MEC-E8003 Beam, plate and shell models, week 10/2021

1. Given &=ayii +ayij +ay,Ji +a,J] and b=b, +b, ], determine &-b, axb, b-4, and

b x

QD

Answer
8- = (aghy +ayby ) +(ayxby +ayhy) T, dxb = (axby —ayby)ik +(a,b, —ay,b,) jk

b-& = (byag +byay)i + (bxayy +byay ), bxa=(byay, —byay)Ki +(bay, —byay ki
2. Determine tr([S])=1:S, S:S

, $:S., A-S and S-T when the components of tensors A, S
and T in the orthonormal (7, j,k) b

asis are
-1 1 -1 0 1 0 O
{A}=<1:, [S]=|0 1 O|and[T]=|1 -1 O].
0 0 0 O 0 0 O

Answer tr([S])=2, S:5=2, S:S.=3, A-S=-i+2jand S-T=0j+)i-]j

3. Given the strain components &y, &y, &y, and &,y in a Cartesian (x, y) —coordinate system,
derive the strain components &, Egpr Erg s and Egr of the polar (r,¢)— coordinate system (in
terms of the Cartesian components). Use the invariance of tensor quantities.

Err Erg cosg  sSing || &xx  Exy |[cosg  —sing
Answer =
Egr  Epp| |-SINg cCOSP| Eyx  Eyy | SING  CcOSH

4. Calculate VF, V-r and Vxr inwhich 1 is the position vector. Use the representations of the
cylindrical coordinate system

T T _
(&) (&) (r & | [ aler &) [
0
r=<0 € =16y 0;, V= € o/ (rog) anda—¢ € (=16 (zeros otherwise).
z) g, , z , 0loz g,

Answer Vi=1,V.-F=3, VxF=0

5. Derive the expressions of V-u, Vxu, and V2u in the polar coordinate system. Vector
u(r,g) =u.g +U4E and scalar u(r,¢) depend on the polar coordinates r and ¢. In the polar
coordinate system '

o . 0 0 0 .

V=g —

+8,—, —6 =64, —&,=—6,, (and & x&;=K).
or " Tap a5t T T ENd &G =)
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V.0= Ny v
-u_F—(rur)+?a—¢, xU = ( ( Ug) —

In the beam coordinate system and planar case, the displacement assumption of a curved
Timoshenko beam model is G =y +6y x5, Where Uy =u(s)e +V(s)&,, Gy=w(s)&,, and
p = ng, . Derive the small strain component expressions &g and &g, = &,5 USING

3 3 g
s=tvarovay] vee 9 4g, 0 S0P LI L g D00 oo,
2 1-n/R s on  0s &, R —& on €,

Assume that curvature x =1/R is constant.

R v 1 R
nSWGF E e u’— ’n—— , E = & - (— —
al ss R—n( 4 R) sn s TSR _n ( v)

Mapping F(r,4,z)=rcosgi +rsingj +zk defines the cylindrical (r,d, z)— coordinate system.
Use (in detail) the generic formula

¢, &

9 g =(i[F])[F]‘1 €4 ¢, where ne{r,¢,z}

on ¢ on Ak o
é.Z é.Z

to find the derivatives of the basis vectors.

Answer — e¢ =—€, (zeros otherwise)

=€
¢a¢

Derive the gradient expression of the spherical (&, ¢,r)—coordinate system, when the mapping
defining the coordinate system is given by F(6,4,r) = r(sin@cos¢@i +sindsingj +cosok).

Answer V = egli‘f‘é 1 0,620

—+8
ro6 ®rsingog or

Compute the derivatives of the basis vectors, gradient operator, and curvature for the cylindrical
shell geometry with the mid-surface representation fy(¢4,z) = R(cosgi +singj) + zK in terms of
coordinates (¢,z). Notice that the order of the coordinates differs from that of the lecture notes,
which affects, e.g., direction of &, .

06 g
Answer —¢:_§n,aﬁ=§¢, - (—— 9 ~ﬂ .0 . .1
o




10. Consider the mid-surface mapping Ty(r,¢) = r? cos(2¢)i + r? sin(2¢) ] of shell. Compute the
expression of the basis vector derivatives and gradient operator V. Is the mid-surface defined by
the mapping flat or curved?

08
§¢,—¢:—2§r,V=§ria g, 0 g0
o¢

08y
Answer —-= — €5t E
o¢p 2r or 2r< 0¢ on



Given & =ayii +ayyij +ayyji +ay,Jj and b =b,i +by ], determine &-b, axb, b-&, and bx4.
Solution

In manipulation of vector expression containing vectors and tensors, it is important to remember that
tensor (®), cross (x ), inner (-) products are non-commutative (order matters). The basis vectors of
a curvilinear coordinate system are not constants which should be taken into account if gradient
operator is a part of expression. Otherwise, simplifying an expression or finding a specific form in a
given coordinate system is a straightforward (sometimes tedious) exercise. For simplicity of
presentation, outer (tensor) products like a®b are denoted by ab . Otherwise, the usual rules of
algebra apply.

b = (aydi +ayyl] +ay Ji +ayy Jj)-(od +by]) <
b = (i +ayyl] +ay Ji +ayy J])-byd + (@i +ayi] +ayJi +a,ji)-byj <
80 = (agdl -1 +ayyi] -1 +ayJi -1 +ayyJj )b +(@ydl - J +ayi] - J+ay i - J+aylj- )by

8D =y +ayby ] +aybyi +ayby, J = (ayby +ayby)i +(ayby +a,b,)j. €

axb = (ydl +ayyl] +ayJi +ay J))x (b +by]) <

QM

x b = (ail +axylj +ayle +ayyjj)><b i+ (Al +axylj +ayle +ayyjj)><b | <

931

xb = (axxu><|+axylj><|+ayXJ|><|+anyJ><|)b +
(aXXiTx]JraXyﬁx]+ayX]Tx]+ayy]Ix])by =

dxb = —ayb,ik —ayyby K +a,by,ik +a,b, K = (axby —a,yb)ik +(ayb, —ayby)jk . €

(eN]

8= (b +by ) (@l +ayi] +ay,di +ay ) <

(eN]

L8 =i - (Al +ayyi] +ayy ji +ayy ) +by - (Al +agyi] +ay i +a, ) <

Ul

L8 =y (ayd 11 +ayyl 1] +ay,d - Ji +ayyi - 1) +by(ayd il +ay J-ij +ay - ji +ay,j-Jj) <

(eN]

-8 =byayyd +byayy j +byayd +byay J = (byay +byay )i +(bay, +byay)j. €

bxd= (bxr+by])x(axxﬁ+axyﬁ+ayx]r+awﬁ) <



b x & = byi x (Ayl + ayyl] +@yy JT +ayy J]) +by ] x (Al +ayi] +ayJi +ay ) <
b x & = by (Al xiT +ayyl xij +ayd x JT +ay,i x jj)+
by (ay ] X 1T +ayy X +ay ] x jl +ay jxJj) <

b x & = byay,Ki +byayykj —bya,Kki —byaykj = (bayy —byay ki +(ba,y —byay )kj . €



Determine tr([S])=1:5, $:S, S:S., A-S and S-T when the components of tensors A, S and

T in the orthonormal (7, j,k) basis are

-1 1 -1 0 1 0 O
(Ay=41! [S]=lo 1 oland[T]=|1 -1 Of.
0 0 0 O 0 0 O
Solution
The inner products of the basis vectors i-i =1, j-j=1 and k-k =1 all the other combinations

giving zeros. The double inner product should be treated just as two inner products by keeping the
positions of the multiplication operator with respect to vectors. Therefore, in the vector identity
ab:cd =(b-c)(a-d), the first inner product between b and € produces a scalar which can be

moved in front of the expression. What remains is the inner product between a and d.

In conjugate §C to S the component matrix is transposed which corresponds to order change in all
the dyads ab —»ba a,b e{i,j,k} of the tensor representation. Representations of A, §, S., T
and the second order unit tensor 1 in (i, j, k) — basis
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Evaluation of a tensor product expressions consist of (1) substitution of the representations, (1) term-
by-term expansion, (111) evaluation of the terms, (1) simplification and/or restructuring the outcome.



Double inner product tr([S]) =1 :S produces a scalar

() tr(SN=1:S=(@i+]Jj+kk):(iT —-ij+]])) <

() tr((Sh =i i =i :g+i:J+0:0 =0+ 7] +Kk:T1 =Kk :ij +Kkk : ] <
(my tr(S])=1-0+0+0-0+1+0+0+0 <

(IV) tr([S])=2. €

Double inner product S : S produces a scalar

() S:S=@{-j+i):@@-+i) <

(N S:S=ii:ii—ii:j+i:jj-i:m+i:0-:0+0:T-7:1+7:7] <

'§$=1-0+0-0+0-040-0+1 <

wy

(1)

(V) S:S=2. €

Double inner product S : S produces a scalar
() S:Se=(-+:(T-]i+]j) <

Se=Mcii =T i+l -+ Ji—g:j+g:n-Jj:ji+jj:] <

(91}

)

(1) S:5.=1-0+0-0+1-0+0-0+1 <

(V) S:5.=3. €

Inner product A-S produces a vector

) AS=(T+])-(T-j+]) <

an  AS=-—T-li+i-j-i-jj+j-i-]-G+]7] <
() AS=-+j-0j+0i-0j+] <

(V) A-S=-i+2j. €

Inner product S-T produces a second order tensor

) ST=@-j+i-(+jii-j) <

() ST =i+l -Ji =i - JJ—j -0 1] -Ji+ij-J+3j-i+3j-ji—-jj-5j]



)y S-T=li+0-0+0-ii +ij+0+]Ji-]] <

(av) S-T=ij+ji—jj. €



Given the strain components &y, , &yy , &xy, and &y, ina Cartesian (x, y) —coordinate system, derive
the strain components &, &44, &4, and &4 of the polar (r,¢) —coordinate system (in terms of the
Cartesian components). Use the invariance of tensor quantities.

Solution

In mechanics tensors (vectors etc.) represent physical quantities which can be expressed in terms of
any basis vector set. Components depend on the selection of the basis vectors but the quantity itself
does not. With notation &, =i and ey = i , the relationship between the Cartesian and polar basis is

& {cos;ﬁ sinﬂ €y &y M {cos;/ﬁ —sinﬂ € . €
=[F] _ Py = =[F]_ -
g

€] |[-sing cosg||€y y €] |sing cosg ||€ €

and invariance of & with respect to the coordinate system means that

& = Exy By By + Exy B By + EyyE By + &y BBy = £ €18 + &€ € + £45r €8 +E4€4E .

By substituting €, =cg€, —sg€; and €, =sg€, +Cge, into the representation in the Cartesian
(X, y)—system

E = Eyy 66y + gxyéxéy + gyxéyéx + gyyéyéy =

& =&xy (CPB, —SPEs)(CPE —SPEy) + £y (CPHE, —SPEY)(SPE, +CPEy) +
Eyx (SPE, +CPE4)(CPEL —SPEy) + £y (SPE; +CPES)(SPE +CPEy) <

& = 64 (COP8,6, — CPs B8 — SPCIEE, +S°P8,85) + £xy (CHSPE,E, +CP 96,65 — S* P8, —SPC e 64) +
Eyx (SPCHE B, —S" P68 + CO I8, — CISPE £ ) + &y (S°PELE, +SPCHE B + CPsPEE, +C7PE48)

and after collecting the components

£ = (exxC7p+ Ex CIsP + £, SICH + £y S P)ELE; + (6 CISP + £y Cof — £ S P+ 51, SICH)E,E 5 +

(—ExSPCH— ExyS P+ EpCoP+ £y CISPIEE, + (S P — ExySICH— £, CI5P + £y C°P)E 8,
= &6, 6 + gr¢§r§¢ + g¢r§¢§r + g¢¢§¢§¢

Comparison of the representations gives



er| | c052¢ COS @Sin ¢ cos@sing sin2¢ 1 &xx

Erg —Cos¢sin ¢ C032¢ —sin2¢ cosgsing | | €xy p
Egr . —Cos¢gsin ¢ —sin2¢ C082¢ cosgsing | | €yx |
o9 | sin2¢ —Ccos¢gsing  —cos¢gsing COSZ¢ 18y

Alternatively, one may work with matrices (a more convenient way for vectors and second order
tensors)

g T & & g g T & & g g T & &
- X XX Xy X r _ XX Xy _q|er r re rg
F=] = LT [FI7 =4

C ) [éyx  Eyy | (Cy €s Eyx  Eyy €s € ) Léor gy

Therefore, components of the two systems are related by

Err Erg S - 1 -
=[F] [FI = (IFI"" =[F] and [F]"=[F]" here)

Sor Eog Eyy
giving

& Erg Ex  Exy | 1 Cosg  Sing || &xx  &xy || COSp  —sing
=[F] [FI" = _ . €
Egr  E4g Eyx  Eyy —sing  Cosg || Eyx  Eyy [ SINgG  COSP




Calculate VF, V-r and Vxr in which 1 is the position vector. Use the representations of the
cylindrical coordinate system

T T _
(&) [&] (r & | [ aler S [e] [
r=<0 € =16y 0;, V= € o/ (rog)y and — € (=16 (zeros otherwise).
z g, g, z g, oloz g, 0
Solution

In a term, gradient operator V acts on everything on its right hand side. Otherwise the operator is
treated like a vector (if the basis vectors are not constants, the derivative operators should be after the
basis vectors)

T
2N € € r
r=<0 §¢ = §¢ 0 :r_.r-i-Zé.Z,
Z é’z é’z Z
T
& olor
~ .0 _. 0 _. 0
V= e¢ 8/(I’8¢) :era—+e¢7+eza—.
r r Z
8 ol oz 4

Manipulation of a tensor expression consist of (I) substitution of the representations, (1) term by
term expansion, (111) evaluation of the terms, (IV) simplification and/or restructuring the outcome.
Gradient of the position vector is a second order tensor

0 0 0
| Vi =(6, —+€&,——+6€, —)(ré, +z€
U] (rar ¢ra¢ zaz)( r z) =

I v#_#a# .0 . . 0 - . 0 . .0 . . 0__
(11) r_erarer+er—zez+e¢g¢rer+e¢g¢zezwtezgrerwtezazeZ =

or

(1) Vr =66 +0+€46;+0+0+6,€, <

Divergence of the position vector is a scalar

0 0 0
I V-Ff=(6 —+€,—+€,—)-(ré, + z€. =
() (rar ¢ra¢ zaz)(r z)
(m v.r=g i-ré +8 i-zé +€ i-ré +8 i-zé +€ 2-ré +6,—26, <
Por T Tor TP Prag T Prag T Par T tar ?

an v-r=1+0+1+40+0+1 <



(v) v.-r=3. €«
Curl of the position vector is a vector

0 0 0
| Vxir=(6 —+6,—+86, —)x(r€, + z€ =
) Vxr =& o8 g o g < e+ 280)

() Vxr=g¢ i><r§ +8 2><z§ +€ i><ré +8 i><z§ +8 2><ré +€ 2><zé =
Por T Tar T et Pvag T P T Pt

(1) vxr=0+0+0+0+0+0 <

(IV) VxF=0. €



Derive the expressions of V-0, Vxu, and VU in the polar coordinate system. Vector
U(r,¢)=urér+u¢é¢ and scalar u(r,¢) depend on the polar coordinates r and ¢. In the polar
coordinate system '

0 0 o0 .

v=e Z+5,2 g =g, =
“or Prog op " 0 o4

& =—8, (and & x&;=k).

Solution

In manipulation of vector expression containing vectors and dyads, it is important to remember that
tensor (®), cross (x), inner (-) products are non-commutative (order matters). The basis vectors of
a curvilinear coordinate system are not constants which should be taken into account if gradient
operator is part of the expression. Otherwise, simplifying an expression or finding a specific form in
a given coordinate system is a straightforward (sometimes tedious) exercise. Manipulation of a tensor
expression consist of (I) substitution of the representations, (1) term-by-term expansion, (1)
evaluation of the terms, (1V) simplification and/or restructuring the outcome.

Divergence of a vector

.0 . 0 _ _
() V-u=(er—+e¢?¢)-(urer+u¢e¢) =

or
() VU= —(u&)+&  —(usy)+& (U€)+85 —(Usy) =
_ Uy o8, . Ouy 08y ouy . U, O
)y v-o==g -(—¢& +u —-)+& -(—-6,+u;—-)+€,-(—L& +—-—=L
(11) r(ﬁrr r&r)r(8¢¢8r)¢(r8¢rr8¢
ou Uy, O€,
8, (L8, +-L 2
rog r o¢
. ou . . Oug . ou . up ., _ Oug Uy
V-U=6 — 6 +6  —-64+6;-(—6 +—L6;)+6; - (—-6,——8€
or T ar Y ¢(r8¢r r 2 ¢(r8¢¢ r )oe
ou
VU=% ur1+—¢ =
or r rog

ou
vy vi=12m)+12 e
ror r og

Curl of a vector

0 _ 0 _ _
0] qu=(er§+e¢@)x(urer+u¢e¢) &

AT O BT B
( ) Xu—eraxurer +erEXU¢e¢+e¢?¢Xurer +e¢@XU¢e¢ =



au 8,
(1) qu_el’x( er+ur or )+erx(_¢e¢+U¢ a¢)+e¢><(aur € Ur aer

r o¢
ou u, oe
e¢><( ¢~ a ¢)
r8¢ r o¢
ou Uy U Uy _

o OU
V><u=er><%er+er a¢e¢+e¢x(—¢er+—e¢)+e¢x(—¢e¢—7er) =

ou, _ .
Vxi =—¢k—% —¢k =
or rog r
1aou
IVVu———r — Nk. €
(V) V= (2 (ru) = 5 Ok

Laplacian of a scalar

) Vu=(v-Vu=@E-2+8-2) @ (* I e
or

rog e rog

0 0 0 0 0 0
) VoU=6 -— (& —)u+86, — (6 —)U+86, -— (6;,—)U € u
(1) r ar(rar) ) ra¢(r8r) r ar(¢ra¢) ¢ 8¢(¢ ¢) <
2 o6, & . o° o6 0 _ 1 0°
\Y% U=§r'(—r—+er )u 8 (- +& ——)u
or or rog or r ogor
B o .10 _18* - 0 o 18
8 (—22 ¢ ——+e¢——)u+e¢( HE U o
or rog r2 0¢ r orog o rog ¢ 04°
2 2 2
0 10
VU =8, -(& U+€y-(—€4,—+6 ———)U+¢€,-(—€ —+6,——
r(r 2) ¢( ¢8 r ¢8) r(¢28¢ ¢r8ra¢)
B} 0 .18
¢.(_Fer@ ¢—2J)U =

2
V) V=D 5 . €



In the beam coordinate system and planar case, the displacement assumption of a curved Timoshenko
beam model is T =g + 6y x 5, Where Ty = u(s)& +V(s)&,, Gy =w(s)&,, and p = ng,. Derive the
small strain component expressions &g and &g, = &,5 USING

g 5 g
s=tvarovay] vee 9 4g, 0 S0P LIT L g D)0 oo,
2 1-n/R s on  0s &, R —& on €,

Assume that curvature x« =1/R is constant.

Solution
The curved beam coordinates are distance s measured along the mid-curve (identifying the particles
along the mid-curve), and n,b identifying the particles away from the mid-curve. The (s,n,b)—
system is orthonormal and right-handed. The gradient expression of the coordinate system

R 0 0

_+é’n_

V=8¢
SR—nos on

is available in the formula collection. When the expressions of the cross-section translation, cross-
section rotation and the relative position vector are substituted there, the displacement expression
takes the form

U = Uy + Gy x p = U(S)& + V(S)&, + v (S)&, X NE,, = (U —wn)& + VE,,.
Displacement gradient is given by (Lagrange’s notation for derivative with respect to s)

R o0 . 0

Vi = (€ —+ &, —)[(u—wn)é. + VE =
(SR—nGS nan)[( '//)s n]
R 0 R o0 0 0
Vi =€ —(Uu-wn)é. +6.———(vé,)+(6,—)(u—wn)é. +€,—VE, <
SR—nGS( '//)s SR—nGS( n) (nan)( '//)s nan n
T Y R ' "\& Iy R ! Iy R 7oy oy R ! oy =
Vu=eSR_n(u —Wn)es+esR_n(u—wn)es+esR_nvenJresﬂven—enweS =
Vi =&, R (U —w'n)é; +&. R (u- n)ié + €, Lvé -8 Lvié -8 e, <
SR_n ¥n)Eg SR_n 4 RS R SR RS n¥ €
Vi = (U —w'n)— V]E.E +] ! (u=wn)+ V']e.E, —wE,E,
R_n 4 R_p sss Tl 4 R_n s€h —WenhEs.

In conjugate tensor, order of the basis vectors is changed

~ R P 1 - 1 R ... -
(Vi) =[ﬂ(u -yw'n) - R_nv]eses+[R_n(u—Wn)+ R_nv]enes—wesen.

Definition of the small (linear) strains & :%[VU +(VU).] gives first



=Ly

v]ee+ [L( —wn)+ R v’]éé—1 6.6 +
sCs 4 R_n sn 2‘//ns

V']e €
n n*s

1 .1 1 R 1
—|— V|E.Ec +— u—wn)+ ——We.e =
Z[R— (U'-y'n)— R_n 1E<E; 2[R—n( wn) R_ 2Wsn

V' =] (Es€, +€nEs).-

g R u'—w'n)— ! V]EE, +£[ ! (u—wn)+ R
R-n v R_p s TolpT BTV

Hence as the components of strain are the multipliers of the basis vector pairs with the same order

of indices

1 1 R
g == ( _Wn_EV) and 5sn:5ns_5r(_u+v -y). €

R—n



Mapping F(r,¢,z) =rcosgi +rsingj +zk defines the cylindrical (r,¢,z)—coordinate system. Use
(in detail) the generic formula

¢, &
9 g =(i[F])[F]‘1 &4 ¢, where ne{r,¢,z}
on ¢ on s o
é.Z é.Z

to find the derivatives of the basis vectors.

Solution

Basis vectors of the (r,¢,z)—coordinate system are obtained as derivatives of the position vector
F(r,¢,z) =rcosgi +rsingj +zk with respect to (r,¢,z)—coordinates. As the position vector is
expressed in terms of the constants basis vectors of a Cartesian system, the outcome is a relationship
between the basis vectors of the spherical and Cartesian systems (i.e. the matrix [F] needed in the
generic expression for the basis vector derivatives)

0 o 0
—T =CoS¢l +5SIn = |—Tr|=1,
or / /) ‘ar

ir=—rsin¢f+rcos¢] S A
o¢ o¢ ’

ri=1.

o. =~ 0
—Tr=k =»> |—
0z 0z

The relationship between the basis vectors can be written as

g (or / or) /|oF / or| cosg sing 0
& =1(0F/0g)/|oF 04| =| —sing cosg O
g (or / 6z) 1 |oF | oz 0 0o 1

-[F)

L =
L =

in which the matrix satisfies [F]‘1 = [F]T . The generic formula for the partial derivatives of the basis
vectors gives now

€ 0 O Offcosg —sing Of|€ 0
0 |. )
pw €= 0 O Ofsing cosg O €= 0;, €
€, 0O 0 0} O 0 1]|§, 0
€ —-sing cosg Of/cosg —sing O][¢ 0 1 Of[¢ €
0 . )
—< 8, +=|—cCos —sin 0| sin coS Ol<é,+=|-1 0 O0|K€,r=<-€ ;, €&
Mk ¢ ¢ ¢ ¢ y y) r

5| | o o of o o 1|l§] |0 0o oflg] |0



and

0z

0 || cos¢
0| sing
of O

—sing
CoS ¢

0

0
0
1

(|
-

[¢») (g)
L o



Derive the gradient expression of the spherical (&,¢,r)—coordinate system, when the mapping
defining the coordinate system is given by F(6,4,r) = r(sin@cos @i +sindsingj +cosok).

Solution
According to the generic recipe (formulae collection)

&, (@r/oa)|or!oa] i g, g

o

- - ~ - 0 | 0 -1
€5 =1 (r/op)|or1op] =[F5i¢ % €5 :(%[F])[F] g nela B},
e,| |(riapyiorioy| K e, e,

T

€, 0l 0 orlda  oryloa  or/oa
V=18t [F] T[H] 0108} where [H]=|on /0B o lop  or10p |,

€, ol oy o loy oryloy orloy

inwhich =60, f=¢,and y =r in the present case. Matrices [F] and [H ] depend on the
mapping

F(0,4,1)=r(sinGcosgi +sindsin ¢ +cosok) =1, (6,4, i +1,(0,¢,1) ] +1,(0,4,1)k .

By definition

& =2—2/ % = c0s#cosdi +cosdsingj —sindk ,
§¢:2—;/2—; = —singi +cos¢]j,

& =%/ % =sindcosgdi +sindsing] +cosdk

and therefore

6| [cOcg cOsp —sO][i i cdcg cOs¢p —sO
r=| -S4  c¢ 0 {ip=[FlRi};so [F]=| -s¢ c¢ 0
6| |sOcg sOsp cO ||k K sdcy sOsg ¢l

According to the mapping, the relationship between the components of the position vector in the
Cartesian and cylindrical systems are r, =rsindcos¢, r, =rsingsing, and r, = rcosé



or, /o0  or, 106  or, 106 rcécg rcds¢ —rsé
[H]=|or/op orylo¢ or,/0p|=|-rsbsp rsOcg 0
orglor  orglor  orlor sédcg s@s¢ co

Gradient follows now from the generic recipe

T T

& 0100) (8, 0160
V=18 [F]T[H] Horas=1¢,| (HI[F]) ora4}.
€ olor € olor

Let us calculate first the matrix inside the parenthesis
rcécg rcds¢g -rsé||clcyp -—-s¢ sOcg r

[H][F]T =|-rsfs¢ rsfcp 0 |[cOsp cg sOsg|=
sdcg sdsg co 1% 0 co

o O

-1

ro0 o' [uUr o0 0
(H][F]) =0 6 0] = 0 1/(rs¢) o],
0 o0 1 0 0 1

Substituting into the gradient expression

g [1/r 0 0)(0/086

10 1 0
v=1g,l | 0 1/(rs) 0[0/0p}=8,=—=+8¢ e
’ (150) ?1=% 50" % rsing og

&) | 0 0 1||a/er

e .
" or



Compute the derivatives of the basis vectors, gradient operator, and curvature for the cylindrical shell
geometry with the mid-surface representation ©y(¢,z)=R(cos@i +sing]j)+ zk in terms of
coordinates (¢, z) . Notice that the order of the coordinates differs from that of the lecture notes, which
affects, e.g., direction of &, .

Solution

Solution of the problems consists of two parts. The aim of the first part is to derive the derivatives of
the basis vectors and the gradient operator representation of a curvilinear system (by direct calculation
or from the formulae collection). The second part is just application of the curvature tensor definition

K= (Vén )c

describing in a concise manner the way the coordinate system deviates from being Cartesian. The
mid-surface curvature tensor corresponds to n = 0. Measures of &, like Gaussian curvature or mean
curvature, describe the geometry of the mid-surface.

The relationship between the basis vectors of the Cartesian and cylindrical systems follows from
definition. Notice that two of the basis vectors follow from the mid-surface mapping. The third is
always normal to the surface and obtained as a vector product (see the coordinate system for shells)

& (0% /o) 1|0ty / og|| [-sing cosg O

& r=1 (0 /oz)l|efy/oz| p=| O 0 1 _[F]

€, €4 %€, cosg sing O

N =
| e

Derivatives of the basis vector follow from the generic formula

T (=

€ —cos¢ -sing 0| —sing cosg O [& 0 0 -1|[&
9 &=/ O 0 1 0 0 1| 46,+=/0 0 0 |K§
o¢

€, —sing  cosg Of cosg sing Of |&, 1 0 0]|e,

the remaining being zeros. Mapping for the mid-surface is kind of labelling system for the particles
(points) on that surface. To have a labelling system for all the particles (points) of a thin body, a
relative position vector is also needed, so

F(¢.2,n) =To(¢.2) + & (4, 2).

The relative position vector defines also the line segments perpendicular to the mid-surface (an
important concept in plate theory). The Hessian of the mapping between the Cartesian and thin-body
(¢, z,n) — coordinates takes the form



orlog orylop or,10¢ —(n+R)sing (n+R)cosg O
[H]=| or ! oz oryloz  orloz|= 0 0 1
orglon ory/on o /on COoS¢ sing 0

having the inverse

—sing/(n+R) 0 cos¢g
[H] ™" =| cosg/(n+R) 0 sing|.
0 1 0

The generic form of the gradient expression gives now (formulae collection)

T _Sing 0 cos¢
g,) [-sing cosg 0] N*R 010¢
v=1lg, 0 0o 1 &% o singllera! o
n+R
€, cosg sing O 0 1 0 olon

1 o0 . o0
V=g —+6&, —+6,—.
n+R o¢ 0z on

Curvature is obtained from the gradient of the normal vector

PO S . A N |
" Pn+Rop ‘oz "on ?’n+R

1

—. €
R

giving at the mid-surface (n=0) & =€;€,



Consider the mid-surface mapping Ty(r,¢) = r? cos(2¢)i + r? sin(2¢)] of shell. Compute the
expression of the basis vector derivatives and gradient operator V. Is the mid-surface defined by the
mapping flat or curved?

Solution

The relationship between the basis vectors of the Cartesian and cylindrical systems follows from
definition. Notice that two of the basis vectors follow from the mid-surface mapping. The third is
always normal to the surface and obtained as a vector product (see the coordinate system for shells).
With the present mid-surface (r,¢)— coordinates

& (oty / or) Iery 1 or| i
To(r.§) = r° cos(2¢)i +r>sin(24)] and {8, t =1 (3% / 0¢) |k / o¢|t = [F]

|
|
|
NI =

€ €, X e¢
Expressions of the basis vectors of the curvilinear system are
0 . - : » ~ 0.y, 0. - -
gro =2rcos(2¢)i + 2rsin(2¢) | = & = (gro)/ |§r0 |=cos(2¢)i +sin(2¢) J ,

6_.__2. - 2 - _,=i_, i_,z_. - -
a—¢r0_ 2r°sin(2¢)i +2r°cos(2¢9)j = € (6¢ ro)/|a¢r0| sin(2¢)i +cos(2¢) J ,

&, = & x&; = [cos(2¢)i +sin(2¢) j1x[-sin(2¢)i +cos(2¢) j]1= k.
In a more compact form

€ cos(2¢)  sin(2¢) O

€, =|—sin(2g) cos2g) O
A 0 o 1

in which [F] ™" =[F

-[F]

NI =
POy B =,

Direct use of the definition gives (just take the derivatives on both sides of the relationship above and
use inverse of the same relationship to replace the basis vectors of the Cartesian system by the basis
vectors of the (r, ¢, n) —system)

§) [0 0 0][cos(2g) -sin2) 0](e ) [0
% g,r=|0 0 O sin2g) cos(2) 048 =10},

& [0 o o] o 0 1|l&,] |0

&) [-2sin(2¢) 2cos(2¢) Ofcos(24) -sin2g) 0](e,) [0 2 0]fe,
a% gyt =|-2cos(2) -2sin(2¢) O||sin(2g) cos2¢) O, l=|-2 0 05,

8, 0 0 off o 0 1|le,] [0 0o oflg,



0 0 O0j}fcos(2¢) -sin(2¢) O
n €r=/0 0 0 sin(2¢) cos(2¢) O
0O 0 O 0 0 1

i
=
<P

\Sibl
I
o o o
O

D
:l
D
:l

Gradient in the (r,¢,n)— system follows from the mapping
F(r,4,n) =T + 5 =r2cos(2g)i +r?sin(2¢)] +nk

and the generic formula in terms of [F] and [H] with

or/or 2r cos(2¢) 2rsin(2¢) 0

oF 10¢ =] -2rsin(2g)  2r’cos(2g) O ji=[H]{]} =
or /n 0 0 1|k k
2r cos(2¢) 2rsin(2¢)  0|[cos(2¢) —sin(2¢) O 2r 0 0
[HI[F]" =| -2r%sin(2¢)  2rcos(2¢) 0| sin(2¢) cos(2¢) 0|=|0 2r> 0|=
0 0 1l o 0 1/ o o 1
§) T2r 0 ol (aler
10 1 0 o
v=lg,l |0 2r> 0| {0/0p'=6 ——+6,——+6 — . €
¢ ik Por204 "on
& |0 0 1| |alen

which indicates that the mid-surface is flat.



