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Recap

ẋ = �(y � x)
ẏ = rx� y � xz
ż = xy � bz

Last time: Lorenz’ equations and the butterfly – a strange attractor.

Continuous time.
This time: Discrete time and another iconic plot. 

(Note! It says 
‘bifurcation diagram’ 
in the header. Strictly, 
this is an orbit 
diagram, since 
unstable branches are 
not plotted.)



One-Dimensional Maps
New class of dynamical systems: time is discrete, not continuous.

Example of one-dimensional map:
xn+1 = cosxn

Sequence x0, x1, x2, … is the orbit starting from x0.

Maps arise:
1) As tools for analyzing differential equations. Ex. Lorenz map

shows that the Lorenz attractor is not just a long-period limit
cycle.

2) As models of natural phenomena: digital electronics, economics
and finance theory, impulsively driven mechanics, …

3) As simple examples of chaos: points hop along their orbits →
non-smooth behavior, wilder dynamics.

Successful predictions of routes to chaos by using maps. 



Fixed Points and Cobwebs

f is a smooth function from the real line to itself.

xn+1 = f(xn)

Fixed point x*

f(x⇤) = x⇤

xn = x⇤ ! xn+1 = f(xn) = f(x⇤) = x⇤

Stability of x* (consider an orbit sweeping past 𝑥∗: 𝑥" = 𝑥∗ + 𝜂")

x
⇤ + ⌘n+1 = xn+1 = f(x⇤ + ⌘n) = f(x⇤) + f

0(x⇤)⌘n +O(⌘2n)

⌘n+1 = f
0(x⇤)⌘n +O(⌘2n)

⌘n+1 ⇠ f 0(x⇤)⌘n



Fixed Points and Cobwebs
Linearized system

⌘n+1 ⇠ f 0(x⇤)⌘n

𝜆 = 𝑓’(𝑥∗) is the eigenvalue or multiplier.

If |�| = |f 0(x⇤)| < 1 ! ⌘n ! 0, as n ! 1
x* is linearly stable.

If |𝜆| = |𝑓’(𝑥∗)| > 1→ x* is linearly unstable.

Conclusions from linearization also hold for the nonlinear map,
except in the marginal case 𝜆 = 𝑓’ 𝑥∗ = 1; here the neglected
higher-order terms 𝑂(𝜂"#) determine the local stability.

⌘1 ⇠ �⌘0, ⌘2 ⇠ �⌘1 ⇠ �2⌘0, . . . ! ⌘n ⇠ �n⌘0



Example
xn+1 = x2

n

Fixed points

x⇤ = (x⇤)2 ! x⇤ = 0, x⇤ = 1

� = f 0(x⇤) = 2x⇤

x* = 0 is stable (|𝜆| = 0 < 1), x* = 1 is unstable (|𝜆| = 2 > 1).

Fixed points with 𝜆 = 0 are superstable: convergence is
extremely fast. 𝜂"$% = 𝜆𝜂" + 𝑂(𝜂"#) → perturbations decay like

⌘1 ⇠ ⌘20 , ⌘2 ⇠ ⌘21 ⇠ ⌘40 , . . . ! ⌘n ⇠ ⌘2
n

0



Cobwebs
𝑥"$% = 𝑓(𝑥𝑛), initial condition x0.
1) Draw a vertical line from x0 until it

intersects the graph of f: the height
of the intersection point is x1.

2) Draw horizontal line from current
point to the diagonal.

3) Move vertically to the curve again
4) Etc.

The process is repeated n times to generate the first n points in
the orbit.

Cobwebs are particularly useful when linear analysis fails.



Example I

x* = 0 is in fact globally stable, since any x is sent to the interval
-1≤ x ≤ 1, from which it converges to the fixed point.

xn+1 = sinxn

Fixed points

x⇤ = 0 ! f 0(x⇤) = cosx⇤ = 1

ë Marginal case:
Linear analysis is 
inconclusive.The cobweb 

shows that x* = 0 
is locally stable.



Example II

x* = 0.739 is globally stable. Since 𝜆 = −sin 𝑥*=− 0.6735..< 0, 
convergence occurs via damped oscillations, as opposed to the 
monotonic behavior observed when 𝜆 > 0.

xn+1 = cosxn

Fixed points

x⇤ = cosx⇤ ! x⇤ = 0.739...



Logistic Map: Numerics
Logistic map (Robert May (1976))

xn+1 = rxn(1� xn)

xn ≥ 0, r ≥ 0. xn is a dimensionless measure of the population in
nth generation.
Discrete-time analog of the
logistic equation for population
growth, �̇� = 𝑟𝑁 1 − &

'
.

Focus: Choose 0 ≤ r ≤ 4 → the map
sends points 𝑥 ∈ [0, 1] to points 𝑥 ∈
[0, 1] (map of population density
into population density).



Period-Doubling
Fix r and choose some initial population x0 . What happens?

For r ≤ 1, xn→ 0 as n → ∞. (Extinction.)

For 1 < r ≤ 3, the population grows and reaches a non-zero
steady state.

Time series. 
(Discrete points 
(𝑛, xn) connected 
by segments for 
clarity.)

xn+1 = rxn(1� xn)



Period-Doubling
r > 3 ?

For r = 3.3, the population
oscillates between two values
and xn repeats every two
iterations (period-2 cycle).

For r = 3.5, the population
oscillates between four values
(period-4 cycle)→ the period
has doubled!

xn+1 = rxn(1� xn)



Period-Doubling
Further period-doublings occur for larger r (computer
experiments).

Successive bifurcations occur after shorter and shorter intervals
in r.

rndenotes the r-value where a 2n-cycle first appears

The sequence {rn} converges to a limiting value r∞ = 3.569946
Convergence is essentially geometric:

� = lim
n!1

rn � rn�1

rn+1 � rn
= 4.669...



Chaos and Periodic Windows
What happens for r > r∞ ?

For many values of 𝑟 the sequence {xn} never settles down to a
fixed point or a periodic orbit: a discrete-time version of chaos.

r = 3.9



Chaos and Periodic Windows
r = 3.9

The cobweb diagram

To see the the long-term behaviour for all r we plot the 
orbit diagram è



Chaos and Periodic Windows
It is a cinch to plot the orbit diagram on a computer:

1. Choose a value of 𝑟.

2. Pick a random initial 𝑥!.

3. Iterate until 𝑥"!! to allow the system to settle down.

4. Plot 𝑥"!#, 𝑥"!$, … , 𝑥%!! (or more).

5. Change the value of 𝑟 slightly.

6. Return to 2.



Chaos and Periodic Windows
Orbit diagram

Branches indicate periodic solutions.
Periodic doublings for r < r∞ ≈ 3.57.
When r > r∞ the map becomes chaotic
and the attractor changes from a
finite to an infinite set of points.
Mixture of order and chaos: for r > r∞
one also finds periodic windows!
Large window starting at about
r ≈ 3.83 contains a stable period-3
cycle.
Zooming into the window one finds
a miniature copy of the full orbit
diagram!

https://www.youtube.com/watch?v=PtfPDfoF-iYSee

https://www.youtube.com/watch%3Fv=PtfPDfoF-iY


Chaos and Periodic Windows
Orbit diagram

Branches indicate periodic solutions.
Periodic doublings for r < r∞ ≈ 3.57.
When r > r∞ the map becomes chaotic
and the attractor changes from a
finite to an infinite set of points.
Mixture of order and chaos: for r > r∞
one also finds periodic windows!
Large window starting at about
r ≈ 3.83 contains a stable period-3
cycle.
Zooming into the window one finds
a miniature copy of the full orbit
diagram!
See https://www.youtube.com/watch?v=PtfPDfoF-iY



Example
xn+1 = rxn(1� xn)

0 ≤ r ≤ 4, 0 ≤ xn ≤ 1

Fixed points

x⇤ = f(x⇤) = rx⇤(1� x⇤) ! x⇤ = 0, 1� 1/r

x⇤ = 0, 8r ; x⇤ = 1� 1/r, r � 1

f 0(x⇤) = r � 2rx⇤ ! f 0(0) = r ; f 0(1� 1/r) = 2� r

The origin is stable for r < 1 and unstable for r > 1.

x* = 1 - 1/r is stable for 1< r < 3 (-1 < 2 – r < 1) and unstable for r > 3.



Example

Graphical analysis

xn+1 = rxn(1� xn)

0 ≤ r ≤ 4, 0 ≤ xn ≤ 1

1) For r < 1 the parabola lies
below the diagonal → the
origin is the only fixed point.

2) For r > 1 the parabola crosses
the diagonal at another point
x* = 1 - 1/r, while the origin
loses stability (transcritical
bifurcation).

3) When r > 3 x*= 1 - 1/r loses
stability (flip bifurcation).



Example
The logistic map has a 2-cycle for all r > 3.

2-cycle: there exist two points p and q such that f(p) = q and f(q) = p.
Equivalently,
f [f(p)] = f(q) = p → f 2(p) = p → p is a fixed point of the second-
iterated map f 2(x) = f [f(x)].
f 2(x) = x is a quartic polynomial (since
f(x) is quadratic).
x* = 0 and x* = 1 - 1/r are trivial
solutions, as they solve
f(x) = x→ f 2(x) = x.

p, q =
r + 1±

p
(r � 3)(r + 1)

2r

Other two solutions:

2-cycle exists for all r > 3 (𝒑, 𝒒 ∈ ℝ).



Example

p, q =
r + 1±

p
(r � 3)(r + 1)

2r

Details just to make sure…

We know that 𝑓$ 𝑥 − 𝑥 = ℎ 𝑥 𝑥[𝑥 − 1 − #
& ], because 

𝑓$ 𝑥∗ − 𝑥∗ = 0 and  𝑥∗ = 0, and 𝑥∗ = 1 − #
& . Do the long 

division of  𝑓$ 𝑥 − 𝑥 by 𝑥[𝑥 − 1 − #
& ]→ quadratic ℎ 𝑥 .

Solve ℎ 𝑥∗ = 𝑝, 𝑞 = 0. →

f2(x)� x = f(f(x))� x = f(rx(1� x))� x

= r[rx(1� x)][1� rx(1� x)]� x

= r2x(1� x)[1� rx(1� x)]� x
<latexit sha1_base64="kTcEIU/7+39wLP8X740RZjIsCcc="></latexit><latexit sha1_base64="kTcEIU/7+39wLP8X740RZjIsCcc="></latexit><latexit sha1_base64="kTcEIU/7+39wLP8X740RZjIsCcc="></latexit><latexit sha1_base64="kTcEIU/7+39wLP8X740RZjIsCcc="></latexit>



Example

Near the fixed point f’(x*) ~ -1.

If f(x) is concave down at the fixed point, the cobweb tends to
produce a small stable 2-cycle close to 𝑥∗.

At 𝑟 = 3 𝑥∗ = 𝑝 = 𝑞 = 1 − #
& = 2/3. The 2-cycle bifurcates 

continuously from 𝑥∗(flip bifurcation) (as 𝑟 decreases from 3).



Example
Show that the 2-cycle is stable for 3 < r < 1+ ≈ 3.449 (= the
numerically obtained value for r2 at the birth of a 4-cycle).

p
6

� =
d

dx
[f(f(x))]x=p = f 0[f(p)]f 0(p) = f 0(q)f 0(p)

By symmetry of the final term the same l is obtained at x = q.
Makes sense: The p and q branches must bifurcate
simultaneously.

To analyze the stability of a cycle, reduce the problem to a 
question about the stability of the relevant fixed point:
Both p and q are solutions of f 2(x) = x, that is, fixed points for f 2.
Accordingly, we compute the multiplier 



Example
� = r(1� 2q)r(1� 2p)

= r2[1� 2(p+ q) + 4pq]

= r2[1� 2(r + 1)/r + 4(r + 1)/r2]

= 4 + 2r � r2

|4 + 2r � r2| < 1 ! 3 < r < 1 +
p
6

)

The 2-cycle is linearly stable for

Partial bifurcation diagram:



Periodic Windows
There are periodic windows after the
onset of chaos, r > r∞≈ 3.5699.

For many values of r the sequence {xn} 
never settles down to a fixed or a 
periodic orbit. Instead the long-term 
behaviour is aperiodic: chaos. However, 
there are intervals in r where periodic 
motion prevails.
These periodic windows are 
interspersed between chaotic clouds of 
dots. For example: the large window 
starting near r ≈ 3.83 (upper diagram) 
contains a stable 3-cycle. The blow-up 
(lower diagram) reveals self-similarity.



Periodic Windows
The 3-cycle for 3.8284 ≤ r ≤ 3.8415. xn+3 = f 3(xn).

Graphically: (r = 3.835) The
intersections are the solutions
to f 3(x) = x. Two solutions are
period-1 fixed points, f(x) = x,
and not interesting.
The other six solutions (dots in the figure) are period-3 fixed
points: three stable (the slope |f 3’(x)| < 1),
three unstable (|f 3’(x)| > 1).

Key: The third-iterated map f 3(x).

Problem: this is an 8th degree
polynomial, so analytical
solution is impossible.

r = 3.835



Periodic Windows
Decrease r towards the chaotic regime: The hills move down and
the valleys rise. èThe intersections vanish. Hence, for some
r [3.8, 3.835] f 3(x) must have become tangent to the diagonal:
the stable and unstable 3-cycles coalesce and annihilate in a
tangent bifurcation. So, this point (r = 1 + = 3.8284… ) defines
the minimum value of r in the periodic window.

p
8

∈

r = 3.8: 

tangent bifurcation =
saddle-node bifurcation;
(as 𝑟 increases 3-cycle 
appears out of blue sky 
and splits into a stable 
and unstable 3-cycle) 



Intermittency
Interesting behaviour for r just below the period-3 window.

Part of the orbit looks like a stable 3-cycle, which alternates with
chaotic behavior.
There cannot be a 3-cycle because we are below the tangent
bifurcation: it is the ghost of the 3-cycle! No surprise, because the
tangent bifurcation is a saddle-node bifurcation.
The orbit returns repeatedly onto the cycle with intermittent
bouts of chaos between visits: intermittency.

r = 3.8282:



Intermittency

Cobweb: The system takes a long time to pass through the
channels between the diagonal and the curve; here f 3(x) ~ x → 3-
cycle.
Eventually the system leaves the channel and it moves
chaotically until it hits a channel again.
When r moves further away from the periodic window, chaotic
behavior is more frequent, periodic behavior becomes
increasingly rare and disappears (intermittency route to chaos).



Period-doubling in the window 
Just after the 3-cycle is created,
the slope of 𝑓3(𝑥) at the black
dots (stable cycles) is close to +1.
As r increases, the slope at the
black dots goes down and
eventually reaches -1: after that
the cycle becomes unstable and
a flip bifurcation occurs.
At flip bifurcation the black dot
“splits in two”(the dot splits in
two in the 4th iterate 𝑓((𝑥)): the
3-cycle doubles its period and
becomes a 6-cycle.
The same mechanism
generates a 12-cycle, a 24-
cycle, … 3�2n cycles.

All periodic windows have
similar period-doubling
sequences. This mechanism
leads to the “miniature copies”
in the orbit diagram.



Liapunov exponent
Aperiodic motion found in logistic map: are we sure it is chaos?

Sensitive dependence on initial conditions?

Initial condition x0, nearby point x0+δ0 with δ0 very small.

δn = separation after n iterates

If |δn|~ |δ0|enλ, 𝜆 is called the Liapunov exponent.

A positive Liapunov exponent is a signature of chaos.

� ⇡ 1

n
ln

����
�n
�0

����

=
1

n
ln

����
fn(x0 + �0)� fn(x0)

�0

����

=
1

n
ln |(fn)0(x0)|

( lim
�0!0

)



Liapunov exponent
� ⇡ 1

n
ln

����
�n
�0

����

=
1

n
ln

����
fn(x0 + �0)� fn(x0)

�0

����

=
1

n
ln |(fn)0(x0)|

( lim
�0!0

)

(fn)0(x0) =
n�1Y

i=0

f 0(xi)

� ⇡ 1

n
ln

�����

n�1Y

i=0

f 0(xi)

����� =
1

n

n�1X

i=0

ln |f 0(xi)|

Iterative linearisations (chain rule; 
see the first example in “Ruling out 
limit cycles”):



Liapunov exponent

𝜆 depends on the initial condition x0, but it is the same for all x0
in the basin of attraction of a given attractor.

For stable fixed points and cycles 𝜆 is negative, for chaotic
attractors 𝜆 is positive.

� = lim
n!1

"
1

n

n�1X

i=0

ln |f 0(xi)|
#

Define as the Liapunov exponent.



Example I
𝑓(𝑥) has a stable p-cycle containing the point x0. Determine 𝜆.

x0 is an element of the p-cycle→ x0 is a fixed point of f p(x).

� = lim
n!1

"
1

n

n�1X

i=0

ln |f 0(xi)|
#
=

1

p

p�1X

i=0

ln |f 0(xi)|

� =
1

p

p�1X

i=0

ln |f 0(xi)| =
1

p
ln |(fp)0(x0)| < 0

If the p-cycle is superstable, then |(𝑓 𝑝)’(𝑥0)| = 0 and
𝜆 = ln(0)/𝑝 = −∞.

The p-cycle is stable→ |(𝑓))’(𝑥)| < 1→ ln|(𝑓 𝑝)’(𝑥)| < 0.
multiplier ↑



Example II

f(x) =

⇢
rx, for 0  x  1

2
r � rx, for 1

2  x  1

The tent map

0 ≤ r ≤ 2, 0 ≤ x ≤ 1.



Example II

f(x) =

⇢
rx, for 0  x  1

2
r � rx, for 1

2  x  1

The tent map

0 ≤ r ≤ 2, 0 ≤ x ≤ 1.

f 0(x) = ±r, 8x ! � = lim
n!1

"
1

n

n�1X

i=0

ln |f 0(xi)|
#
= ln r

For 1 < r ≤ 2, 𝜆 > 0→ chaotic regime.



Example III
Compute numerically 𝜆 for the logistic map 𝑓(𝑥) = 𝑟𝑥(1 − 𝑥) in
the interval 3 ≤ r ≤ 4.

Procedure:
1) Given a value of r, start from a random initial condition.
2) Iterate the map long enough to let transients decay (300

iterates are usually sufficient).
3) Compute a large number of iterations after that (say 10000).
4) Compute ln |𝑓 ’(𝑥𝑛)| = ln |𝑟 − 2𝑟𝑥𝑛| for the sequence of

values.
5) Divide the result by the number of terms (here 10000).
6) Repeat the procedure for another r value, until the desired

range is covered.



Example III
𝜆 stays negative for all
r < r∞ ≈ 3.57.

𝜆 returns negative also for r > r∞
in some windows (periodic
windows).

The dips correspond to
superstable cycles (𝜆 = -∞; not
seen due to finite resolution).
Remark: since each cycle starts with multiplier 𝑓’(𝑥) = 1 and
progressively goes until 𝑓’(𝑥) < −1, when it becomes unstable,
it must cross the point 𝑓 ’(𝑥) = 0 (superstability).

𝜆 is zero at the period-doubling
bifurcations.



Universality and experiments
The sine map

xn+1 = r sin⇡xn

0 ≤ r ≤ 1, 0 ≤ x ≤ 1.

Unimodal map (concave down, single maximum), like the
logistic map.



Universality and experiments

Sine map

Logistic map



Universality and experiments
Qualitative dynamics of the two maps are identical: period-
doubling routes to chaos, followed by interspersed periodic
windows.

Remarkable: periodic windows occur in the same order and same
relative sizes.

Example: period-3 window is the largest and is preceded by two
large windows (period-5 and period-6).

Quantitative differences: period doubling bifurcations occur
later in the logistic map, and the periodic windows are narrower.



Qualitative universality: the 
U-sequence 

Theorem (Metropolis et al. 1973): for all unimodal maps xn+1=
rf(xn), where 𝑓(0) = 𝑓(1) = 0, stable cycles occur in the same
order.
The universal sequence in which periodic attractors occur is
called the U-sequence. The algebraic form of 𝑓(𝑥) is irrelevant,
only the overall shape matters.
U-sequence up to period 6: 1, 2, 2×2, 6, 5, 3, 2×3, 5, 6, 4, 6, 5, 6

The U-sequence has been found in experiments on the Belousov-
Zhabotinsky chemical reaction.

The U-sequence is qualitative: it does not say anything about the
size of the windows or where they start.



Quantitative universality
Feigenbaum’s discovery in 1975

Attempt to find a formula for rn , i.e. the r-value where a 2n-cycle
first appears.

Numerical checks were done with a handheld calculator.

First observation: the rn converge geometrically to the onset of
chaos r∞: the size of consecutive windows shrinks by a constant
factor 4.669…



Quantitative universality

The same constant appears for any unimodal map!



Quantitative universality
�n

�n+1
! � = 4.669. . . , for n ! 1

Dn = rn – rn-1 = distance between consecutive bifurcation values.

dn is the smallest distance 
from the maximum of f, xm, 
to the nearest point in a 2n-
cycle.

independent of the form of f.

dn
dn+1

! ↵ ⇡ �2.5029

as n ! 1,



Experimental tests
Convection experiment by Libchaber et al. ( 1982)

A box of liquid mercury is heated from below.

Control parameter: Rayleigh number R, dimensionless measure of
the externally imposed temperature gradient.

1) For R < Rc heat is conducted
upward and the liquid
remains motionless.

2) For R > Rc convection occurs:
hot fluid rises on one side,
loses heat and falls on the
other side, in cylindrical rolls.



Experimental tests
Convection experiment by Libchaber et al. ( 1982)

1) If R is just above the threshold, the rolls are straight and the
motion is steady, temperature is constant in time at each
position.

2) If R is higher, a new instability sets in: a wave propagates back
and forth along each roll, and the temperature at a given
position oscillates.

Libchaber et al. wanted to stabilize the roll structure by applying
a direct current (DC) magnetic field.

Mercury has a high electrical conductivity → strong tendency of
the rolls to align with the field and to remain spatially organized.



Experimental tests
Convection experiment by Libchaber et al. ( 1982)

Result: the temperature at one point
of the fluid undergoes a sequence of
period-doublings as the Rayleigh
number R increases.

By measuring the R-values at period-
doubling bifurcations, Libchaber et
al. estimated δ = 4.4 ± 0.1. (Theoretical
δ ≈ 4.699.



Experimental tests
Results from experiments in fluid
convection and nonlinear electronic circuits

Agreement between experiments and theory impressive, given
the difficulty (and relative errors) of these measurements



What do 1-D maps have to 
do with science?

Questions:
1) How can the complexity of so many different systems, which

involve many degrees of freedom, be captured by a one-
dimensional map?

2) Howcome a discrete-time map works so well on continuous-
time systems?

Example: the Rössler system (1976)
ẋ = �y � z
ẏ = x+ ay
ż = b+ z(x� c)

Simplest possible continuous-time system with a strange
attractor.



What do 1-D maps have to 
do with science?

a = b = 0.2, variable c
The Rössler system

ẋ = �y � z
ẏ = x+ ay
ż = b+ z(x� c)

1) For c = 2.5 the attractor is a
simple limit cycle

2) As c is raised to 3.5, the
limit cycle winds twice
before closing, with an
approximately double
period than the original one

3) Somewhere in 2.5 < c < 3.5 a
period-doubling bifurcation
of cycles occurs (as in 1D
maps)



What do 1-D maps have to 
do with science?

a = b = 0.2, variable c
The Rössler system

4) Another period-doubling
bifurcation creates the four-
loop cycle shown for c =4

5) After an infinite sequence of
period-doublings, one
reaches the strange attractor
(c=5)

ẋ = �y � z
ẏ = x+ ay
ż = b+ z(x� c)



What do 1-D maps have to 
do with science?

Lorenz map: relation between
consecutive maxima xn and xn+1
of one coordinate along a
trajectory on the strange
attractor.

The Rössler system

The points fall on a 1D curve →
there is a relation between xn
and xn+1.

The curve resembles the logistic
map!

ẋ = �y � z
ẏ = x+ ay
ż = b+ z(x� c)



What do 1-D maps have to 
do with science?

The Rössler system

Orbit diagram for each c:
position of maximum of x (y
or z) on the attractor
corresponding to c.

Strong similarity with the
orbit diagram of the logistic
map.

So, in this case, as for the
Lorenz equations,
Feigenbaum’s results hold.



What do 1-D maps have to 
do with science?

For Rössler and Lorenz systems the map works because the
strange attractors are essentially two-dimensional (fractal
dimension slightly above 2).

In general Lorenz maps are not one-dimensional and
Feigenbaum’s theory does not apply.

Examples: fully turbulent fluids, fibrillating hearts.



Renormalization
Let 𝑓(𝑥, 𝑟) denote a unimodal map (smooth, concave down, single 
maximum) that undergoes a period-doubling route to chaos as 𝑟
increases and 𝑥* be the maximum of 𝑓.  Let 𝑟" denote the value of 𝑟
at which a 2"-cycle is born and 𝑅" denote the value of 𝑟 at which a 
2"-cycle is superstable.

Example: f(x, r) = r � x2
<latexit sha1_base64="xDSH3fgoR/sR0PGk1Oq87rhIx2E=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahgpakCOpBKHrxWMHYQpuWzXbTLt1swu5GW0L/hxcPKl79Md78N24/Dtr6YODx3gwz8/yYM6Vt+9vKLC2vrK5l13Mbm1vbO/ndvQcVJZJQl0Q8knUfK8qZoK5mmtN6LCkOfU5rfv9m7NceqVQsEvd6GFMvxF3BAkawNlIrKA5O5DG6QvJ00Cq38wW7ZE+AFokzIwWYodrOfzU7EUlCKjThWKmGY8faS7HUjHA6yjUTRWNM+rhLG4YKHFLlpZOrR+jIKB0URNKU0Gii/p5IcajUMPRNZ4h1T817Y/E/r5Ho4MJLmYgTTQWZLgoSjnSExhGgDpOUaD40BBPJzK2I9LDERJugciYEZ/7lReKWS5cl5+6sULmepZGFAziEIjhwDhW4hSq4QEDCM7zCm/VkvVjv1se0NWPNZvbhD6zPH47ZkMs=</latexit><latexit sha1_base64="xDSH3fgoR/sR0PGk1Oq87rhIx2E=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahgpakCOpBKHrxWMHYQpuWzXbTLt1swu5GW0L/hxcPKl79Md78N24/Dtr6YODx3gwz8/yYM6Vt+9vKLC2vrK5l13Mbm1vbO/ndvQcVJZJQl0Q8knUfK8qZoK5mmtN6LCkOfU5rfv9m7NceqVQsEvd6GFMvxF3BAkawNlIrKA5O5DG6QvJ00Cq38wW7ZE+AFokzIwWYodrOfzU7EUlCKjThWKmGY8faS7HUjHA6yjUTRWNM+rhLG4YKHFLlpZOrR+jIKB0URNKU0Gii/p5IcajUMPRNZ4h1T817Y/E/r5Ho4MJLmYgTTQWZLgoSjnSExhGgDpOUaD40BBPJzK2I9LDERJugciYEZ/7lReKWS5cl5+6sULmepZGFAziEIjhwDhW4hSq4QEDCM7zCm/VkvVjv1se0NWPNZvbhD6zPH47ZkMs=</latexit><latexit sha1_base64="xDSH3fgoR/sR0PGk1Oq87rhIx2E=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahgpakCOpBKHrxWMHYQpuWzXbTLt1swu5GW0L/hxcPKl79Md78N24/Dtr6YODx3gwz8/yYM6Vt+9vKLC2vrK5l13Mbm1vbO/ndvQcVJZJQl0Q8knUfK8qZoK5mmtN6LCkOfU5rfv9m7NceqVQsEvd6GFMvxF3BAkawNlIrKA5O5DG6QvJ00Cq38wW7ZE+AFokzIwWYodrOfzU7EUlCKjThWKmGY8faS7HUjHA6yjUTRWNM+rhLG4YKHFLlpZOrR+jIKB0URNKU0Gii/p5IcajUMPRNZ4h1T817Y/E/r5Ho4MJLmYgTTQWZLgoSjnSExhGgDpOUaD40BBPJzK2I9LDERJugciYEZ/7lReKWS5cl5+6sULmepZGFAziEIjhwDhW4hSq4QEDCM7zCm/VkvVjv1se0NWPNZvbhD6zPH47ZkMs=</latexit><latexit sha1_base64="xDSH3fgoR/sR0PGk1Oq87rhIx2E=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahgpakCOpBKHrxWMHYQpuWzXbTLt1swu5GW0L/hxcPKl79Md78N24/Dtr6YODx3gwz8/yYM6Vt+9vKLC2vrK5l13Mbm1vbO/ndvQcVJZJQl0Q8knUfK8qZoK5mmtN6LCkOfU5rfv9m7NceqVQsEvd6GFMvxF3BAkawNlIrKA5O5DG6QvJ00Cq38wW7ZE+AFokzIwWYodrOfzU7EUlCKjThWKmGY8faS7HUjHA6yjUTRWNM+rhLG4YKHFLlpZOrR+jIKB0URNKU0Gii/p5IcajUMPRNZ4h1T817Y/E/r5Ho4MJLmYgTTQWZLgoSjnSExhGgDpOUaD40BBPJzK2I9LDERJugciYEZ/7lReKWS5cl5+6sULmepZGFAziEIjhwDhW4hSq4QEDCM7zCm/VkvVjv1se0NWPNZvbhD6zPH47ZkMs=</latexit>

x⇤ = R0 � (x⇤)2
<latexit sha1_base64="72TPQ4xlZ4kplQaetKVpkzMD0Ow=">AAAB9HicbVBNT8JAEJ3iF+IX6tFLIzFBEklLTNSDCdGLRzRWSKCQ7bKFDdtts7tVSMP/8OJBjVd/jDf/jQv0oOBLJnl5byYz87yIUaks69vILC2vrK5l13Mbm1vbO/ndvQcZxgITB4csFA0PScIoJ46iipFGJAgKPEbq3uB64tcfiZA05PdqFBE3QD1OfYqR0lJ72C5d3nWsk+KwdNyudPIFq2xNYS4SOyUFSFHr5L9a3RDHAeEKMyRl07Yi5SZIKIoZGedasSQRwgPUI01NOQqIdJPp1WPzSCtd0w+FLq7Mqfp7IkGBlKPA050BUn05703E/7xmrPxzN6E8ihXheLbIj5mpQnMSgdmlgmDFRpogLKi+1cR9JBBWOqicDsGef3mROJXyRdm+PS1Ur9I0snAAh1AEG86gCjdQAwcwCHiGV3gznowX4934mLVmjHRmH/7A+PwBWuuQqA==</latexit><latexit sha1_base64="72TPQ4xlZ4kplQaetKVpkzMD0Ow=">AAAB9HicbVBNT8JAEJ3iF+IX6tFLIzFBEklLTNSDCdGLRzRWSKCQ7bKFDdtts7tVSMP/8OJBjVd/jDf/jQv0oOBLJnl5byYz87yIUaks69vILC2vrK5l13Mbm1vbO/ndvQcZxgITB4csFA0PScIoJ46iipFGJAgKPEbq3uB64tcfiZA05PdqFBE3QD1OfYqR0lJ72C5d3nWsk+KwdNyudPIFq2xNYS4SOyUFSFHr5L9a3RDHAeEKMyRl07Yi5SZIKIoZGedasSQRwgPUI01NOQqIdJPp1WPzSCtd0w+FLq7Mqfp7IkGBlKPA050BUn05703E/7xmrPxzN6E8ihXheLbIj5mpQnMSgdmlgmDFRpogLKi+1cR9JBBWOqicDsGef3mROJXyRdm+PS1Ur9I0snAAh1AEG86gCjdQAwcwCHiGV3gznowX4934mLVmjHRmH/7A+PwBWuuQqA==</latexit><latexit sha1_base64="72TPQ4xlZ4kplQaetKVpkzMD0Ow=">AAAB9HicbVBNT8JAEJ3iF+IX6tFLIzFBEklLTNSDCdGLRzRWSKCQ7bKFDdtts7tVSMP/8OJBjVd/jDf/jQv0oOBLJnl5byYz87yIUaks69vILC2vrK5l13Mbm1vbO/ndvQcZxgITB4csFA0PScIoJ46iipFGJAgKPEbq3uB64tcfiZA05PdqFBE3QD1OfYqR0lJ72C5d3nWsk+KwdNyudPIFq2xNYS4SOyUFSFHr5L9a3RDHAeEKMyRl07Yi5SZIKIoZGedasSQRwgPUI01NOQqIdJPp1WPzSCtd0w+FLq7Mqfp7IkGBlKPA050BUn05703E/7xmrPxzN6E8ihXheLbIj5mpQnMSgdmlgmDFRpogLKi+1cR9JBBWOqicDsGef3mROJXyRdm+PS1Ur9I0snAAh1AEG86gCjdQAwcwCHiGV3gznowX4934mLVmjHRmH/7A+PwBWuuQqA==</latexit><latexit sha1_base64="72TPQ4xlZ4kplQaetKVpkzMD0Ow=">AAAB9HicbVBNT8JAEJ3iF+IX6tFLIzFBEklLTNSDCdGLRzRWSKCQ7bKFDdtts7tVSMP/8OJBjVd/jDf/jQv0oOBLJnl5byYz87yIUaks69vILC2vrK5l13Mbm1vbO/ndvQcZxgITB4csFA0PScIoJ46iipFGJAgKPEbq3uB64tcfiZA05PdqFBE3QD1OfYqR0lJ72C5d3nWsk+KwdNyudPIFq2xNYS4SOyUFSFHr5L9a3RDHAeEKMyRl07Yi5SZIKIoZGedasSQRwgPUI01NOQqIdJPp1WPzSCtd0w+FLq7Mqfp7IkGBlKPA050BUn05703E/7xmrPxzN6E8ihXheLbIj5mpQnMSgdmlgmDFRpogLKi+1cR9JBBWOqicDsGef3mROJXyRdm+PS1Ur9I0snAAh1AEG86gCjdQAwcwCHiGV3gznowX4934mLVmjHRmH/7A+PwBWuuQqA==</latexit>

Superstable FP:

� = (@f/@x)x=x⇤ = 0
<latexit sha1_base64="dvAS7Qa8wVkPo8jEVjtobY8egko=">AAACEXicbVDNS8MwHE3n15xfVY9egkPYPMxWBPUwGHrxOMG6wVpLmqZbWPpBkspG2d/gxX/FiwcVr968+d+YbkN080Hg8d77Jfk9L2FUSMP40goLi0vLK8XV0tr6xuaWvr1zK+KUY2LhmMW87SFBGI2IJalkpJ1wgkKPkZbXv8z91j3hgsbRjRwmxAlRN6IBxUgqydWrNlNhH9UrdoK4pIjB4OiHDqpuNqgP7g5HdcPVy0bNGAPOE3NKymCKpqt/2n6M05BEEjMkRMc0Eulk+dWYkVHJTgVJEO6jLukoGqGQCCcbrzSCB0rxYRBzdSIJx+rviQyFQgxDTyVDJHti1svF/7xOKoMzJ6NRkkoS4clDQcqgjGHeD/QpJ1iyoSIIc6r+CnEPcYSlarGkSjBnV54n1nHtvGZen5QbF9M2imAP7IMKMMEpaIAr0AQWwOABPIEX8Ko9as/am/Y+iRa06cwu+APt4xsxRZy8</latexit><latexit sha1_base64="dvAS7Qa8wVkPo8jEVjtobY8egko=">AAACEXicbVDNS8MwHE3n15xfVY9egkPYPMxWBPUwGHrxOMG6wVpLmqZbWPpBkspG2d/gxX/FiwcVr968+d+YbkN080Hg8d77Jfk9L2FUSMP40goLi0vLK8XV0tr6xuaWvr1zK+KUY2LhmMW87SFBGI2IJalkpJ1wgkKPkZbXv8z91j3hgsbRjRwmxAlRN6IBxUgqydWrNlNhH9UrdoK4pIjB4OiHDqpuNqgP7g5HdcPVy0bNGAPOE3NKymCKpqt/2n6M05BEEjMkRMc0Eulk+dWYkVHJTgVJEO6jLukoGqGQCCcbrzSCB0rxYRBzdSIJx+rviQyFQgxDTyVDJHti1svF/7xOKoMzJ6NRkkoS4clDQcqgjGHeD/QpJ1iyoSIIc6r+CnEPcYSlarGkSjBnV54n1nHtvGZen5QbF9M2imAP7IMKMMEpaIAr0AQWwOABPIEX8Ko9as/am/Y+iRa06cwu+APt4xsxRZy8</latexit><latexit sha1_base64="dvAS7Qa8wVkPo8jEVjtobY8egko=">AAACEXicbVDNS8MwHE3n15xfVY9egkPYPMxWBPUwGHrxOMG6wVpLmqZbWPpBkspG2d/gxX/FiwcVr968+d+YbkN080Hg8d77Jfk9L2FUSMP40goLi0vLK8XV0tr6xuaWvr1zK+KUY2LhmMW87SFBGI2IJalkpJ1wgkKPkZbXv8z91j3hgsbRjRwmxAlRN6IBxUgqydWrNlNhH9UrdoK4pIjB4OiHDqpuNqgP7g5HdcPVy0bNGAPOE3NKymCKpqt/2n6M05BEEjMkRMc0Eulk+dWYkVHJTgVJEO6jLukoGqGQCCcbrzSCB0rxYRBzdSIJx+rviQyFQgxDTyVDJHti1svF/7xOKoMzJ6NRkkoS4clDQcqgjGHeD/QpJ1iyoSIIc6r+CnEPcYSlarGkSjBnV54n1nHtvGZen5QbF9M2imAP7IMKMMEpaIAr0AQWwOABPIEX8Ko9as/am/Y+iRa06cwu+APt4xsxRZy8</latexit><latexit sha1_base64="dvAS7Qa8wVkPo8jEVjtobY8egko=">AAACEXicbVDNS8MwHE3n15xfVY9egkPYPMxWBPUwGHrxOMG6wVpLmqZbWPpBkspG2d/gxX/FiwcVr968+d+YbkN080Hg8d77Jfk9L2FUSMP40goLi0vLK8XV0tr6xuaWvr1zK+KUY2LhmMW87SFBGI2IJalkpJ1wgkKPkZbXv8z91j3hgsbRjRwmxAlRN6IBxUgqydWrNlNhH9UrdoK4pIjB4OiHDqpuNqgP7g5HdcPVy0bNGAPOE3NKymCKpqt/2n6M05BEEjMkRMc0Eulk+dWYkVHJTgVJEO6jLukoGqGQCCcbrzSCB0rxYRBzdSIJx+rviQyFQgxDTyVDJHti1svF/7xOKoMzJ6NRkkoS4clDQcqgjGHeD/QpJ1iyoSIIc6r+CnEPcYSlarGkSjBnV54n1nHtvGZen5QbF9M2imAP7IMKMMEpaIAr0AQWwOABPIEX8Ko9as/am/Y+iRa06cwu+APt4xsxRZy8</latexit>

Superstability condition:

@f/@x = 2x ) x⇤ = 0
<latexit sha1_base64="JQCyO9v72rz7FcdiwOJycFnYKcM=">AAACFnicbZDNSsNAFIUn/tb6F3XpZrAI4iImRVAXQtGNyyrGFtpYJtNJO3QyCTMTbQl9Cze+ihsXKm7FnW/jpA2irQcGPs69lzv3+DGjUtn2lzEzOze/sFhYKi6vrK6tmxubNzJKBCYujlgk6j6ShFFOXEUVI/VYEBT6jNT83nlWr90RIWnEr9UgJl6IOpwGFCOlrZZpNWMkFEUMBgc/2IensNyHzSva6SokRHQP+7f72rRbZsm27JHgNDg5lECuasv8bLYjnISEK8yQlA3HjpWXZoswI8NiM5EkRriHOqShkaOQSC8d3TWEu9ppwyAS+nEFR+7viRSFUg5CX3eGSHXlZC0z/6s1EhUceynlcaIIx+NFQcKgimAWEmxTQbBiAw0IC6r/CnEXCYSVjrKoQ3AmT54Gt2ydWM7lYalylqdRANtgB+wBBxyBCrgAVeACDB7AE3gBr8aj8Wy8Ge/j1hkjn9kCf2R8fANy6Z3D</latexit><latexit sha1_base64="JQCyO9v72rz7FcdiwOJycFnYKcM=">AAACFnicbZDNSsNAFIUn/tb6F3XpZrAI4iImRVAXQtGNyyrGFtpYJtNJO3QyCTMTbQl9Cze+ihsXKm7FnW/jpA2irQcGPs69lzv3+DGjUtn2lzEzOze/sFhYKi6vrK6tmxubNzJKBCYujlgk6j6ShFFOXEUVI/VYEBT6jNT83nlWr90RIWnEr9UgJl6IOpwGFCOlrZZpNWMkFEUMBgc/2IensNyHzSva6SokRHQP+7f72rRbZsm27JHgNDg5lECuasv8bLYjnISEK8yQlA3HjpWXZoswI8NiM5EkRriHOqShkaOQSC8d3TWEu9ppwyAS+nEFR+7viRSFUg5CX3eGSHXlZC0z/6s1EhUceynlcaIIx+NFQcKgimAWEmxTQbBiAw0IC6r/CnEXCYSVjrKoQ3AmT54Gt2ydWM7lYalylqdRANtgB+wBBxyBCrgAVeACDB7AE3gBr8aj8Wy8Ge/j1hkjn9kCf2R8fANy6Z3D</latexit><latexit sha1_base64="JQCyO9v72rz7FcdiwOJycFnYKcM=">AAACFnicbZDNSsNAFIUn/tb6F3XpZrAI4iImRVAXQtGNyyrGFtpYJtNJO3QyCTMTbQl9Cze+ihsXKm7FnW/jpA2irQcGPs69lzv3+DGjUtn2lzEzOze/sFhYKi6vrK6tmxubNzJKBCYujlgk6j6ShFFOXEUVI/VYEBT6jNT83nlWr90RIWnEr9UgJl6IOpwGFCOlrZZpNWMkFEUMBgc/2IensNyHzSva6SokRHQP+7f72rRbZsm27JHgNDg5lECuasv8bLYjnISEK8yQlA3HjpWXZoswI8NiM5EkRriHOqShkaOQSC8d3TWEu9ppwyAS+nEFR+7viRSFUg5CX3eGSHXlZC0z/6s1EhUceynlcaIIx+NFQcKgimAWEmxTQbBiAw0IC6r/CnEXCYSVjrKoQ3AmT54Gt2ydWM7lYalylqdRANtgB+wBBxyBCrgAVeACDB7AE3gBr8aj8Wy8Ge/j1hkjn9kCf2R8fANy6Z3D</latexit><latexit sha1_base64="JQCyO9v72rz7FcdiwOJycFnYKcM=">AAACFnicbZDNSsNAFIUn/tb6F3XpZrAI4iImRVAXQtGNyyrGFtpYJtNJO3QyCTMTbQl9Cze+ihsXKm7FnW/jpA2irQcGPs69lzv3+DGjUtn2lzEzOze/sFhYKi6vrK6tmxubNzJKBCYujlgk6j6ShFFOXEUVI/VYEBT6jNT83nlWr90RIWnEr9UgJl6IOpwGFCOlrZZpNWMkFEUMBgc/2IensNyHzSva6SokRHQP+7f72rRbZsm27JHgNDg5lECuasv8bLYjnISEK8yQlA3HjpWXZoswI8NiM5EkRriHOqShkaOQSC8d3TWEu9ppwyAS+nEFR+7viRSFUg5CX3eGSHXlZC0z/6s1EhUceynlcaIIx+NFQcKgimAWEmxTQbBiAw0IC6r/CnEXCYSVjrKoQ3AmT54Gt2ydWM7lYalylqdRANtgB+wBBxyBCrgAVeACDB7AE3gBr8aj8Wy8Ge/j1hkjn9kCf2R8fANy6Z3D</latexit>

FP is the maximum of 𝑓. R0 = 0
<latexit sha1_base64="LtfOnNpmYVuYUXa2S8FxH6YL1rU=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6kEoevFYxdhCG8pmO2mXbjZhdyOU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5YSq4Nq777Swtr6yurZc2yptb2zu7lb39R51kiqHPEpGoVkg1Ci7RN9wIbKUKaRwKbIbDm4nffEKleSIfzCjFIKZ9ySPOqLFS877rkividitVt+ZOQRaJV5AqFGh0K1+dXsKyGKVhgmrd9tzUBDlVhjOB43In05hSNqR9bFsqaYw6yKfnjsmxVXokSpQtachU/T2R01jrURzazpiagZ73JuJ/Xjsz0UWQc5lmBiWbLYoyQUxCJr+THlfIjBhZQpni9lbCBlRRZmxCZRuCN//yIvFPa5c17+6sWr8u0ijBIRzBCXhwDnW4hQb4wGAIz/AKb07qvDjvzsesdckpZg7gD5zPH9vwjiI=</latexit><latexit sha1_base64="LtfOnNpmYVuYUXa2S8FxH6YL1rU=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6kEoevFYxdhCG8pmO2mXbjZhdyOU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5YSq4Nq777Swtr6yurZc2yptb2zu7lb39R51kiqHPEpGoVkg1Ci7RN9wIbKUKaRwKbIbDm4nffEKleSIfzCjFIKZ9ySPOqLFS877rkividitVt+ZOQRaJV5AqFGh0K1+dXsKyGKVhgmrd9tzUBDlVhjOB43In05hSNqR9bFsqaYw6yKfnjsmxVXokSpQtachU/T2R01jrURzazpiagZ73JuJ/Xjsz0UWQc5lmBiWbLYoyQUxCJr+THlfIjBhZQpni9lbCBlRRZmxCZRuCN//yIvFPa5c17+6sWr8u0ijBIRzBCXhwDnW4hQb4wGAIz/AKb07qvDjvzsesdckpZg7gD5zPH9vwjiI=</latexit><latexit sha1_base64="LtfOnNpmYVuYUXa2S8FxH6YL1rU=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6kEoevFYxdhCG8pmO2mXbjZhdyOU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5YSq4Nq777Swtr6yurZc2yptb2zu7lb39R51kiqHPEpGoVkg1Ci7RN9wIbKUKaRwKbIbDm4nffEKleSIfzCjFIKZ9ySPOqLFS877rkividitVt+ZOQRaJV5AqFGh0K1+dXsKyGKVhgmrd9tzUBDlVhjOB43In05hSNqR9bFsqaYw6yKfnjsmxVXokSpQtachU/T2R01jrURzazpiagZ73JuJ/Xjsz0UWQc5lmBiWbLYoyQUxCJr+THlfIjBhZQpni9lbCBlRRZmxCZRuCN//yIvFPa5c17+6sWr8u0ijBIRzBCXhwDnW4hQb4wGAIz/AKb07qvDjvzsesdckpZg7gD5zPH9vwjiI=</latexit><latexit sha1_base64="LtfOnNpmYVuYUXa2S8FxH6YL1rU=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6kEoevFYxdhCG8pmO2mXbjZhdyOU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5YSq4Nq777Swtr6yurZc2yptb2zu7lb39R51kiqHPEpGoVkg1Ci7RN9wIbKUKaRwKbIbDm4nffEKleSIfzCjFIKZ9ySPOqLFS877rkividitVt+ZOQRaJV5AqFGh0K1+dXsKyGKVhgmrd9tzUBDlVhjOB43In05hSNqR9bFsqaYw6yKfnjsmxVXokSpQtachU/T2R01jrURzazpiagZ73JuJ/Xjsz0UWQc5lmBiWbLYoyQUxCJr+THlfIjBhZQpni9lbCBlRRZmxCZRuCN//yIvFPa5c17+6sWr8u0ijBIRzBCXhwDnW4hQb4wGAIz/AKb07qvDjvzsesdckpZg7gD5zPH9vwjiI=</latexit>

At 𝑅% there is a 2-cycle. Superstability: � = (�2p)(�2q) = 0
<latexit sha1_base64="WG+DcE2WrBy8CPjnyWKyIseZXjI=">AAAB/nicbVDLSgMxFL1TX7W+RgU3boJFaBeWmSKoi0LRjcsKji20Q8lkMm1o5mGSEUrtwl9x40LFrd/hzr8xbWehrQcSDuecS26Ol3AmlWV9G7ml5ZXVtfx6YWNza3vH3N27k3EqCHVIzGPR8rCknEXUUUxx2koExaHHadMbXE385gMVksXRrRom1A1xL2IBI1hpqWsedLgO+xjVUOmkmpT1dV+uWV2zaFWsKdAisTNShAyNrvnV8WOShjRShGMp27aVKHeEhWKE03Ghk0qaYDLAPdrWNMIhle5ouv8YHWvFR0Es9IkUmqq/J0Y4lHIYejoZYtWX895E/M9rpyo4d0csSlJFIzJ7KEg5UjGalIF8JihRfKgJJoLpXRHpY4GJ0pUVdAn2/JcXiVOtXFTsm9Ni/TJrIw+HcAQlsOEM6nANDXCAwCM8wyu8GU/Gi/FufMyiOSOb2Yc/MD5/AFROk0M=</latexit><latexit sha1_base64="WG+DcE2WrBy8CPjnyWKyIseZXjI=">AAAB/nicbVDLSgMxFL1TX7W+RgU3boJFaBeWmSKoi0LRjcsKji20Q8lkMm1o5mGSEUrtwl9x40LFrd/hzr8xbWehrQcSDuecS26Ol3AmlWV9G7ml5ZXVtfx6YWNza3vH3N27k3EqCHVIzGPR8rCknEXUUUxx2koExaHHadMbXE385gMVksXRrRom1A1xL2IBI1hpqWsedLgO+xjVUOmkmpT1dV+uWV2zaFWsKdAisTNShAyNrvnV8WOShjRShGMp27aVKHeEhWKE03Ghk0qaYDLAPdrWNMIhle5ouv8YHWvFR0Es9IkUmqq/J0Y4lHIYejoZYtWX895E/M9rpyo4d0csSlJFIzJ7KEg5UjGalIF8JihRfKgJJoLpXRHpY4GJ0pUVdAn2/JcXiVOtXFTsm9Ni/TJrIw+HcAQlsOEM6nANDXCAwCM8wyu8GU/Gi/FufMyiOSOb2Yc/MD5/AFROk0M=</latexit><latexit sha1_base64="WG+DcE2WrBy8CPjnyWKyIseZXjI=">AAAB/nicbVDLSgMxFL1TX7W+RgU3boJFaBeWmSKoi0LRjcsKji20Q8lkMm1o5mGSEUrtwl9x40LFrd/hzr8xbWehrQcSDuecS26Ol3AmlWV9G7ml5ZXVtfx6YWNza3vH3N27k3EqCHVIzGPR8rCknEXUUUxx2koExaHHadMbXE385gMVksXRrRom1A1xL2IBI1hpqWsedLgO+xjVUOmkmpT1dV+uWV2zaFWsKdAisTNShAyNrvnV8WOShjRShGMp27aVKHeEhWKE03Ghk0qaYDLAPdrWNMIhle5ouv8YHWvFR0Es9IkUmqq/J0Y4lHIYejoZYtWX895E/M9rpyo4d0csSlJFIzJ7KEg5UjGalIF8JihRfKgJJoLpXRHpY4GJ0pUVdAn2/JcXiVOtXFTsm9Ni/TJrIw+HcAQlsOEM6nANDXCAwCM8wyu8GU/Gi/FufMyiOSOb2Yc/MD5/AFROk0M=</latexit><latexit sha1_base64="WG+DcE2WrBy8CPjnyWKyIseZXjI=">AAAB/nicbVDLSgMxFL1TX7W+RgU3boJFaBeWmSKoi0LRjcsKji20Q8lkMm1o5mGSEUrtwl9x40LFrd/hzr8xbWehrQcSDuecS26Ol3AmlWV9G7ml5ZXVtfx6YWNza3vH3N27k3EqCHVIzGPR8rCknEXUUUxx2koExaHHadMbXE385gMVksXRrRom1A1xL2IBI1hpqWsedLgO+xjVUOmkmpT1dV+uWV2zaFWsKdAisTNShAyNrvnV8WOShjRShGMp27aVKHeEhWKE03Ghk0qaYDLAPdrWNMIhle5ouv8YHWvFR0Es9IkUmqq/J0Y4lHIYejoZYtWX895E/M9rpyo4d0csSlJFIzJ7KEg5UjGalIF8JihRfKgJJoLpXRHpY4GJ0pUVdAn2/JcXiVOtXFTsm9Ni/TJrIw+HcAQlsOEM6nANDXCAwCM8wyu8GU/Gi/FufMyiOSOb2Yc/MD5/AFROk0M=</latexit>

→ point 𝑥 = 0 is one of the points in the 2-cycle.



Renormalization
Point 𝑥 = 0 is one of the points in the 2-cycle.

→ period-2 condition f2(0, R1) = 0
<latexit sha1_base64="m3W2gLc48Imnj5nB5sFJ+vjnAnw=">AAAB8nicbVBNS8NAEJ3Ur1q/oh69LBahgpSkCOpBKHrxWMXYQhvLZrtpl242YXcjlNC/4cWDild/jTf/jds2B219MPB4b4aZeUHCmdKO820VlpZXVteK66WNza3tHXt370HFqSTUIzGPZSvAinImqKeZ5rSVSIqjgNNmMLye+M0nKhWLxb0eJdSPcF+wkBGsjdQJH2sV5+Su6x5fOl277FSdKdAicXNShhyNrv3V6cUkjajQhGOl2q6TaD/DUjPC6bjUSRVNMBniPm0bKnBElZ9Nbx6jI6P0UBhLU0Kjqfp7IsORUqMoMJ0R1gM1703E/7x2qsNzP2MiSTUVZLYoTDnSMZoEgHpMUqL5yBBMJDO3IjLAEhNtYiqZENz5lxeJV6teVN3b03L9Kk+jCAdwCBVw4QzqcAMN8IBAAs/wCm9War1Y79bHrLVg5TP78AfW5w+7J4+4</latexit><latexit sha1_base64="m3W2gLc48Imnj5nB5sFJ+vjnAnw=">AAAB8nicbVBNS8NAEJ3Ur1q/oh69LBahgpSkCOpBKHrxWMXYQhvLZrtpl242YXcjlNC/4cWDild/jTf/jds2B219MPB4b4aZeUHCmdKO820VlpZXVteK66WNza3tHXt370HFqSTUIzGPZSvAinImqKeZ5rSVSIqjgNNmMLye+M0nKhWLxb0eJdSPcF+wkBGsjdQJH2sV5+Su6x5fOl277FSdKdAicXNShhyNrv3V6cUkjajQhGOl2q6TaD/DUjPC6bjUSRVNMBniPm0bKnBElZ9Nbx6jI6P0UBhLU0Kjqfp7IsORUqMoMJ0R1gM1703E/7x2qsNzP2MiSTUVZLYoTDnSMZoEgHpMUqL5yBBMJDO3IjLAEhNtYiqZENz5lxeJV6teVN3b03L9Kk+jCAdwCBVw4QzqcAMN8IBAAs/wCm9War1Y79bHrLVg5TP78AfW5w+7J4+4</latexit><latexit sha1_base64="m3W2gLc48Imnj5nB5sFJ+vjnAnw=">AAAB8nicbVBNS8NAEJ3Ur1q/oh69LBahgpSkCOpBKHrxWMXYQhvLZrtpl242YXcjlNC/4cWDild/jTf/jds2B219MPB4b4aZeUHCmdKO820VlpZXVteK66WNza3tHXt370HFqSTUIzGPZSvAinImqKeZ5rSVSIqjgNNmMLye+M0nKhWLxb0eJdSPcF+wkBGsjdQJH2sV5+Su6x5fOl277FSdKdAicXNShhyNrv3V6cUkjajQhGOl2q6TaD/DUjPC6bjUSRVNMBniPm0bKnBElZ9Nbx6jI6P0UBhLU0Kjqfp7IsORUqMoMJ0R1gM1703E/7x2qsNzP2MiSTUVZLYoTDnSMZoEgHpMUqL5yBBMJDO3IjLAEhNtYiqZENz5lxeJV6teVN3b03L9Kk+jCAdwCBVw4QzqcAMN8IBAAs/wCm9War1Y79bHrLVg5TP78AfW5w+7J4+4</latexit><latexit sha1_base64="m3W2gLc48Imnj5nB5sFJ+vjnAnw=">AAAB8nicbVBNS8NAEJ3Ur1q/oh69LBahgpSkCOpBKHrxWMXYQhvLZrtpl242YXcjlNC/4cWDild/jTf/jds2B219MPB4b4aZeUHCmdKO820VlpZXVteK66WNza3tHXt370HFqSTUIzGPZSvAinImqKeZ5rSVSIqjgNNmMLye+M0nKhWLxb0eJdSPcF+wkBGsjdQJH2sV5+Su6x5fOl277FSdKdAicXNShhyNrv3V6cUkjajQhGOl2q6TaD/DUjPC6bjUSRVNMBniPm0bKnBElZ9Nbx6jI6P0UBhLU0Kjqfp7IsORUqMoMJ0R1gM1703E/7x2qsNzP2MiSTUVZLYoTDnSMZoEgHpMUqL5yBBMJDO3IjLAEhNtYiqZENz5lxeJV6teVN3b03L9Kk+jCAdwCBVw4QzqcAMN8IBAAs/wCm9War1Y79bHrLVg5TP78AfW5w+7J4+4</latexit>

) R1 � (R1)
2 = 0

<latexit sha1_base64="nLqmbgyLODc+9DgveMa31rjMG9k=">AAACAXicbVDLSgMxFM3UV62vUVfiJliEurDMFEFdCEU3LmtxbKEdSybNtKGZZEgyShmKG3/FjQsVt/6FO//GtJ2FVg/cy+Gce0nuCWJGlXacLys3N7+wuJRfLqysrq1v2JtbN0okEhMPCyZkM0CKMMqJp6lmpBlLgqKAkUYwuBj7jTsiFRX8Wg9j4keox2lIMdJG6tg77Trt9TWSUtzDesc9LJl2cFs5czp20Sk7E8C/xM1IEWSodezPdlfgJCJcY4aUarlOrP0USU0xI6NCO1EkRniAeqRlKEcRUX46OWEE943ShaGQpriGE/XnRooipYZRYCYjpPtq1huL/3mtRIcnfkp5nGjC8fShMGFQCzjOA3apJFizoSEIS2r+CnEfSYS1Sa1gQnBnT/5LvEr5tOxeHRWr51kaebAL9kAJuOAYVMElqAEPYPAAnsALeLUerWfrzXqfjuasbGcb/IL18Q3o0pVd</latexit><latexit sha1_base64="nLqmbgyLODc+9DgveMa31rjMG9k=">AAACAXicbVDLSgMxFM3UV62vUVfiJliEurDMFEFdCEU3LmtxbKEdSybNtKGZZEgyShmKG3/FjQsVt/6FO//GtJ2FVg/cy+Gce0nuCWJGlXacLys3N7+wuJRfLqysrq1v2JtbN0okEhMPCyZkM0CKMMqJp6lmpBlLgqKAkUYwuBj7jTsiFRX8Wg9j4keox2lIMdJG6tg77Trt9TWSUtzDesc9LJl2cFs5czp20Sk7E8C/xM1IEWSodezPdlfgJCJcY4aUarlOrP0USU0xI6NCO1EkRniAeqRlKEcRUX46OWEE943ShaGQpriGE/XnRooipYZRYCYjpPtq1huL/3mtRIcnfkp5nGjC8fShMGFQCzjOA3apJFizoSEIS2r+CnEfSYS1Sa1gQnBnT/5LvEr5tOxeHRWr51kaebAL9kAJuOAYVMElqAEPYPAAnsALeLUerWfrzXqfjuasbGcb/IL18Q3o0pVd</latexit><latexit sha1_base64="nLqmbgyLODc+9DgveMa31rjMG9k=">AAACAXicbVDLSgMxFM3UV62vUVfiJliEurDMFEFdCEU3LmtxbKEdSybNtKGZZEgyShmKG3/FjQsVt/6FO//GtJ2FVg/cy+Gce0nuCWJGlXacLys3N7+wuJRfLqysrq1v2JtbN0okEhMPCyZkM0CKMMqJp6lmpBlLgqKAkUYwuBj7jTsiFRX8Wg9j4keox2lIMdJG6tg77Trt9TWSUtzDesc9LJl2cFs5czp20Sk7E8C/xM1IEWSodezPdlfgJCJcY4aUarlOrP0USU0xI6NCO1EkRniAeqRlKEcRUX46OWEE943ShaGQpriGE/XnRooipYZRYCYjpPtq1huL/3mtRIcnfkp5nGjC8fShMGFQCzjOA3apJFizoSEIS2r+CnEfSYS1Sa1gQnBnT/5LvEr5tOxeHRWr51kaebAL9kAJuOAYVMElqAEPYPAAnsALeLUerWfrzXqfjuasbGcb/IL18Q3o0pVd</latexit><latexit sha1_base64="nLqmbgyLODc+9DgveMa31rjMG9k=">AAACAXicbVDLSgMxFM3UV62vUVfiJliEurDMFEFdCEU3LmtxbKEdSybNtKGZZEgyShmKG3/FjQsVt/6FO//GtJ2FVg/cy+Gce0nuCWJGlXacLys3N7+wuJRfLqysrq1v2JtbN0okEhMPCyZkM0CKMMqJp6lmpBlLgqKAkUYwuBj7jTsiFRX8Wg9j4keox2lIMdJG6tg77Trt9TWSUtzDesc9LJl2cFs5czp20Sk7E8C/xM1IEWSodezPdlfgJCJcY4aUarlOrP0USU0xI6NCO1EkRniAeqRlKEcRUX46OWEE943ShaGQpriGE/XnRooipYZRYCYjpPtq1huL/3mtRIcnfkp5nGjC8fShMGFQCzjOA3apJFizoSEIS2r+CnEfSYS1Sa1gQnBnT/5LvEr5tOxeHRWr51kaebAL9kAJuOAYVMElqAEPYPAAnsALeLUerWfrzXqfjuasbGcb/IL18Q3o0pVd</latexit>

) R1 = 1
<latexit sha1_base64="jfdoQKlbqtT420j/Hpm0z5iQW3E=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIoB6EohePtRhbaEPYbDft0s0m7G4spfanePGg4tV/4s1/47bNQVsfDDzem2FmXphyprTjfFuFldW19Y3iZmlre2d3zy7vP6gkk4R6JOGJbIVYUc4E9TTTnLZSSXEcctoMBzdTv/lIpWKJuNejlPox7gkWMYK1kQK73GmwXl9jKZMhagTulRvYFafqzICWiZuTCuSoB/ZXp5uQLKZCE46VartOqv0xlpoRTielTqZoiskA92jbUIFjqvzx7PQJOjZKF0WJNCU0mqm/J8Y4VmoUh6YzxrqvFr2p+J/XznR04Y+ZSDNNBZkvijKOdIKmOaAuk5RoPjIEE8nMrYj0scREm7RKJgR38eVl4p1WL6vu3Vmldp2nUYRDOIITcOEcanALdfCAwBCe4RXerCfrxXq3PuatBSufOYA/sD5/AJxlkx4=</latexit><latexit sha1_base64="jfdoQKlbqtT420j/Hpm0z5iQW3E=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIoB6EohePtRhbaEPYbDft0s0m7G4spfanePGg4tV/4s1/47bNQVsfDDzem2FmXphyprTjfFuFldW19Y3iZmlre2d3zy7vP6gkk4R6JOGJbIVYUc4E9TTTnLZSSXEcctoMBzdTv/lIpWKJuNejlPox7gkWMYK1kQK73GmwXl9jKZMhagTulRvYFafqzICWiZuTCuSoB/ZXp5uQLKZCE46VartOqv0xlpoRTielTqZoiskA92jbUIFjqvzx7PQJOjZKF0WJNCU0mqm/J8Y4VmoUh6YzxrqvFr2p+J/XznR04Y+ZSDNNBZkvijKOdIKmOaAuk5RoPjIEE8nMrYj0scREm7RKJgR38eVl4p1WL6vu3Vmldp2nUYRDOIITcOEcanALdfCAwBCe4RXerCfrxXq3PuatBSufOYA/sD5/AJxlkx4=</latexit><latexit sha1_base64="jfdoQKlbqtT420j/Hpm0z5iQW3E=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIoB6EohePtRhbaEPYbDft0s0m7G4spfanePGg4tV/4s1/47bNQVsfDDzem2FmXphyprTjfFuFldW19Y3iZmlre2d3zy7vP6gkk4R6JOGJbIVYUc4E9TTTnLZSSXEcctoMBzdTv/lIpWKJuNejlPox7gkWMYK1kQK73GmwXl9jKZMhagTulRvYFafqzICWiZuTCuSoB/ZXp5uQLKZCE46VartOqv0xlpoRTielTqZoiskA92jbUIFjqvzx7PQJOjZKF0WJNCU0mqm/J8Y4VmoUh6YzxrqvFr2p+J/XznR04Y+ZSDNNBZkvijKOdIKmOaAuk5RoPjIEE8nMrYj0scREm7RKJgR38eVl4p1WL6vu3Vmldp2nUYRDOIITcOEcanALdfCAwBCe4RXerCfrxXq3PuatBSufOYA/sD5/AJxlkx4=</latexit><latexit sha1_base64="jfdoQKlbqtT420j/Hpm0z5iQW3E=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIoB6EohePtRhbaEPYbDft0s0m7G4spfanePGg4tV/4s1/47bNQVsfDDzem2FmXphyprTjfFuFldW19Y3iZmlre2d3zy7vP6gkk4R6JOGJbIVYUc4E9TTTnLZSSXEcctoMBzdTv/lIpWKJuNejlPox7gkWMYK1kQK73GmwXl9jKZMhagTulRvYFafqzICWiZuTCuSoB/ZXp5uQLKZCE46VartOqv0xlpoRTielTqZoiskA92jbUIFjqvzx7PQJOjZKF0WJNCU0mqm/J8Y4VmoUh6YzxrqvFr2p+J/XznR04Y+ZSDNNBZkvijKOdIKmOaAuk5RoPjIEE8nMrYj0scREm7RKJgR38eVl4p1WL6vu3Vmldp2nUYRDOIITcOEcanALdfCAwBCe4RXerCfrxXq3PuatBSufOYA/sD5/AJxlkx4=</latexit>

(2-cycle)

General rule: A superstable cycle of a unimodal map always 
contains 𝑥* as one of its points.

→ Graphical way to locate 𝑹𝒏: Draw a horizontal line at height 
𝑥*. Then 𝑅" occurs where this line intersects 
the figtree (= Feigenbaum) portion of the orbit diagram. 



Renormalization
rn < Rn < rn+1

<latexit sha1_base64="NHCovTksubONROD+53ThnyyETQE=">AAAB/HicbVDLSsNAFL3xWesrPnZuBosgCCURQQUXRTcuq1hbaEOYTCft0MkkzEyEGoq/4saFils/xJ1/4zTNQlsP3MvhnHuZOydIOFPacb6tufmFxaXl0kp5dW19Y9Pe2r5XcSoJbZCYx7IVYEU5E7Shmea0lUiKo4DTZjC4GvvNByoVi8WdHibUi3BPsJARrI3k27vSF+gC3eZd+pk4ckfItytO1cmBZolbkAoUqPv2V6cbkzSiQhOOlWq7TqK9DEvNCKejcidVNMFkgHu0bajAEVVell8/QgdG6aIwlqaERrn6eyPDkVLDKDCTEdZ9Ne2Nxf+8dqrDMy9jIkk1FWTyUJhypGM0jgJ1maRE86EhmEhmbkWkjyUm2gRWNiG401+eJY3j6nnVvTmp1C6LNEqwB/twCC6cQg2uoQ4NIPAIz/AKb9aT9WK9Wx+T0Tmr2NmBP7A+fwAwJ5NQ</latexit><latexit sha1_base64="NHCovTksubONROD+53ThnyyETQE=">AAAB/HicbVDLSsNAFL3xWesrPnZuBosgCCURQQUXRTcuq1hbaEOYTCft0MkkzEyEGoq/4saFils/xJ1/4zTNQlsP3MvhnHuZOydIOFPacb6tufmFxaXl0kp5dW19Y9Pe2r5XcSoJbZCYx7IVYEU5E7Shmea0lUiKo4DTZjC4GvvNByoVi8WdHibUi3BPsJARrI3k27vSF+gC3eZd+pk4ckfItytO1cmBZolbkAoUqPv2V6cbkzSiQhOOlWq7TqK9DEvNCKejcidVNMFkgHu0bajAEVVell8/QgdG6aIwlqaERrn6eyPDkVLDKDCTEdZ9Ne2Nxf+8dqrDMy9jIkk1FWTyUJhypGM0jgJ1maRE86EhmEhmbkWkjyUm2gRWNiG401+eJY3j6nnVvTmp1C6LNEqwB/twCC6cQg2uoQ4NIPAIz/AKb9aT9WK9Wx+T0Tmr2NmBP7A+fwAwJ5NQ</latexit><latexit sha1_base64="NHCovTksubONROD+53ThnyyETQE=">AAAB/HicbVDLSsNAFL3xWesrPnZuBosgCCURQQUXRTcuq1hbaEOYTCft0MkkzEyEGoq/4saFils/xJ1/4zTNQlsP3MvhnHuZOydIOFPacb6tufmFxaXl0kp5dW19Y9Pe2r5XcSoJbZCYx7IVYEU5E7Shmea0lUiKo4DTZjC4GvvNByoVi8WdHibUi3BPsJARrI3k27vSF+gC3eZd+pk4ckfItytO1cmBZolbkAoUqPv2V6cbkzSiQhOOlWq7TqK9DEvNCKejcidVNMFkgHu0bajAEVVell8/QgdG6aIwlqaERrn6eyPDkVLDKDCTEdZ9Ne2Nxf+8dqrDMy9jIkk1FWTyUJhypGM0jgJ1maRE86EhmEhmbkWkjyUm2gRWNiG401+eJY3j6nnVvTmp1C6LNEqwB/twCC6cQg2uoQ4NIPAIz/AKb9aT9WK9Wx+T0Tmr2NmBP7A+fwAwJ5NQ</latexit><latexit sha1_base64="NHCovTksubONROD+53ThnyyETQE=">AAAB/HicbVDLSsNAFL3xWesrPnZuBosgCCURQQUXRTcuq1hbaEOYTCft0MkkzEyEGoq/4saFils/xJ1/4zTNQlsP3MvhnHuZOydIOFPacb6tufmFxaXl0kp5dW19Y9Pe2r5XcSoJbZCYx7IVYEU5E7Shmea0lUiKo4DTZjC4GvvNByoVi8WdHibUi3BPsJARrI3k27vSF+gC3eZd+pk4ckfItytO1cmBZolbkAoUqPv2V6cbkzSiQhOOlWq7TqK9DEvNCKejcidVNMFkgHu0bajAEVVell8/QgdG6aIwlqaERrn6eyPDkVLDKDCTEdZ9Ne2Nxf+8dqrDMy9jIkk1FWTyUJhypGM0jgJ1maRE86EhmEhmbkWkjyUm2gRWNiG401+eJY3j6nnVvTmp1C6LNEqwB/twCC6cQg2uoQ4NIPAIz/AKb9aT9WK9Wx+T0Tmr2NmBP7A+fwAwJ5NQ</latexit>

Numerical experiments:
The spacing between 
successive 𝑅" shrinks by 
the universal factor
𝛿 ≈ 4.669.



Renormalization
The renormalization theory is based on the self-similarity of the 
figtree: twigs look like the earlier branches, they are only scaled 
down in both the x and r directions. Mathematically, compare f
with its second iterate 𝑓# at corresponding values of r and then 
renormalize one map into the other.



Renormalization

f(x,R0) ⇡ ↵f2
⇣x

↵
, R1

⌘
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Renormalization of f:

Continue: f2
⇣x

↵
, R1

⌘
⇡ ↵2f2

⇣ x

↵2
, R2

⌘
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f(x,R0) ⇡ ↵nf2n
⇣ x

↵n
, Rn

⌘
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Renormalization
Feigenbaum found numerically that 

lim
n!1

↵nf (2n)
⇣ x

↵n
, Rn

⌘
= g0(x),
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where 𝑔,(𝑥) is a universal function with a superstable fixed point. 
The limiting function exists only if 𝛼 is chosen correctly, 

𝛼 = −2.5029…

“Universal”: 𝑔,(𝑥) is independent of f. Compare the qualitative 
similarity of orbit diagrams for different f in unimodal mapping.

Self-similarity → fractals; next time.


