Lecture 11
Topics: Center of mass, surface area, triple integrals.
Cylindrical coordinates.

Did the example of finding the center of mass of the top half of a disk of
constant density. To reduce calculations we argued by symmetry that the x-
coordinate of the center of mass is zero.

Derived the formula for the surface area of parametric surfaces and then the
special case when the surface is the graph of a function f(x, y). We only do
examples in this special case. AlImost all of the work need was already done
earlier in the course when we derived the formula for the tangent plane (see
also the change of variable in double integrals). We cut the surfaces into small
tiles by slicing in the x and y directions. Each tile was then approximated by a
parallelogram shaped piece of the tangent plane. This is completely analogous
to how we found arc length by using small pieces of the tangent line. The vectors
that make the edges of the parallelogram were found by parametrizing the
curves and differentiating. The area of the parallelogram is the magnitude of the
cross product of these vectors. From earlier in the course we compute the cross

product to be <—fx, —fy 1>. So the magnitudeis [f;2 + fy2 + 1. The surface area

is the double integral of this quantity.

Computed the surface area of a cone. Note that this can be done without
calculus.

Gave the definition of the triple integral. Stated Fubini's theorem which enables
us to compute a triple integral by computing an iterated integral. For double
integrals there are two possible orders of integratino, dx dy and dy dx. There are
6 possible orders for a triple integral. dz dy dx, dz dx dy, dy dx dz and so on.

Did an example of finding all 6 orders of integration for a non-rectangular region
(although we only wrote down 3 in class). The region (in 3D space) of integration
was given by0 < x < 2,—-1 <y < 1land0 < z < y2. Drawing this and finding
the projections onto each of the coordinate planes xy, yz and xz is where most
of the work is.

Introduced cylindrical coordinates (1, 8, z). This is realtively easy as it is just
polar coords with z added. In polar coords we have d4A = rdr d6. Now we have
dV = rdzdr d6. Sketched the simplest surfaces in this coordinate system. For
example z= constant, r = constant, 8 = const

Did a volume computation example in cylindrical coords.
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Where to find this material

Adams and Essex 14.5, 14.6, 14.7

Corral, 3.3, 3.6, 4.4 (pages 156, 157)

Guichard, 15.3 - 15.6

Active Calculus.11.4,11.6,11.7,11.8
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Surface area

A curve is one-dimensional object. It's parametrization
requires one variable. vse Iq—f,-wo/e
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Aim: Find a formula for the surface area.
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Surface area (2)
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Summing these up, taking the limit as Au —» 0 and Av — 0,
and recalling the definition of the double integral, we get
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Special case: The surface is the graph of a function f(x, y)
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Find the surface area of a right-angled cone of height a /4

Surface area example 4

Method A: Cone given parametrically.
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Surface area example (2)

Method B: Cone give as the graph of a function.
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Triple Integrals
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The triple integral is defined in terms of the limit of
Riemann sums just as for the single and double
integral (no new ideas). See the textbooks for details.

Interpretations:
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Triple integral example
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Cylindrical coordinates (1, 8, z)
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Integration in cylindrical
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Cylindrical coord example (2)
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