could you compensate for this instability?

b)

Exercise 3.

Current-driven instabilities

Instabilities driven by the current density parallel to the magnetic �eld are often called
kink modes [1], which will be treated next. Consider a pressure-less plasma cylinder (p =
0 → β = 0), where a surface current layer on the surface of the cylinder, r = a, separates
a purely axial magnetic �eld inside the cylinder, (0, 0, Bz), r < a, from a purely poloidal
magnetic �eld outside the cylinder, (0, Bθa/r, 0), r > a, (lecture slides 9 - 11 'Tokamaks Part
B'). Where Bz and Bθ are constants.

Consider a �kink like� perturbation of the plasma column, as in �gure 2. What happens
on the inside/outside of the bend? What happens for the toroidal and poloidal magnetic
�eld?

a)

What are the stabilizing and destabilizing terms in this case, and what are their balance?
Can you come up with a statement about the operational limits for maximum toroidal
magnetic �elds or plasma currents?

b)
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Figure 2: Kink mode in a cylindrical plasma.

Exercise 4.

Ideal modes, resistive modes, and edge localized modes.

Can you explain the physical di�erence between ideal and resistive modes? How do the
resistive modes impact the magnetic geometry, and what implications do they have for
the operation of a tokamak?

Figure 3: Plasma pressure pro�les for L-mode (blue) and H-mode (red), and the asso-
ciated ELM relaxation (green). Figure credit goes to DIFFER.

a)
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Under certain conditions, the performance of a tokamak can improve suddenly when
the heating power is increased. This transition from low con�nement mode (L-mode)
to high con�nement mode (H-mode) is dubbed the L-H transition, and it is currently a
crucial principle in achieving high pressures in tokamak plasmas.

As illustrated in �gure 3, the transition is identi�ed by a signi�cant increase in plasma
pressure in the core plasma and strong gradient in plasma pressure on the edge. This
�edge transport barrier�, however, is not inherently stable. Edge localized mode (ELM)
instabilities lead to a (partial) relaxation of the gradient and thus a signi�cant amount
of heat is launched at the wall. After the energy is released, the gradient (the barrier)
builds up again and this leads to a new relaxation event, creating a cyclical instability.

Type-I ELMs are the standard, large ELMs associated with a standard, high perfor-
mance, high con�nement mode plasmas. In an ITER sized device with the expected
edge plasma parameters in ITER, the extrapolated size of type-I ELMs can be about
20% of the energy stored in the steep gradient region at the edge, called the pedestal
[2]. The melting temperature threshold of the divertor components in ITER determines
the tolerable heat impact to be about ∆W/

√
t < 20 − 40 MW s1/2 m−2, where ∆W

represents the power �ux density impacting the surface component, and t is the charac-
teristic time scale of the situation [3]. Estimate this heat impact parameter for a type-I
ELM in ITER, assuming:

• the stored pedestal energy in ITER is about 120 MJ.

• 65 % of the ELM energy reaches the high heat �ux areas in the divertor chamber.

• the e�ective plasma wetted area is about 3 m3.

• the e�ective ELM duration is about 0.5 ms. A very nice review of ELMs in toka-
maks can be found in [2].

What is your conclusion about type-I H-mode operation in ITER, can the device absorb
the exhausted power?

b)

References: [1] J.P. Freidberg, Plasma Physics and Fusion Energy, Cambridge University
Press, 2007
[2] K. Kamiya, et al., Edge localized modes: recent experimental �ndings and related issues,
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