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Recap
Stable and unstable limit cycles in 2D.

Ways to rule out closed orbits.

Ways to prove existence of closed orbits.

Nonlinear oscillations.

Limit cycles are the basis for a new kind of bifurcation in 2D. 



Bifurcations in 2D



Saddle-node bifurcation
Prototypical example in 2D: ẋ = µ� x2

ẏ = �yIn the x-direction: the familiar 
bifurcation behaviour.
In the y-direction: exponential 
damping. 

After the collision of fixed 
points (±√µ,0), µ→ µc=0  a 
ghost, or a bottleneck region 
remains.

Time spent in the bottleneck: t / (µ� µc)
�1/2

(See nonlinear 
oscillators in 
Flows on the 
circle.)



Saddle-node bifurcations

The general case
ẋ = f(x, y)

ẏ = g(x, y)

The fixed points at the 
intersections of the 
nullclines (ncs) get closer 
as the ncs pull away,  
collide when ncs become 
tangent at µ = µc , and 
disappear when ncs
become detached.



Example I: Genetic control 
Model for a genetic control; 
the activity of a gene is 
directly induced by two 
copies of the protein for which 
it codes. The gene is 
stimulated by its own 
product, which can lead to 
autocatalytic feedback 
process.

ẋ = �ax+ y

ẏ =
x2

1 + x2
� by

x and y are proportional to 
the concentrations of the 
protein and the messenger 
RNA from which it is 
translated, respectively.  
a, b > 0.

Nullclines

y = ax, y =
x2

b(1 + x2)
.



Example I: Genetic control 
ẋ = �ax+ y

ẏ =
x2

1 + x2
� by

Fixed points = intersections of nullclines:

ax =
x2

b(1 + x)

x⇤ = 0, y⇤ = 0 and x⇤ =
1±

p
1� 4a2b2

2ab
, y⇤ = ax⇤,

if 1� 4a2b2 > 0 , 2ab < 1.

The last two FP coalesce when 𝑎𝑐 = 1/(2𝑏).

At this bifurcation x* = 1.



Example I: Genetic control 
Determine the vector field starting from the nullclines
(vertical and horizontal fields). 

The Jacobian

A =

✓
�a 1
2x

(1+x2)2 �b

◆

t < 0, so all the fixed 
points are either sinks 
(essentially stable) or 
saddles depending on 
D.



Example I: Genetic control 
(0,0) is always a stable FP,  (𝜏! − 4Δ = 𝑎 − 𝑏 ! > 0, we 
disregard the degenerate case 𝑎 = 𝑏). For 0 < x* < 1, FP is a 
saddle. For x* > 1, FP is always a stable node.  The phase 
portrait:

The unstable manifold of the 
saddle is trapped in between 
the two nullclines.
The stable manifold separates 
the plane into two basins of 
attractions of the two sinks.

Biological interpretation: The system can act as a biochemical 
switch, if the mRNA and protein degrade slowly enough, the 
decay rates satisfying 𝑎𝑏 < ½. Then, two steady states: 1. at the 
origin the gene is silent and there’s no protein around to turn it 
on; 2. for x*, y* large, the gene is active and sustained by the high 
protein level.



Transcritical and pitchfork 
bifurcations

In the same manner, by introducing exponential damping in 
the y-direction, we can construct prototypical example 
systems of other bifurcations in 2D.

ẋ = µx� x2, ẏ = �y (transcritical)

ẋ = µx� x3, ẏ = �y (supercritical pitchfork)

ẋ = µx+ x3, ẏ = �y (subcritical pitchfork)



Ex.II: supercritical bifurcation
ẋ = µx� x3

ẏ = �y



Example III
ẋ = µx+ y + sinx

ẏ = x� y

Invariance under 𝑥 → −𝑥,
𝑦 → −𝑦, so the phase portrait 
must be symmetric under 
reflection through the origin.

The origin is a FP for all µ. The Jacobian at (0,0): 

A =

✓
µ+ 1 1
1 �1

◆
⌧ = µ and � = �(µ+ 2) )
At (0,0) there’s a stable FP if 
µ < -2 and a saddle if µ > -2.

The symmetry and the change in the stability of (0, 0) 
suggests a pitchfork bifurcation. è Look for a symmetric pair 
of FPs close to the origin for µ close to µc = -2.



Example III
The fixed points satisfy y = x ) (µ+ 1) + sinx = 0.

For a small x ≠ 0, (µ+ 1)x+ x� x
3

3!
+O(x5) = 0

) µ+ 2� x2/6 ⇡ 0 ) x⇤ ⇡ ±
p
6(µ+ 2)

for µ slightly greater than -2.

A supercritical pitchfork bifurcation occurs at µc = -2, because 
the pair of fixed points exists after the origin has become a 
saddle for µ > -2. (In other words, the pair of FPs do not exist 
when the origin is still a stable FP for µ < -2, which would be the 
case for a subcritical pitchfork bifurcation.)



Example III
Recall the bifurcation diagram for supercritical pitchfork in1D:



Example III
Since the bifurcation is supercritical, the FPs are stable. To 
help drawing the phase portrait one can determine the 
eigenvectors at the origin at bifurcation. Using the Jacobian
for µ = -2, we solve for the eigenvectors as (1,1) and (1,-1).
The phase portrait for µ 
slightly greater than -2 
and near the origin.  
Remember that 
analyses was made by 
linearization: It is valid 
only for small x and 
𝜇 close to 𝜇". Means: 
when system is close to 
bifurcation.



Zero-eigenvalue bifurcations

All the bifurcations up to now have occurred when D = 0, i.e. 
when one eigenvalue equals zero (Δ = 𝜆#𝜆!). These zero-
eigenvalue bifurcations always involve collision of two or 
more fixed points. They typically have a counterpart in one-
dimensional systems. This is not the case for the following 
Hopf bifurcations.



Hopf bifurcations
In what ways can a stable fixed point in a 2D system lose its 
stability? The eigenvalues of the Jacobian are the key.
A  stable FP must have Re l < 0. Destabilization: Re l becomes 
positive. Two possibilities: 

The previous zero-eigenvalue 
bifurcations: a real eigenvalue 
passes through l = 0 .

The new bifurcation: two 
complex-conjugate 
eigenvalues 
simultaneously cross the 
imaginary axis into the 
right half-plane. A Hopf
bifurcation can occur in 
phase spaces of 
dimension n ≥ 2.



Supercritical Hopf bifurcation
Suppose a system settles down to equilibrium through 
exponentially damped oscillations and the decay rate depends 
on a control parameter µ. If the decay becomes slower and 
slower and finally changes to growth at a critical value µc , the 
equilibrium state will lose stability. Often a small-amplitude 
sinusoidal limit-cycle oscillation about the former steady state 
results. These are the characteristics of a supercritical Hopf
bifurcation.  In the phase plane: a stable spiral è an unstable 
spiral surrounded by small, nearly elliptical limit cycle.



Supercritical Hopf bifurcation

Example system: ṙ = µr � r3

✓̇ = ! + br2
Limit cycle at r = √µ.

ê

𝜇 controls the 
stability of FP,
𝜔 = frequency of 
infinitesimal
oscillations, 
b determines 
the dependence 
of frequency on amplitude for larger 
amplitude oscillations



Supercritical Hopf bifurcation
To see how the eigenvalues behave during the bifurcation, 
rewrite the system in Cartesian coordinates.
x = r cos ✓, y = r sin ✓

ẋ = ṙ cos ✓ � r✓̇ sin ✓

= (µr � r3) cos ✓ � r(! + br2) sin ✓

= [µ� (x2 + y2)]x� [! + b(x2 + y2)]y

= µx� !y + cubic terms

Similarly,
ẏ = !x+ µy + cubic terms

) A =

✓
µ �!
! µ

◆
Jacobian at the origin.

) � = µ± i!
The eigenvalues cross the 
imaginary axis from left to right as 
µ increases from negative to 
positive values.

Trick to remember!



Supercritical Hopf bifurcation
Rules of thumb

1. The size (radius) of the limit cycle grows continuously 
from zero and increases proportional to (µ – µc)1/2 for µ
close to µc.

2. The frequency of the limit cycle w = Im l at µ = µc (=0). This 
is also correct within O(µ – µc) for µ close to µc. è The 
period T = (2p/Im l) + O(µ – µc).

However, in Hopf bifurcations encountered in practice:
1. The limit cycle is elliptical, not circular.
2. The shape of the limit cycle becomes distorted as µ moves 

away from µc.
3. Im l depends on µ.



Subcritical Hopf bifurcation
Example system:

The crucial difference to the subcritical case: the cubic term is 
destabilizing. 

Phase portrait:
The unstable cycle 
between the stable 
FP at the origin 
and the stable 
limit cycle tightens 
around the FP as µ
increases.

At µ = µc = 0 the unstable cycle engulfs 
the origin, which becomes unstable. è
Large-amplitude oscillations.

ṙ = µr + r3 � r5

✓̇ = ! + br2
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Subcritical Hopf bifurcation
Also this subcritical system exhibits hysteresis: once large-
amplitude oscillations have begun, they cannot be turned off by 
bringing  µ back to zero. The large oscillations persist until 
µ = -1/4 where the stable and unstable cycles collide and 
annihilate. This is a so-called saddle-node bifurcation of cycles 
(coming up). 

Subcritical Hopf bifurcations occur for example in the 
dynamics of nerve cells, in aeroelastic flutter and other 
vibrations of airplane wings, and in instabilities of fluid flows.



Identifying Hopf bifurcations
Supercritical, if a small attracting limit cycle appears immediately 
after FP goes unstable, and its amplitude shrinks back to zero as 
the parameter is reversed (no hysteresis).

Subcritical in most other cases. If hysteresis, then for sure.

Degenerate: For example, changing the damping 𝜇 from positive 
to negative in the damped pendulum                                      turns 
FP at the origin from a stable to an unstable spiral. However, 
there are no limit cycles on either side of the bifurcation, but a 
continuous band of closed orbits surrounding (0,0). This is not a 
true Hopf bifurcation. Typically happens when a 
nonconservative system becomes conservative at the bifurcation 
point: FP becomes a nonlinear centre, not a weak spiral.

ẍ+ µẋ+ sinx = 0
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Oscillating chemical reactions
The first experimental 
observation of Hopf
bifurcations was made in 
the early 50’s by the Russian 
biochemist Boris Belusov. 
He was not believed and 
did not get his paper 
published. 
In 1961 graduate student 
Zhabotinsky proved him 
right: BZ reactions. 
Nowadays oscillations in 
chemical reactions are the 
prototypical examples of 
Hopf bifurcations.

Expanding circular waves of 
oxidation. 



Oscillating chemical reactions
The Belousov-Zhabotinsky Oscillating Reaction

https://youtu.be/PpyKSRo8Iec

See in  the book the construction of trapping region etc. to 
prove the existence of oscillations.

https://youtu.be/PpyKSRo8Iec


Global bifurcations of cycles

Saddle-node bifurcation of cycles

(Exhibits the subcritical Hopf
bifurcation at µ = 0 as seen in the 
previous section.)

The radial equation exhibits a saddle-node bifurcation of fixed 
points at µc= -1/4.  In 2D the FPs correspond to limit cycles.

- involve large regions of the phase plane (instead of just the 
neighbourhood of a fixed point)

ṙ = µr + r3 � r5

✓̇ = ! + br2
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Global bifurcations of cycles
Infinite-period bifurcation ṙ = r(1� r2)

✓̇ = µ� sin ✓, µ � 0.a) The radial part is of the 
same form as the one-
dimensional supercritical 
bifurcation system with no 
control parameter (so, no 
bifurcation in this alone).
b) The angular part is of 
the form for a nonuniform 
oscillator.

Radial direction: There’s a FP at
r* = 0. All other trajectories 
approach the unit circle (r* = 1) 
monotonically as t → ∞.

Angular direction: µc = 1. If µ > 1, 
the motion is counterclockwise 
everywhere. If µ < 1, there are 
two invariant rays defined by 
sin q = µ.



Global bifurcations of cycles
Infinite-period bifurcation
As µ è 1+ the bottleneck in the limit cycle r = 1 becomes 
increasingly severe. At µc = 1 the fixed point appears on the 
circle and the oscillation period becomes infinite.

For µ < 1 the fixed 
point splits into a 
saddle and a node.

T / (µ� µc)
�1/2



Global bifurcations of cycles
Homoclinic bifurcation (also called saddle-loop bifurcation)

Here, part of a limit cycle approaches a saddle point. At the 
bifurcation the cycle touches the saddle point and becomes a 
homoclinic orbit. 

There is no clear analytic example. Numerical solution of the 
system

ẋ = y

ẏ = µy + x� x2.



Global bifurcations of cycles
Homoclinic bifurcation
ẋ = y

ẏ = µy + x� x2.

Numerically: bifurcation 
at µc ≈ -0.8645.

(a) µ < µc : a stable limit 
cycle passes close to a 
saddle point at the 
origin.
(b) µ increases è the 
limit cycle swells.
(c) µ = µc : a homoclinic
orbit is created.
(d) µ > µc : the saddle 
connection breaks, the 
loop breaks.  



Global bifurcations of cycles
Scaling laws

Characteristic scaling laws govern the and period of the limit 
cycle as the bifurcation is approached. Here, µ << 1 denotes a 
dimensionless measure of the distance from the bifurcation.



Global bifurcations of cycles
There are special cases not fitting in the previous classification. 
Consider the van der Pol oscillator:

ẍ+ ✏ẋ(x2 � 1) + x = 0
<latexit sha1_base64="XS27AUt4Lzk+MMdGjP6+qTG5pmA=">AAACDnicbVDLSsNAFJ3UV62vqEs3g0WpFEtSBHUhFN24rGBsoYllMpm2QyeTMDORltA/cOOvuHGh4ta1O//GaZuFth64cDjn3pl7jx8zKpVlfRu5hcWl5ZX8amFtfWNzy9zeuZNRIjBxcMQi0fSRJIxy4iiqGGnGgqDQZ6Th96/GfuOBCEkjfquGMfFC1OW0QzFSWmqbh24QRCodjGAZuiSWlEUculOpNLivHttH5cGF1TaLVsWaAM4TOyNFkKHeNr/0IzgJCVeYISlbthUrL0VCUczIqOAmksQI91GXtDTlKCTSSyf3jOCBVgLYiYQuruBE/T2RolDKYejrzhCpnpz1xuJ/XitRnTMvpTxOFOF4+lEnYVBFcBwODKggWLGhJggLqneFuIcEwkpHWNAh2LMnzxOnWjmvWDcnxdpllkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PqatOSOb2QV/YHz+AGw/myw=</latexit><latexit sha1_base64="XS27AUt4Lzk+MMdGjP6+qTG5pmA=">AAACDnicbVDLSsNAFJ3UV62vqEs3g0WpFEtSBHUhFN24rGBsoYllMpm2QyeTMDORltA/cOOvuHGh4ta1O//GaZuFth64cDjn3pl7jx8zKpVlfRu5hcWl5ZX8amFtfWNzy9zeuZNRIjBxcMQi0fSRJIxy4iiqGGnGgqDQZ6Th96/GfuOBCEkjfquGMfFC1OW0QzFSWmqbh24QRCodjGAZuiSWlEUculOpNLivHttH5cGF1TaLVsWaAM4TOyNFkKHeNr/0IzgJCVeYISlbthUrL0VCUczIqOAmksQI91GXtDTlKCTSSyf3jOCBVgLYiYQuruBE/T2RolDKYejrzhCpnpz1xuJ/XitRnTMvpTxOFOF4+lEnYVBFcBwODKggWLGhJggLqneFuIcEwkpHWNAh2LMnzxOnWjmvWDcnxdpllkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PqatOSOb2QV/YHz+AGw/myw=</latexit><latexit sha1_base64="XS27AUt4Lzk+MMdGjP6+qTG5pmA=">AAACDnicbVDLSsNAFJ3UV62vqEs3g0WpFEtSBHUhFN24rGBsoYllMpm2QyeTMDORltA/cOOvuHGh4ta1O//GaZuFth64cDjn3pl7jx8zKpVlfRu5hcWl5ZX8amFtfWNzy9zeuZNRIjBxcMQi0fSRJIxy4iiqGGnGgqDQZ6Th96/GfuOBCEkjfquGMfFC1OW0QzFSWmqbh24QRCodjGAZuiSWlEUculOpNLivHttH5cGF1TaLVsWaAM4TOyNFkKHeNr/0IzgJCVeYISlbthUrL0VCUczIqOAmksQI91GXtDTlKCTSSyf3jOCBVgLYiYQuruBE/T2RolDKYejrzhCpnpz1xuJ/XitRnTMvpTxOFOF4+lEnYVBFcBwODKggWLGhJggLqneFuIcEwkpHWNAh2LMnzxOnWjmvWDcnxdpllkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PqatOSOb2QV/YHz+AGw/myw=</latexit>

At 𝜀 = 0, the eigenvalues at the origin are pure imaginary 
(𝜆 = ±𝑖) suggesting Hopf bifurcation at 𝜀 = 0, but we know 
that for 0 < 𝜀 ≪ 1 the system has a limit cycle of 
amplitude 𝑟 ≈ 2. The cycle is born full grown, not 𝑂 𝜀 .

Explanation: The bifurcation at 𝜀 = 0 is degenerate. The 
nonlinear term           vanishes at the same parameter value 
as the eigenvalues cross the imaginary axis; a nongeneric
coincidence. 

✏ẋx2
<latexit sha1_base64="anpssvZTN/KZgcbWE7Y3OQCsoTw=">AAAB+3icbVBNS8NAFHzxs9avaI9eFovgqSRFUG9FLx4rGFtoY9lsN+3SzSbsbqQh1L/ixYOKV/+IN/+N2zYHbR1YGGbe8N5OkHCmtON8Wyura+sbm6Wt8vbO7t6+fXB4r+JUEuqRmMeyHWBFORPU00xz2k4kxVHAaSsYXU/91iOVisXiTmcJ9SM8ECxkBGsj9exKlyaK8Vigbj/W+Xgyfqj37KpTc2ZAy8QtSBUKNHv2lwmTNKJCE46V6rhOov0cS80Ip5NyN1U0wWSEB7RjqMARVX4+O36CTozSR2EszRMazdTfiRxHSmVRYCYjrIdq0ZuK/3mdVIcXfs5EkmoqyHxRmHKkYzRtAvWZpETzzBBMJDO3IjLEEhNt+iqbEtzFLy8Tr167rDm3Z9XGVdFGCY7gGE7BhXNowA00wQMCGTzDK7xZT9aL9W59zEdXrCJTgT+wPn8AZZ+UzQ==</latexit><latexit sha1_base64="anpssvZTN/KZgcbWE7Y3OQCsoTw=">AAAB+3icbVBNS8NAFHzxs9avaI9eFovgqSRFUG9FLx4rGFtoY9lsN+3SzSbsbqQh1L/ixYOKV/+IN/+N2zYHbR1YGGbe8N5OkHCmtON8Wyura+sbm6Wt8vbO7t6+fXB4r+JUEuqRmMeyHWBFORPU00xz2k4kxVHAaSsYXU/91iOVisXiTmcJ9SM8ECxkBGsj9exKlyaK8Vigbj/W+Xgyfqj37KpTc2ZAy8QtSBUKNHv2lwmTNKJCE46V6rhOov0cS80Ip5NyN1U0wWSEB7RjqMARVX4+O36CTozSR2EszRMazdTfiRxHSmVRYCYjrIdq0ZuK/3mdVIcXfs5EkmoqyHxRmHKkYzRtAvWZpETzzBBMJDO3IjLEEhNt+iqbEtzFLy8Tr167rDm3Z9XGVdFGCY7gGE7BhXNowA00wQMCGTzDK7xZT9aL9W59zEdXrCJTgT+wPn8AZZ+UzQ==</latexit><latexit sha1_base64="anpssvZTN/KZgcbWE7Y3OQCsoTw=">AAAB+3icbVBNS8NAFHzxs9avaI9eFovgqSRFUG9FLx4rGFtoY9lsN+3SzSbsbqQh1L/ixYOKV/+IN/+N2zYHbR1YGGbe8N5OkHCmtON8Wyura+sbm6Wt8vbO7t6+fXB4r+JUEuqRmMeyHWBFORPU00xz2k4kxVHAaSsYXU/91iOVisXiTmcJ9SM8ECxkBGsj9exKlyaK8Vigbj/W+Xgyfqj37KpTc2ZAy8QtSBUKNHv2lwmTNKJCE46V6rhOov0cS80Ip5NyN1U0wWSEB7RjqMARVX4+O36CTozSR2EszRMazdTfiRxHSmVRYCYjrIdq0ZuK/3mdVIcXfs5EkmoqyHxRmHKkYzRtAvWZpETzzBBMJDO3IjLEEhNt+iqbEtzFLy8Tr167rDm3Z9XGVdFGCY7gGE7BhXNowA00wQMCGTzDK7xZT9aL9W59zEdXrCJTgT+wPn8AZZ+UzQ==</latexit>



Global bifurcations of cycles
Rescale to remove degeneracy: Write the equation as

ẍ+ x+ ✏x2ẋ� ✏ẋ = 0
<latexit sha1_base64="LCOVtNIOdGEYjHAE29cVukWoaTc=">AAACHHicbZDNSsNAFIUn/tb6F3XpZrAIQrEkpaAuhKIblxWMLTSxTCaTduhkEmYm0hL6Im58FTcuVNy4EHwbp20QbT0wcPjuvdy5x08YlcqyvoyFxaXlldXCWnF9Y3Nr29zZvZVxKjBxcMxi0fKRJIxy4iiqGGklgqDIZ6Tp9y/H9eY9EZLG/EYNE+JFqMtpSDFSGnXMmhsEscoGo/Kg7JJEUhZzOLirQneKj39gDuA5tDpmyapYE8F5Y+emBHI1OuaHnsZpRLjCDEnZtq1EeRkSimJGRkU3lSRBuI+6pK0tRxGRXja5bgQPNQlgGAv9uIIT+nsiQ5GUw8jXnRFSPTlbG8P/au1UhadeRnmSKsLxdFGYMqhiOI4KBlQQrNhQG4QF1X+FuIcEwkoHWtQh2LMnzxunWjmrWNe1Uv0iT6MA9sEBOAI2OAF1cAUawAEYPIAn8AJejUfj2Xgz3qetC0Y+swf+yPj8Br0Rod8=</latexit><latexit sha1_base64="LCOVtNIOdGEYjHAE29cVukWoaTc=">AAACHHicbZDNSsNAFIUn/tb6F3XpZrAIQrEkpaAuhKIblxWMLTSxTCaTduhkEmYm0hL6Im58FTcuVNy4EHwbp20QbT0wcPjuvdy5x08YlcqyvoyFxaXlldXCWnF9Y3Nr29zZvZVxKjBxcMxi0fKRJIxy4iiqGGklgqDIZ6Tp9y/H9eY9EZLG/EYNE+JFqMtpSDFSGnXMmhsEscoGo/Kg7JJEUhZzOLirQneKj39gDuA5tDpmyapYE8F5Y+emBHI1OuaHnsZpRLjCDEnZtq1EeRkSimJGRkU3lSRBuI+6pK0tRxGRXja5bgQPNQlgGAv9uIIT+nsiQ5GUw8jXnRFSPTlbG8P/au1UhadeRnmSKsLxdFGYMqhiOI4KBlQQrNhQG4QF1X+FuIcEwkoHWtQh2LMnzxunWjmrWNe1Uv0iT6MA9sEBOAI2OAF1cAUawAEYPIAn8AJejUfj2Xgz3qetC0Y+swf+yPj8Br0Rod8=</latexit><latexit sha1_base64="LCOVtNIOdGEYjHAE29cVukWoaTc=">AAACHHicbZDNSsNAFIUn/tb6F3XpZrAIQrEkpaAuhKIblxWMLTSxTCaTduhkEmYm0hL6Im58FTcuVNy4EHwbp20QbT0wcPjuvdy5x08YlcqyvoyFxaXlldXCWnF9Y3Nr29zZvZVxKjBxcMxi0fKRJIxy4iiqGGklgqDIZ6Tp9y/H9eY9EZLG/EYNE+JFqMtpSDFSGnXMmhsEscoGo/Kg7JJEUhZzOLirQneKj39gDuA5tDpmyapYE8F5Y+emBHI1OuaHnsZpRLjCDEnZtq1EeRkSimJGRkU3lSRBuI+6pK0tRxGRXja5bgQPNQlgGAv9uIIT+nsiQ5GUw8jXnRFSPTlbG8P/au1UhadeRnmSKsLxdFGYMqhiOI4KBlQQrNhQG4QF1X+FuIcEwkoHWtQh2LMnzxunWjmrWNe1Uv0iT6MA9sEBOAI2OAF1cAUawAEYPIAn8AJejUfj2Xgz3qetC0Y+swf+yPj8Br0Rod8=</latexit>

and let u = ✏x2 ) u = ✏1/2x
<latexit sha1_base64="vmWyWsluTP5TVtWQFGmw2KvzH/E=">AAACGXicbVC7TsMwFHV4lvIKMLJYVEhMJamQgAGpgoWxIEIrNWnluE5r1bEj24FWUb+DhV9hYQDECBN/g/sYSsuRrnR0zr26954wYVRpx/mxFhaXlldWc2v59Y3NrW17Z/deiVRi4mHBhKyFSBFGOfE01YzUEklQHDJSDbtXQ7/6QKSigt/pfkKCGLU5jShG2khN203hBfRJoigTHPYaJejf0nZHIynFI5w2G5l7XBrAXtMuOEVnBDhP3AkpgAkqTfvLbwmcxoRrzJBSdddJdJAhqSlmZJD3U0UShLuoTeqGchQTFWSj1wbw0CgtGAlpims4UqcnMhQr1Y9D0xkj3VGz3lD8z6unOjoLMsqTVBOOx4uilEEt4DAn2KKSYM36hiAsqbkV4g6SCGuTZt6E4M6+PE+8UvG86NycFMqXkzRyYB8cgCPgglNQBtegAjyAwRN4AW/g3Xq2Xq0P63PcumBNZvbAH1jfv1Q2n2U=</latexit><latexit sha1_base64="vmWyWsluTP5TVtWQFGmw2KvzH/E=">AAACGXicbVC7TsMwFHV4lvIKMLJYVEhMJamQgAGpgoWxIEIrNWnluE5r1bEj24FWUb+DhV9hYQDECBN/g/sYSsuRrnR0zr26954wYVRpx/mxFhaXlldWc2v59Y3NrW17Z/deiVRi4mHBhKyFSBFGOfE01YzUEklQHDJSDbtXQ7/6QKSigt/pfkKCGLU5jShG2khN203hBfRJoigTHPYaJejf0nZHIynFI5w2G5l7XBrAXtMuOEVnBDhP3AkpgAkqTfvLbwmcxoRrzJBSdddJdJAhqSlmZJD3U0UShLuoTeqGchQTFWSj1wbw0CgtGAlpims4UqcnMhQr1Y9D0xkj3VGz3lD8z6unOjoLMsqTVBOOx4uilEEt4DAn2KKSYM36hiAsqbkV4g6SCGuTZt6E4M6+PE+8UvG86NycFMqXkzRyYB8cgCPgglNQBtegAjyAwRN4AW/g3Xq2Xq0P63PcumBNZvbAH1jfv1Q2n2U=</latexit><latexit sha1_base64="vmWyWsluTP5TVtWQFGmw2KvzH/E=">AAACGXicbVC7TsMwFHV4lvIKMLJYVEhMJamQgAGpgoWxIEIrNWnluE5r1bEj24FWUb+DhV9hYQDECBN/g/sYSsuRrnR0zr26954wYVRpx/mxFhaXlldWc2v59Y3NrW17Z/deiVRi4mHBhKyFSBFGOfE01YzUEklQHDJSDbtXQ7/6QKSigt/pfkKCGLU5jShG2khN203hBfRJoigTHPYaJejf0nZHIynFI5w2G5l7XBrAXtMuOEVnBDhP3AkpgAkqTfvLbwmcxoRrzJBSdddJdJAhqSlmZJD3U0UShLuoTeqGchQTFWSj1wbw0CgtGAlpims4UqcnMhQr1Y9D0xkj3VGz3lD8z6unOjoLMsqTVBOOx4uilEEt4DAn2KKSYM36hiAsqbkV4g6SCGuTZt6E4M6+PE+8UvG86NycFMqXkzRyYB8cgCPgglNQBtegAjyAwRN4AW/g3Xq2Xq0P63PcumBNZvbAH1jfv1Q2n2U=</latexit>

) ü+ u+ u2u̇� ✏u̇ = 0.
<latexit sha1_base64="VS4OE41FeYV5X1SzUx2k41+iaa0=">AAACI3icbVBNSwMxFMz6WevXqkcvwSIIYtkWQUWEohePVawtdGvJpmkbmk2W5K1Slv4YL/4VLx60ePHgfzFt96CtAw+GmTckb4JIcAOe9+XMzS8sLi1nVrKra+sbm+7W9r1RsaasQpVQuhYQwwSXrAIcBKtFmpEwEKwa9K5GfvWRacOVvIN+xBoh6Uje5pSAlZruuX/LO10gWqsn7LdaCpJ4gA9xPJqHoj8RjnwWGS6UxKmAL7CXb7o5L++NgWdJISU5lKLcdIc2TuOQSaCCGFMveBE0EqKBU8EGWT82LCK0RzqsbqkkITONZHzkAO9bpYXbStuRgMfq70RCQmP6YWA3QwJdM+2NxP+8egzt00bCZRQDk3TyUDsWGBQeNYZbXDMKom8JoZrbv2LaJZpQsL1mbQmF6ZNnSaWYP8t7N8e50mXaRgbtoj10gAroBJXQNSqjCqLoGb2id/ThvDhvztD5nKzOOWlmB/2B8/0DxBOj0w==</latexit><latexit sha1_base64="VS4OE41FeYV5X1SzUx2k41+iaa0=">AAACI3icbVBNSwMxFMz6WevXqkcvwSIIYtkWQUWEohePVawtdGvJpmkbmk2W5K1Slv4YL/4VLx60ePHgfzFt96CtAw+GmTckb4JIcAOe9+XMzS8sLi1nVrKra+sbm+7W9r1RsaasQpVQuhYQwwSXrAIcBKtFmpEwEKwa9K5GfvWRacOVvIN+xBoh6Uje5pSAlZruuX/LO10gWqsn7LdaCpJ4gA9xPJqHoj8RjnwWGS6UxKmAL7CXb7o5L++NgWdJISU5lKLcdIc2TuOQSaCCGFMveBE0EqKBU8EGWT82LCK0RzqsbqkkITONZHzkAO9bpYXbStuRgMfq70RCQmP6YWA3QwJdM+2NxP+8egzt00bCZRQDk3TyUDsWGBQeNYZbXDMKom8JoZrbv2LaJZpQsL1mbQmF6ZNnSaWYP8t7N8e50mXaRgbtoj10gAroBJXQNSqjCqLoGb2id/ThvDhvztD5nKzOOWlmB/2B8/0DxBOj0w==</latexit><latexit sha1_base64="VS4OE41FeYV5X1SzUx2k41+iaa0=">AAACI3icbVBNSwMxFMz6WevXqkcvwSIIYtkWQUWEohePVawtdGvJpmkbmk2W5K1Slv4YL/4VLx60ePHgfzFt96CtAw+GmTckb4JIcAOe9+XMzS8sLi1nVrKra+sbm+7W9r1RsaasQpVQuhYQwwSXrAIcBKtFmpEwEKwa9K5GfvWRacOVvIN+xBoh6Uje5pSAlZruuX/LO10gWqsn7LdaCpJ4gA9xPJqHoj8RjnwWGS6UxKmAL7CXb7o5L++NgWdJISU5lKLcdIc2TuOQSaCCGFMveBE0EqKBU8EGWT82LCK0RzqsbqkkITONZHzkAO9bpYXbStuRgMfq70RCQmP6YWA3QwJdM+2NxP+8egzt00bCZRQDk3TyUDsWGBQeNYZbXDMKom8JoZrbv2LaJZpQsL1mbQmF6ZNnSaWYP8t7N8e50mXaRgbtoj10gAroBJXQNSqjCqLoGb2id/ThvDhvztD5nKzOOWlmB/2B8/0DxBOj0w==</latexit>

ẍ+ ✏ẋ(x2 � 1) + x = 0
<latexit sha1_base64="XS27AUt4Lzk+MMdGjP6+qTG5pmA=">AAACDnicbVDLSsNAFJ3UV62vqEs3g0WpFEtSBHUhFN24rGBsoYllMpm2QyeTMDORltA/cOOvuHGh4ta1O//GaZuFth64cDjn3pl7jx8zKpVlfRu5hcWl5ZX8amFtfWNzy9zeuZNRIjBxcMQi0fSRJIxy4iiqGGnGgqDQZ6Th96/GfuOBCEkjfquGMfFC1OW0QzFSWmqbh24QRCodjGAZuiSWlEUculOpNLivHttH5cGF1TaLVsWaAM4TOyNFkKHeNr/0IzgJCVeYISlbthUrL0VCUczIqOAmksQI91GXtDTlKCTSSyf3jOCBVgLYiYQuruBE/T2RolDKYejrzhCpnpz1xuJ/XitRnTMvpTxOFOF4+lEnYVBFcBwODKggWLGhJggLqneFuIcEwkpHWNAh2LMnzxOnWjmvWDcnxdpllkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PqatOSOb2QV/YHz+AGw/myw=</latexit><latexit sha1_base64="XS27AUt4Lzk+MMdGjP6+qTG5pmA=">AAACDnicbVDLSsNAFJ3UV62vqEs3g0WpFEtSBHUhFN24rGBsoYllMpm2QyeTMDORltA/cOOvuHGh4ta1O//GaZuFth64cDjn3pl7jx8zKpVlfRu5hcWl5ZX8amFtfWNzy9zeuZNRIjBxcMQi0fSRJIxy4iiqGGnGgqDQZ6Th96/GfuOBCEkjfquGMfFC1OW0QzFSWmqbh24QRCodjGAZuiSWlEUculOpNLivHttH5cGF1TaLVsWaAM4TOyNFkKHeNr/0IzgJCVeYISlbthUrL0VCUczIqOAmksQI91GXtDTlKCTSSyf3jOCBVgLYiYQuruBE/T2RolDKYejrzhCpnpz1xuJ/XitRnTMvpTxOFOF4+lEnYVBFcBwODKggWLGhJggLqneFuIcEwkpHWNAh2LMnzxOnWjmvWDcnxdpllkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PqatOSOb2QV/YHz+AGw/myw=</latexit><latexit sha1_base64="XS27AUt4Lzk+MMdGjP6+qTG5pmA=">AAACDnicbVDLSsNAFJ3UV62vqEs3g0WpFEtSBHUhFN24rGBsoYllMpm2QyeTMDORltA/cOOvuHGh4ta1O//GaZuFth64cDjn3pl7jx8zKpVlfRu5hcWl5ZX8amFtfWNzy9zeuZNRIjBxcMQi0fSRJIxy4iiqGGnGgqDQZ6Th96/GfuOBCEkjfquGMfFC1OW0QzFSWmqbh24QRCodjGAZuiSWlEUculOpNLivHttH5cGF1TaLVsWaAM4TOyNFkKHeNr/0IzgJCVeYISlbthUrL0VCUczIqOAmksQI91GXtDTlKCTSSyf3jOCBVgLYiYQuruBE/T2RolDKYejrzhCpnpz1xuJ/XitRnTMvpTxOFOF4+lEnYVBFcBwODKggWLGhJggLqneFuIcEwkpHWNAh2LMnzxOnWjmvWDcnxdpllkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PqatOSOb2QV/YHz+AGw/myw=</latexit>

Now the nonlinear term is not destroyed when the 
eigenvalues become pure imaginary.

The limit-cycle solution is 

In terms of u: u(t, ✏) ⇡ 2
p
✏ cos t.

<latexit sha1_base64="MFcK/zScOPyGNqIw9TPyeD/V0Ys=">AAACGHicbVBNS0JBFJ1nX2ZfVss2QxIYhDwlqHZSm5YGmYJPZN446uC8mWnmvkge/o02/ZU2LSrauuvfNH4EpR24cDjnXu69J9SCW/D9Ly+1tLyyupZez2xsbm3vZHf37qyKDWVVqoQy9ZBYJrhkVeAgWF0bRqJQsFrYvxr7tQdmLFfyFgaaNSPSlbzDKQEntbJ+nIeTgGnLhZLHOCBaG/WISziw9waSH2eIA6psAsNCK5vzC/4EeJEUZySHZqi0sqOgrWgcMQlUEGsbRV9DMyEGOBVsmAliyzShfdJlDUcliZhtJpPPhvjIKW3cUcaVBDxRf08kJLJ2EIWuMyLQs/PeWPzPa8TQOW8mXOoYmKTTRZ1YYFB4HBNuc8MoiIEjhBrubsW0Rwyh4MLMuBCK8y8vkmqpcFHwb05z5ctZGml0gA5RHhXRGSqja1RBVUTRE3pBb+jde/ZevQ/vc9qa8mYz++gPvNE32i6gcQ==</latexit><latexit sha1_base64="MFcK/zScOPyGNqIw9TPyeD/V0Ys=">AAACGHicbVBNS0JBFJ1nX2ZfVss2QxIYhDwlqHZSm5YGmYJPZN446uC8mWnmvkge/o02/ZU2LSrauuvfNH4EpR24cDjnXu69J9SCW/D9Ly+1tLyyupZez2xsbm3vZHf37qyKDWVVqoQy9ZBYJrhkVeAgWF0bRqJQsFrYvxr7tQdmLFfyFgaaNSPSlbzDKQEntbJ+nIeTgGnLhZLHOCBaG/WISziw9waSH2eIA6psAsNCK5vzC/4EeJEUZySHZqi0sqOgrWgcMQlUEGsbRV9DMyEGOBVsmAliyzShfdJlDUcliZhtJpPPhvjIKW3cUcaVBDxRf08kJLJ2EIWuMyLQs/PeWPzPa8TQOW8mXOoYmKTTRZ1YYFB4HBNuc8MoiIEjhBrubsW0Rwyh4MLMuBCK8y8vkmqpcFHwb05z5ctZGml0gA5RHhXRGSqja1RBVUTRE3pBb+jde/ZevQ/vc9qa8mYz++gPvNE32i6gcQ==</latexit><latexit sha1_base64="MFcK/zScOPyGNqIw9TPyeD/V0Ys=">AAACGHicbVBNS0JBFJ1nX2ZfVss2QxIYhDwlqHZSm5YGmYJPZN446uC8mWnmvkge/o02/ZU2LSrauuvfNH4EpR24cDjnXu69J9SCW/D9Ly+1tLyyupZez2xsbm3vZHf37qyKDWVVqoQy9ZBYJrhkVeAgWF0bRqJQsFrYvxr7tQdmLFfyFgaaNSPSlbzDKQEntbJ+nIeTgGnLhZLHOCBaG/WISziw9waSH2eIA6psAsNCK5vzC/4EeJEUZySHZqi0sqOgrWgcMQlUEGsbRV9DMyEGOBVsmAliyzShfdJlDUcliZhtJpPPhvjIKW3cUcaVBDxRf08kJLJ2EIWuMyLQs/PeWPzPa8TQOW8mXOoYmKTTRZ1YYFB4HBNuc8MoiIEjhBrubsW0Rwyh4MLMuBCK8y8vkmqpcFHwb05z5ctZGml0gA5RHhXRGSqja1RBVUTRE3pBb+jde/ZevQ/vc9qa8mYz++gPvNE32i6gcQ==</latexit>

The amplitude grows like 𝜀 as expected for a Hopf bifurcation!  

x(t, ✏) ⇡ 2 cos t for 0 < ✏ << 1.
<latexit sha1_base64="oWAqDs90otMrmUyVQddTwPZlt2Y=">AAACIXicbVDLSgMxFM34rPVVdekmWAQFGWZEUKGLohuXFawtdIaSSVMNZpKQ3JGWod/ixl9x40KlO/FnTB+CrwOBwznnkntPogW3EATv3szs3PzCYmGpuLyyurZe2ti8tiozlNWpEso0E2KZ4JLVgYNgTW0YSRPBGsnd+chv3DNjuZJX0NcsTsmN5F1OCTipXTrt7cFBxLTlQsl9HBGtjerhQxxRZXMYRDgyad5VxrGg8hWsVEK/XSoHfjAG/kvCKSmjKWrt0jDqKJqlTAIVxNpWGGiIc2KAU8EGxSizTBN6R25Yy1FJUmbjfHziAO86pYPdHu5JwGP1+0ROUmv7aeKSKYFb+9sbif95rQy6J3HOpc6ASTr5qJsJDAqP+sIdbhgF0XeEUMPdrpjeEkMouFaLroTw98l/Sf3QP/WDy6Ny9WzaRgFtox20h0J0jKroAtVQHVH0gJ7QC3r1Hr1n780bTqIz3nRmC/2A9/EJSYOjFw==</latexit><latexit sha1_base64="oWAqDs90otMrmUyVQddTwPZlt2Y=">AAACIXicbVDLSgMxFM34rPVVdekmWAQFGWZEUKGLohuXFawtdIaSSVMNZpKQ3JGWod/ixl9x40KlO/FnTB+CrwOBwznnkntPogW3EATv3szs3PzCYmGpuLyyurZe2ti8tiozlNWpEso0E2KZ4JLVgYNgTW0YSRPBGsnd+chv3DNjuZJX0NcsTsmN5F1OCTipXTrt7cFBxLTlQsl9HBGtjerhQxxRZXMYRDgyad5VxrGg8hWsVEK/XSoHfjAG/kvCKSmjKWrt0jDqKJqlTAIVxNpWGGiIc2KAU8EGxSizTBN6R25Yy1FJUmbjfHziAO86pYPdHu5JwGP1+0ROUmv7aeKSKYFb+9sbif95rQy6J3HOpc6ASTr5qJsJDAqP+sIdbhgF0XeEUMPdrpjeEkMouFaLroTw98l/Sf3QP/WDy6Ny9WzaRgFtox20h0J0jKroAtVQHVH0gJ7QC3r1Hr1n780bTqIz3nRmC/2A9/EJSYOjFw==</latexit><latexit sha1_base64="oWAqDs90otMrmUyVQddTwPZlt2Y=">AAACIXicbVDLSgMxFM34rPVVdekmWAQFGWZEUKGLohuXFawtdIaSSVMNZpKQ3JGWod/ixl9x40KlO/FnTB+CrwOBwznnkntPogW3EATv3szs3PzCYmGpuLyyurZe2ti8tiozlNWpEso0E2KZ4JLVgYNgTW0YSRPBGsnd+chv3DNjuZJX0NcsTsmN5F1OCTipXTrt7cFBxLTlQsl9HBGtjerhQxxRZXMYRDgyad5VxrGg8hWsVEK/XSoHfjAG/kvCKSmjKWrt0jDqKJqlTAIVxNpWGGiIc2KAU8EGxSizTBN6R25Yy1FJUmbjfHziAO86pYPdHu5JwGP1+0ROUmv7aeKSKYFb+9sbif95rQy6J3HOpc6ASTr5qJsJDAqP+sIdbhgF0XeEUMPdrpjeEkMouFaLroTw98l/Sf3QP/WDy6Ny9WzaRgFtox20h0J0jKroAtVQHVH0gJ7QC3r1Hr1n780bTqIz3nRmC/2A9/EJSYOjFw==</latexit>

Mere reparametrisation→ a change in dynamics! (?)



Poincaré Maps
Governing equation for the Josephson junction 

(h/2⇡)C

2e
+

h/2⇡

2eR
+ Ic sin� = IB .

<latexit sha1_base64="43qyZXy2BKbzJhrnpHurRV3rMAU="></latexit><latexit sha1_base64="43qyZXy2BKbzJhrnpHurRV3rMAU="></latexit><latexit sha1_base64="43qyZXy2BKbzJhrnpHurRV3rMAU="></latexit>

In a non-dimensionalised form: �00 + ↵�0 + sin� = I
<latexit sha1_base64="fwElRyBeEUTE9dAzTGGn0/GBwPA=">AAACCXicbZBPS8MwGMbT+W/Of1WPXqJDJgxGK4J6EIZe9DbBusFaRpqlW1ialiQVRtnZi1/FiwcVr34Db34b064H3Xwg8Mvzvi/J+/gxo1JZ1rdRWlhcWl4pr1bW1jc2t8ztnXsZJQITB0csEh0fScIoJ46iipFOLAgKfUba/ugqq7cfiJA04ndqHBMvRANOA4qR0lbP3HfjIa3V6i5i8RDB/FZ3JeVphhN4cdMzq1bDygXnwS6gCgq1euaX249wEhKuMENSdm0rVl6KhKKYkUnFTSSJER6hAelq5Cgk0kvzVSbwUDt9GERCH65g7v6eSFEo5Tj0dWeI1FDO1jLzv1o3UcGZl1IeJ4pwPH0oSBhUEcxygX0qCFZsrAFhQfVfIR4igbDS6VV0CPbsyvPgHDfOG9btSbV5WaRRBnvgABwBG5yCJrgGLeAADB7BM3gFb8aT8WK8Gx/T1pJRzOyCPzI+fwCs6Jkw</latexit><latexit sha1_base64="fwElRyBeEUTE9dAzTGGn0/GBwPA=">AAACCXicbZBPS8MwGMbT+W/Of1WPXqJDJgxGK4J6EIZe9DbBusFaRpqlW1ialiQVRtnZi1/FiwcVr34Db34b064H3Xwg8Mvzvi/J+/gxo1JZ1rdRWlhcWl4pr1bW1jc2t8ztnXsZJQITB0csEh0fScIoJ46iipFOLAgKfUba/ugqq7cfiJA04ndqHBMvRANOA4qR0lbP3HfjIa3V6i5i8RDB/FZ3JeVphhN4cdMzq1bDygXnwS6gCgq1euaX249wEhKuMENSdm0rVl6KhKKYkUnFTSSJER6hAelq5Cgk0kvzVSbwUDt9GERCH65g7v6eSFEo5Tj0dWeI1FDO1jLzv1o3UcGZl1IeJ4pwPH0oSBhUEcxygX0qCFZsrAFhQfVfIR4igbDS6VV0CPbsyvPgHDfOG9btSbV5WaRRBnvgABwBG5yCJrgGLeAADB7BM3gFb8aT8WK8Gx/T1pJRzOyCPzI+fwCs6Jkw</latexit><latexit sha1_base64="fwElRyBeEUTE9dAzTGGn0/GBwPA=">AAACCXicbZBPS8MwGMbT+W/Of1WPXqJDJgxGK4J6EIZe9DbBusFaRpqlW1ialiQVRtnZi1/FiwcVr34Db34b064H3Xwg8Mvzvi/J+/gxo1JZ1rdRWlhcWl4pr1bW1jc2t8ztnXsZJQITB0csEh0fScIoJ46iipFOLAgKfUba/ugqq7cfiJA04ndqHBMvRANOA4qR0lbP3HfjIa3V6i5i8RDB/FZ3JeVphhN4cdMzq1bDygXnwS6gCgq1euaX249wEhKuMENSdm0rVl6KhKKYkUnFTSSJER6hAelq5Cgk0kvzVSbwUDt9GERCH65g7v6eSFEo5Tj0dWeI1FDO1jLzv1o3UcGZl1IeJ4pwPH0oSBhUEcxygX0qCFZsrAFhQfVfIR4igbDS6VV0CPbsyvPgHDfOG9btSbV5WaRRBnvgABwBG5yCJrgGLeAADB7BM3gFb8aT8WK8Gx/T1pJRzOyCPzI+fwCs6Jkw</latexit>

(𝜙 is phase difference across junction; differentiation with 
respect to scaled time)



Poincaré Maps
Governing equation for the Josephson junction 

(h/2⇡)C

2e
+

h/2⇡

2eR
+ Ic sin� = IB .

<latexit sha1_base64="43qyZXy2BKbzJhrnpHurRV3rMAU="></latexit><latexit sha1_base64="43qyZXy2BKbzJhrnpHurRV3rMAU="></latexit><latexit sha1_base64="43qyZXy2BKbzJhrnpHurRV3rMAU="></latexit>

In a non-dimensionalised form: �00 + ↵�0 + sin� = I
<latexit sha1_base64="fwElRyBeEUTE9dAzTGGn0/GBwPA=">AAACCXicbZBPS8MwGMbT+W/Of1WPXqJDJgxGK4J6EIZe9DbBusFaRpqlW1ialiQVRtnZi1/FiwcVr34Db34b064H3Xwg8Mvzvi/J+/gxo1JZ1rdRWlhcWl4pr1bW1jc2t8ztnXsZJQITB0csEh0fScIoJ46iipFOLAgKfUba/ugqq7cfiJA04ndqHBMvRANOA4qR0lbP3HfjIa3V6i5i8RDB/FZ3JeVphhN4cdMzq1bDygXnwS6gCgq1euaX249wEhKuMENSdm0rVl6KhKKYkUnFTSSJER6hAelq5Cgk0kvzVSbwUDt9GERCH65g7v6eSFEo5Tj0dWeI1FDO1jLzv1o3UcGZl1IeJ4pwPH0oSBhUEcxygX0qCFZsrAFhQfVfIR4igbDS6VV0CPbsyvPgHDfOG9btSbV5WaRRBnvgABwBG5yCJrgGLeAADB7BM3gFb8aT8WK8Gx/T1pJRzOyCPzI+fwCs6Jkw</latexit><latexit sha1_base64="fwElRyBeEUTE9dAzTGGn0/GBwPA=">AAACCXicbZBPS8MwGMbT+W/Of1WPXqJDJgxGK4J6EIZe9DbBusFaRpqlW1ialiQVRtnZi1/FiwcVr34Db34b064H3Xwg8Mvzvi/J+/gxo1JZ1rdRWlhcWl4pr1bW1jc2t8ztnXsZJQITB0csEh0fScIoJ46iipFOLAgKfUba/ugqq7cfiJA04ndqHBMvRANOA4qR0lbP3HfjIa3V6i5i8RDB/FZ3JeVphhN4cdMzq1bDygXnwS6gCgq1euaX249wEhKuMENSdm0rVl6KhKKYkUnFTSSJER6hAelq5Cgk0kvzVSbwUDt9GERCH65g7v6eSFEo5Tj0dWeI1FDO1jLzv1o3UcGZl1IeJ4pwPH0oSBhUEcxygX0qCFZsrAFhQfVfIR4igbDS6VV0CPbsyvPgHDfOG9btSbV5WaRRBnvgABwBG5yCJrgGLeAADB7BM3gFb8aT8WK8Gx/T1pJRzOyCPzI+fwCs6Jkw</latexit><latexit sha1_base64="fwElRyBeEUTE9dAzTGGn0/GBwPA=">AAACCXicbZBPS8MwGMbT+W/Of1WPXqJDJgxGK4J6EIZe9DbBusFaRpqlW1ialiQVRtnZi1/FiwcVr34Db34b064H3Xwg8Mvzvi/J+/gxo1JZ1rdRWlhcWl4pr1bW1jc2t8ztnXsZJQITB0csEh0fScIoJ46iipFOLAgKfUba/ugqq7cfiJA04ndqHBMvRANOA4qR0lbP3HfjIa3V6i5i8RDB/FZ3JeVphhN4cdMzq1bDygXnwS6gCgq1euaX249wEhKuMENSdm0rVl6KhKKYkUnFTSSJER6hAelq5Cgk0kvzVSbwUDt9GERCH65g7v6eSFEo5Tj0dWeI1FDO1jLzv1o3UcGZl1IeJ4pwPH0oSBhUEcxygX0qCFZsrAFhQfVfIR4igbDS6VV0CPbsyvPgHDfOG9btSbV5WaRRBnvgABwBG5yCJrgGLeAADB7BM3gFb8aT8WK8Gx/T1pJRzOyCPzI+fwCs6Jkw</latexit>

(𝜙 is the phase difference across junction; differentiation with 
respect to scaled time)

�0 = y

y0 = I � sin�� ↵y.
<latexit sha1_base64="NQ8olqHrE233udGw1fBmT19SJwE=">AAACFHicbZDLSsNAFIYn9VbrrerSzWDxsrAhEUFdCEU3uqtgbKEpZTKdNEMnkzAzEULoS7jxVdy4UHHrwp1v46TNQlsPDHz8/zmcOb8XMyqVZX0bpbn5hcWl8nJlZXVtfaO6uXUvo0Rg4uCIRaLtIUkY5cRRVDHSjgVBocdIyxte5X7rgQhJI36n0ph0QzTg1KcYKS31qkduHNADuH8BU+i6lXSMN7AOXUl5lpujuotYHCCYmr1qzTKtccFZsAuogaKaveqX249wEhKuMENSdmwrVt0MCUUxI6OKm0gSIzxEA9LRyFFIZDcbXzWCe1rpQz8S+nEFx+rviQyFUqahpztDpAI57eXif14nUf5ZN6M8ThTheLLITxhUEcwjgn0qCFYs1YCwoPqvEAdIIKx0kBUdgj198iw4x+a5ad2e1BqXRRplsAN2wSGwwSlogGvQBA7A4BE8g1fwZjwZL8a78TFpLRnFzDb4U8bnD3iem4I=</latexit><latexit sha1_base64="NQ8olqHrE233udGw1fBmT19SJwE=">AAACFHicbZDLSsNAFIYn9VbrrerSzWDxsrAhEUFdCEU3uqtgbKEpZTKdNEMnkzAzEULoS7jxVdy4UHHrwp1v46TNQlsPDHz8/zmcOb8XMyqVZX0bpbn5hcWl8nJlZXVtfaO6uXUvo0Rg4uCIRaLtIUkY5cRRVDHSjgVBocdIyxte5X7rgQhJI36n0ph0QzTg1KcYKS31qkduHNADuH8BU+i6lXSMN7AOXUl5lpujuotYHCCYmr1qzTKtccFZsAuogaKaveqX249wEhKuMENSdmwrVt0MCUUxI6OKm0gSIzxEA9LRyFFIZDcbXzWCe1rpQz8S+nEFx+rviQyFUqahpztDpAI57eXif14nUf5ZN6M8ThTheLLITxhUEcwjgn0qCFYs1YCwoPqvEAdIIKx0kBUdgj198iw4x+a5ad2e1BqXRRplsAN2wSGwwSlogGvQBA7A4BE8g1fwZjwZL8a78TFpLRnFzDb4U8bnD3iem4I=</latexit><latexit sha1_base64="NQ8olqHrE233udGw1fBmT19SJwE=">AAACFHicbZDLSsNAFIYn9VbrrerSzWDxsrAhEUFdCEU3uqtgbKEpZTKdNEMnkzAzEULoS7jxVdy4UHHrwp1v46TNQlsPDHz8/zmcOb8XMyqVZX0bpbn5hcWl8nJlZXVtfaO6uXUvo0Rg4uCIRaLtIUkY5cRRVDHSjgVBocdIyxte5X7rgQhJI36n0ph0QzTg1KcYKS31qkduHNADuH8BU+i6lXSMN7AOXUl5lpujuotYHCCYmr1qzTKtccFZsAuogaKaveqX249wEhKuMENSdmwrVt0MCUUxI6OKm0gSIzxEA9LRyFFIZDcbXzWCe1rpQz8S+nEFx+rviQyFUqahpztDpAI57eXif14nUf5ZN6M8ThTheLLITxhUEcwjgn0qCFYs1YCwoPqvEAdIIKx0kBUdgj198iw4x+a5ad2e1BqXRRplsAN2wSGwwSlogGvQBA7A4BE8g1fwZjwZL8a78TFpLRnFzDb4U8bnD3iem4I=</latexit>

→

The phase space is a cylinder, since 𝜙 is an angular variable 
and 𝑦 ∈ ℝ .



Poincaré Maps
Josephson junction

�0 = y

y0 = I � sin�� ↵y.
<latexit sha1_base64="NQ8olqHrE233udGw1fBmT19SJwE=">AAACFHicbZDLSsNAFIYn9VbrrerSzWDxsrAhEUFdCEU3uqtgbKEpZTKdNEMnkzAzEULoS7jxVdy4UHHrwp1v46TNQlsPDHz8/zmcOb8XMyqVZX0bpbn5hcWl8nJlZXVtfaO6uXUvo0Rg4uCIRaLtIUkY5cRRVDHSjgVBocdIyxte5X7rgQhJI36n0ph0QzTg1KcYKS31qkduHNADuH8BU+i6lXSMN7AOXUl5lpujuotYHCCYmr1qzTKtccFZsAuogaKaveqX249wEhKuMENSdmwrVt0MCUUxI6OKm0gSIzxEA9LRyFFIZDcbXzWCe1rpQz8S+nEFx+rviQyFUqahpztDpAI57eXif14nUf5ZN6M8ThTheLLITxhUEcwjgn0qCFYs1YCwoPqvEAdIIKx0kBUdgj198iw4x+a5ad2e1BqXRRplsAN2wSGwwSlogGvQBA7A4BE8g1fwZjwZL8a78TFpLRnFzDb4U8bnD3iem4I=</latexit><latexit sha1_base64="NQ8olqHrE233udGw1fBmT19SJwE=">AAACFHicbZDLSsNAFIYn9VbrrerSzWDxsrAhEUFdCEU3uqtgbKEpZTKdNEMnkzAzEULoS7jxVdy4UHHrwp1v46TNQlsPDHz8/zmcOb8XMyqVZX0bpbn5hcWl8nJlZXVtfaO6uXUvo0Rg4uCIRaLtIUkY5cRRVDHSjgVBocdIyxte5X7rgQhJI36n0ph0QzTg1KcYKS31qkduHNADuH8BU+i6lXSMN7AOXUl5lpujuotYHCCYmr1qzTKtccFZsAuogaKaveqX249wEhKuMENSdmwrVt0MCUUxI6OKm0gSIzxEA9LRyFFIZDcbXzWCe1rpQz8S+nEFx+rviQyFUqahpztDpAI57eXif14nUf5ZN6M8ThTheLLITxhUEcwjgn0qCFYs1YCwoPqvEAdIIKx0kBUdgj198iw4x+a5ad2e1BqXRRplsAN2wSGwwSlogGvQBA7A4BE8g1fwZjwZL8a78TFpLRnFzDb4U8bnD3iem4I=</latexit><latexit sha1_base64="NQ8olqHrE233udGw1fBmT19SJwE=">AAACFHicbZDLSsNAFIYn9VbrrerSzWDxsrAhEUFdCEU3uqtgbKEpZTKdNEMnkzAzEULoS7jxVdy4UHHrwp1v46TNQlsPDHz8/zmcOb8XMyqVZX0bpbn5hcWl8nJlZXVtfaO6uXUvo0Rg4uCIRaLtIUkY5cRRVDHSjgVBocdIyxte5X7rgQhJI36n0ph0QzTg1KcYKS31qkduHNADuH8BU+i6lXSMN7AOXUl5lpujuotYHCCYmr1qzTKtccFZsAuogaKaveqX249wEhKuMENSdmwrVt0MCUUxI6OKm0gSIzxEA9LRyFFIZDcbXzWCe1rpQz8S+nEFx+rviQyFUqahpztDpAI57eXif14nUf5ZN6M8ThTheLLITxhUEcwjgn0qCFYs1YCwoPqvEAdIIKx0kBUdgj198iw4x+a5ad2e1BqXRRplsAN2wSGwwSlogGvQBA7A4BE8g1fwZjwZL8a78TFpLRnFzDb4U8bnD3iem4I=</latexit>

Fixed points satisfy 𝑦∗ = 0 and sin𝜙∗ = 𝐼 → two FPs on the 
cylinder if 𝐼 < 1, and none if 𝐼 > 1. When FPs exist, one is a 
saddle and other is a sink.

Jacobian A =

✓
0 1

� cos�⇤ �↵

◆

<latexit sha1_base64="qHCetYEJz9JnQ35/KttjXaIAwBA="></latexit><latexit sha1_base64="qHCetYEJz9JnQ35/KttjXaIAwBA="></latexit><latexit sha1_base64="qHCetYEJz9JnQ35/KttjXaIAwBA="></latexit>

⌧ = �↵ < 0 and � = cos�⇤ = ±
p

1� I2.
<latexit sha1_base64="BgDobaT4zwCRPf8rfFdp+ybYuBM="></latexit><latexit sha1_base64="BgDobaT4zwCRPf8rfFdp+ybYuBM="></latexit><latexit sha1_base64="BgDobaT4zwCRPf8rfFdp+ybYuBM="></latexit>

Stable node if ⌧2 � 4� = ↵2 � 4
p
1� I2 > 0.

<latexit sha1_base64="fo5trhJG9j8LpDuzivRc+stJFaY=">AAACEHicbVA9SwNBEN2LXzF+nVraHAYhTcJdCKiFEtRCuwjGCLkkzG02yZK9D3fnhHDkL9j4V2wsVGwt7fw3bj4KTXww8Hhvhpl5XiS4Qtv+NlILi0vLK+nVzNr6xuaWub1zq8JYUlaloQjlnQeKCR6wKnIU7C6SDHxPsJrXPx/5tQcmFQ+DGxxErOFDN+AdTgG11DJzLkLcLOZL7gUTCCcuiKgHY0HdS0yc/FWzODy1Cy0zaxfsMax54kxJlkxRaZlfbjuksc8CpAKUqjt2hI0EJHIq2DDjxopFQPvQZXVNA/CZaiTjj4bWgVbaVieUugK0xurviQR8pQa+pzt9wJ6a9Ubif149xs5RI+FBFCML6GRRJxYWhtYoHqvNJaMoBpoAlVzfatEeSKCoQ8zoEJzZl+dJtVg4LtjXpWz5bJpGmuyRfZIjDjkkZXJJKqRKKHkkz+SVvBlPxovxbnxMWlPGdGaX/IHx+QMCipts</latexit><latexit sha1_base64="fo5trhJG9j8LpDuzivRc+stJFaY=">AAACEHicbVA9SwNBEN2LXzF+nVraHAYhTcJdCKiFEtRCuwjGCLkkzG02yZK9D3fnhHDkL9j4V2wsVGwt7fw3bj4KTXww8Hhvhpl5XiS4Qtv+NlILi0vLK+nVzNr6xuaWub1zq8JYUlaloQjlnQeKCR6wKnIU7C6SDHxPsJrXPx/5tQcmFQ+DGxxErOFDN+AdTgG11DJzLkLcLOZL7gUTCCcuiKgHY0HdS0yc/FWzODy1Cy0zaxfsMax54kxJlkxRaZlfbjuksc8CpAKUqjt2hI0EJHIq2DDjxopFQPvQZXVNA/CZaiTjj4bWgVbaVieUugK0xurviQR8pQa+pzt9wJ6a9Ubif149xs5RI+FBFCML6GRRJxYWhtYoHqvNJaMoBpoAlVzfatEeSKCoQ8zoEJzZl+dJtVg4LtjXpWz5bJpGmuyRfZIjDjkkZXJJKqRKKHkkz+SVvBlPxovxbnxMWlPGdGaX/IHx+QMCipts</latexit><latexit sha1_base64="fo5trhJG9j8LpDuzivRc+stJFaY=">AAACEHicbVA9SwNBEN2LXzF+nVraHAYhTcJdCKiFEtRCuwjGCLkkzG02yZK9D3fnhHDkL9j4V2wsVGwt7fw3bj4KTXww8Hhvhpl5XiS4Qtv+NlILi0vLK+nVzNr6xuaWub1zq8JYUlaloQjlnQeKCR6wKnIU7C6SDHxPsJrXPx/5tQcmFQ+DGxxErOFDN+AdTgG11DJzLkLcLOZL7gUTCCcuiKgHY0HdS0yc/FWzODy1Cy0zaxfsMax54kxJlkxRaZlfbjuksc8CpAKUqjt2hI0EJHIq2DDjxopFQPvQZXVNA/CZaiTjj4bWgVbaVieUugK0xurviQR8pQa+pzt9wJ6a9Ubif149xs5RI+FBFCML6GRRJxYWhtYoHqvNJaMoBpoAlVzfatEeSKCoQ8zoEJzZl+dJtVg4LtjXpWz5bJpGmuyRfZIjDjkkZXJJKqRKKHkkz+SVvBlPxovxbnxMWlPGdGaX/IHx+QMCipts</latexit>

Otherwise the sink is a stable spiral.
At 𝐼 = 1 stable node & saddle coalesce in saddle-node bifurcation.



Poincaré Maps
Josephson junction

�0 = y

y0 = I � sin�� ↵y.
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When I > 1 there are no more FPs available. 
Claim: All trajectories are attracted to a unique, stable limit cycle.

The first step to prove this is to show that a periodic solution 
exists. For this we need a Poincaré map.
Nullcline: 

All trajectories enter the
strip 𝑦# ≤ 𝑦 ≤ 𝑦! and stay there.

𝑦% = 0:
𝑦 = 𝛼&#(𝐼 − sin𝜙)



Poincaré Maps
Josephson junction

Since 𝜙 = 0 and 𝜙 = 2𝜋 are equivalent on the cylinder, we 
investigate the rectangular box 0 ≤ 𝜙 ≤ 2𝜋 and 𝑦# ≤ 𝑦 ≤ 𝑦!.

Trajectory starts at a height 𝑦 on 
the left side and intersects the 
right side at height 𝑃 𝑦 .

The mapping from 𝑦 to 𝑃 𝑦 is
called the Poincaré map or the 
first-return map.

The Key: If we can show that there’s a point y* such that P(y* ) = y* , 
then the corresponding trajectory will be a closed orbit.



Poincaré Maps
Josephson junction

To show that y* exists, we need to know 
what the graph roughly looks like. 

For a trajectory that starts at 
𝑦 = 𝑦#, 𝜙 = 0: 𝑃 𝑦# > 𝑦#.

For a trajectory that starts at 
𝑦 = 𝑦!, 𝜙 = 0: 𝑃 𝑦! < 𝑦!.

Solutions of differential equations depend 
continuously on initial conditions, if the vector 
field is smooth: 𝑃 𝑦 is a continuous function.

Uniqueness, two trajectories cannot cross: 𝑃 𝑦 is a monotonic
function.



Poincaré Maps
𝑃(𝑦) is continuous and monotonic →

Intermediate value theorem or 
common sense: 𝑃(𝑦) must cross 
the 45° diagonal somewhere; this 
is the point y*.

→ There exists a closed orbit.

To exclude the possibility of 𝑃(𝑦) ≡ 𝑦 on some interval, 
uniqueness must be proven using ∆𝐸 = 0 when 𝜙: 0 → 2𝜋.  



Poincaré Maps
Poincaré maps are useful in studying swirling flows, e.g. flow 
near a periodic orbit or flow in some chaotic system. 

ẋ = f(x)
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Let S be an n-1 dimensional 
surface of section that is 
transverse to the flow.

General definition of a Poincaré map in an n-dimensional system 

The Poincaré map is a mapping 
from S to itself, obtained by following 
trajectories from one intersection with S to 
the next. If xk ∈ 𝑆 denotes the kth intersection,
then then the Poincaré map is defined by xk+1 = P (xk).
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Poincaré Maps
Now, suppose that x* is fixed point of P, i.e., P(x*) = x*. 

A trajectory starting at x*returns to x*after some time T, and is 
therefore a closed orbit. 

The Poincaré map converts difficult problems about closed 
orbits into  much easier problems about fixed points of a 
mapping. (Although finding P may be impossible.)



Poincaré Maps
Example. Vector field in polar coordinates

ṙ = r(1� r2)

✓̇ = 1
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Let S be the positive x-axis. Compute the Poincaré map and 
show that the system has a unique periodic orbit and classify 
its stability.

Solution: Let r0 be an initial condition on S. The first return to 
S occurs after a time of flight t = 2𝜋 (because 𝜃̇ = 1).

→ 𝑟# = 𝑃 𝑟' :

) r1 = [1 + e�4⇡(r�2
0 � 1)]�1/2
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Z r1

r0

1

ṙ
dr =

Z r1

r0

dr

r(1� r2)
=

Z 2⇡

0
dt = 2⇡.
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Poincaré Maps

Iteration of the map graphically by constructing a cobweb.
A fixed point occurs at          
r* = 1 that is the intersection 
point of P(r) and the 45° line.
The cobweb
construction is often 
the only doable way 
to get an idea of 
chaotic dynamics 
(for example, to 
map out strange 
attractors). 

Next time: Chaos – Lorenz equations.

𝑃 𝑟 = 1 + 𝑒&() 𝑟&! − 1 &#/!. Iteration: 𝑟+,# = 𝑟+, 𝑛 ∈ ℕ.


