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Coordinate transformations

Cartesian « Cylindrical

X =rcosd, ¥ =rsing, z=2z
e
r=qx2+ 2, dJ:tan"?. z =z

Ay cos¢p —sing 0\ (A,
(Ay] = (sinqﬁ cos ¢ 0) (A¢)
Az 0 0 1 Az
Ay cos¢p sing 0\ Ay
[A¢) = (— sing cos¢ 0) (Ay]
A. 0 0o 1)\,

Cartesian — Spherical

x =Rsin@cos¢p, vy =RsinOsing, z=Rcos@
22 + 42
R=yx2+y2+22, 8=tan’1—zy_ ¢=tan"%
Ay sinfcos¢p cosfcosp -—sing) [Ag
Ay | = | sinOsing cosOsing cos¢ Ag
A; cos 0 —sin@ 0 Ap
Ap sin@cos¢ sinfsing cosl Ax
Ap | =|cosOcosdp cosOsing —sinf||A,
Ag —sing cos 0 A
Cylindrical - Spherical
r = Rsin0, P=q, z=Rcos0
R=vr?+2%, O=wn'l, ¢=¢
Ay sin@ cos0@ 0\ (Ag
Agl=] 0 0 1||as
A cos@ -—sin@ 0/ \Ag
Ag sind 0 cosé A,
Ap|=|cos@ 0 -sind||Ay
Ag 0 1 o0 A;

Other useful formulas

Cartesian coordinates
df =aydx +aydy +a,dz
dsy =dydz
dsy =dxdz
ds; =dxdy
dv =dxdydz
Cylindrical coordinates

d€=a,dr+agrde +a.dz

ds, =rd¢dz

dsy =drdz

ds, =rdrdg

dv=rdrdddz
Spherical coordinates

df = agdR + agRdO + agRsin0dp
dsg = R*sin0d0d¢

dsp = Rsin0dRd¢
dsg = RdRdO

dv =R*sin0dRd0Odd

Divergence t.heoremJ V-Adv = § A-ds
v s

Stokes’ theorem I (VxA)-ds= § A.de
s c
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Stokes Theorem
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Stokes theorem

A(x,y,z) — vector field A = Aja, + Ajay + Aja,
0 0 0 Ax Ay A
V=—ay+-—-a,+-a d 0d 0
ox * dy ¥ oz *° _|= = Z
VXA = 0x dy 0z . ¢

/credit: the internet
X

l\‘

j VXA -ds = % A-dl C is a closed contour that bounds S
S C

» The total flux of the curl vector field through surface S is equal to the sum of dot products
between the tangent vector field of contour C and a vector field A at the contour
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Example problem

F = xzay + yzay + xya,
P /

[(oxp-as=§ a T

S C

sphere - x2 +y? +z% = 4

cylinder -» x? +y%2 =1

’ ) g ’
: x+y =1

» Show that stokes theorem is valid for the contour and surface shown in the figure.
» The closed contour C is defined by the intersection of the sphere and cylinder
» The surface S is the part of the sphere that lies inside of the cylinder
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Example problem: Solution 1/7 (o

F = xzay + yzay + xya,

v Surface S is easily

e . described in spherical
Vector F field is in cartesian coordinates

coordinates Contour C is easily
described in cylindrical
coordinates

Transform curl of F to Parameterize S.C to
spherical coordinates cartesian coordinates

Transform F to
cylindrical coordinates
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Example problem: Solution 2/7

F = xzay + yzay + xya,

f VXF-ds
S

Ay Ay Ay

d a9 0
A=VXF= |5 3y oz = (x—ylay+ (x—y)ay, + (0)a, = Ayay + Aja, + A,a,
Fy Fy F,
A = Ayay + Ayay + Aja, } Convert to spherical coordinates and spherical base vectors
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Example problem: Solution 3/7

F = xzay + yzay + xya, f VXF-ds
S

A= (x—ylay+ (x—yay,+ (0)a, = Ayay + Aja, + A,a,

Cartesian — Spherical

X = Rsin 0 cos ¢, v = Rsin0sin ¢,

YX2+ 2
— P

zZ=Rcos0

R = \/x?’ +v24+2z2 0=tan

3

< Ay sinf@cos¢p cos@cos¢p —sing

2 . . .

®© Ay | = |sinfsing cos@singp cos¢

g A; cos 0 —sin@ 0

S

H- AR sindcos¢ sinOsin¢g coso
Ap | = |cosBcos¢dp cosPsing —sind
Ag —sing¢ cos ¢ 0

= tan

Ap
Ap
Ay

Ax
A,

Az

1)

)

-

/

/

Note that its only necessary to
compute Ay since ds always
points in the ag direction

ds — dsgag
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Example problem: Solution 4/7

F = xzay + yzay + xya, f VXF-ds
S

A= (x—ylay+ (x—yay,+ (0)a, = Ayay + Aja, + A,a,

Ag = sin(B)cos(Pp)Ay + sin(B)sin(p)A,
x = R sin(0)cos(d)
y = R sin(0)sin(¢)
Agr = R[sin(0)cos(¢p) + sin(0)sin(P)] - [sin(0)cos(¢d) — sin(0)sin(P)]

Agr = R[sin?(8)cos?(p) — sin?(0)sin?(d)]

A = Arar + ...
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Example problem: Solution 5/7

j VXFdS:j ARdSR
S S

f R[sin?(8)cos?(¢) — sin?(8)sin?(¢)]R?sin(8)d0dd
S

- ] | sphere - x* +y? +z% =4 N
cylinder - x? +y2 =1 RN
X’ +y?+z2—-4=x*+y? -1 / V3g
»X
22=3->2=13
<o ()
Jtan™l | —
B V3
X ¢ € [0, 2m]
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Example problem: Solution 6/7

j VXFdS:j ARdSR
S S

- f R[sin2(8)cos?(d) — sin?(6)sin2()]R2sin(0)d0dd
S

_ j R3sin3(0)[cos?($) — sin?($)]dOdd
S

(1 _
= R3 ft <\/§) sin3(0)de jz cos?(Pp) — sin?(dp)dd

0 0

tan —— T w

_1(\/13> 2 2

_ p3 .3 2 .2

R J sin®(0)d6 Uo cos“(¢p)dod fo sin (cl))dcl)]

0
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Example problem: Solution 7/7

j VXFdS:j ARdSR
S S

= R3 jtan_l(\/%>

[ r2W 2
sin3(8)do j cosz(cl))dcl)—j sinz(cl))dcl)]
Jo 0

2T

tan—1(—= [ 2m
= R3 j (ﬁ> sin3(0)d6 (%q) + %sin(zq))) — (%cl) - %sin(zcb))
0 0 0

. )
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In class exercise

F = xzay + yzay + xya,

%F-dl
C

Let’'s solve the other side
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In class exercise: Solution 1/2 T e

F = xzay + yzay + xya,

%F-dl
C

Cartesian — Cylindrical
X = ¥ Cos ¢, Vv = rsin g,
- = +[x2 2 —tan-12
43)_5 ] X<+ ye, ¢ = tan '’
» ([Ax\ [cos¢ —sing 0) [Ay)
= Ay | =|singd cos¢p 0]|Ap
S \Az) \ O 0 1) \A;)
e
(Ar\ [ cosp sing 0\ fA)
Agl| = |[=singp cos¢p 0|l |l A,
\Az/ \ 0O 0 1)\A])

Z 3
a;
:l"” ¢ € [0, 27]
! @
z 7 = \/§
b 7= v r=

Note that its only necessary to compute A,
since dl always points in the a,, direction
dl - rd® ag,

Aalto University
School of Electrical
Engineering

A

ELEC-E4130 / Taylor

Lecture 2



In class exercise: Solution 2/2

F = xzay + yzay + xya, % F-dl
C

Ay = —sin(Pp)Ax + cos(d)A,

Ay = —xz sin(P) + yz cos(P) o .
x = r cos(¢p) : ap
y = r sin(¢) N
Ay = —rz cos(Pp)sin(Pp) + rz cos(Pp)sin(Pp) 7 7o- =

A¢=0

f v azo
C
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Divergence Theorem
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Divergence theorem

A(x,y,z) — vector field A = Ajay + Ajay + Aja,
0 0 9, 9 9 P
V=—ay+-—-a,+-a A=A+ Ay + A,
aX X ay y aZ z \% aX + - ay + - aZ

f V-Adv = jg A-ds S is a closed surface that bounds V
Y S

» The volume integral of the divergence of A is equal to the flux of A through S where S bounds A

» The sum of infinitesimal outward flows across vector field A within volume V is equal to the total
flux of A through S where S bounds A

» Wikipedia: sum of all sources of the field in a region (with sinks regarded as negative sources)
gives the net flux out of the region
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Example problem

F = za, +ya, + xa
x T Yy z » Find the flux of the vector field F over the unit sphere

using both sides of the divergence theorem equality

V- -Fdv = F-ds .

fv S unit sphere » x? +y2 +z2 =1
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Example problem: Solution 1/4

F = zay +yay + xa,

%F-ds
S

» Find the flux of the vector field F over the unit sphere
using both sides of the divergence theorem equality

unit sphere - x? + y2 +z2 =1

Formula Sheet

X = Rsin 0 cos ¢,

Cartesian — Spherical

R = \fx?’ +yv24+2z2  0=tan

sin 0 cos ¢
sin 0 sin ¢
cos 0

v = Rsin0sin ¢,

cos 0 cos ¢
cos 0 sin ¢
—sind

> \j‘\'z + )12

sin 0 cos ¢

sin 0'sin ¢

cos 0 cos ¢p
—sing¢

cos 0sin ¢
cos ¢

zZ=Rcos0
\)
¢ =tan ' =
—sin¢g\ [Ag
cos ¢ Apg
0 Ay
cos 0\ flAx\ |
—sin®@ | |(Ay
0 A;

F = Ayay +Ayay +Aja,

F = Arar + Agag + Apay,

Note that its only necessary to
compute Ay since ds always
points in the ag direction

ds — dsrag

>
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Example problem: Solution 2/4

F = za, +ya, + xa
x T Yy z » Find the flux of the vector field F over the unit sphere

using both sides of the divergence theorem equality

jVV'dezi F-ds unitsphere—>x2+y2+22=1

Fr = sin(0)cos(¢$p)Fy + sin(6)sin($p)Fy + cos(0)F,
X = R sin(0)cos(¢)
y = R sin(0)sin(¢)
z = R cos(0)

Fr = sin(0)cos(d)z + sin(0)sin(Pp)y + cos(0)x

Fr = Rsin(08)cos(¢p)cos(8) + R sin?(0)sin?(¢p) + R sin(8)cos(d)cos(0)
Fr = 2R sin(08)cos(¢$p)cos(B) + R sin?(0)sin?(Pp)
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Example problem: Solution 3/4
f F-ds =f FrR?sin(0)d0dd¢
S S
= i [2R sin(B)cos(¢p)cos(B) + R sin?(0)sin?(Pp)]R%sin(0)d0dd

_ R ff [25in2(0)cos(8)cos(d) + sin® (8)sin?(¢)]dOdd
S

T 21 T 21
=R3 [2[ sinz(e)cos(e)def cos(Pp)dod +f sin3(6)d9f sinz(cl))dcl)]
0 0

0 0
k J\ ) | J\ }
| | | |
’ , 1, l,
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Example problem: Solution 4/4

Y3
4 f sin®(8)cos(0)d6 = 0 > Integration by substitution
0
['27'[
l, j cos(d)do > | Not necessary since |, =0
0
T
| " 1 5 4 ; o
3 f sin3(0)d6 = | — 3 (2 + sin (9))cos(e) =3 > Trigonometric identity
0 0
2w 1 1 2m
4 j sin?(¢p)dp = (—cb - —sin(2(|))> =T » | Trigonometric identity
0 2 4 )
41
f F-ds= I L+l —_—
S 3
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In class exercise:

F = za, +ya, + xa
x T Yy z > Find the flux of the vector field F over the unit sphere

using both sides of the divergence theorem equality

jv V- Fdv unit sphere - x? + y2 +z2 =1

Let’'s solve the other side
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In class exercise: Solution 1/1

F = zay +yay + xa,

0 0 0 0
V-F——AX+—AY+EAZ—&(z)+a—y(y)+£(x)—1

Spherical coordinates
de = agdR + apR d0 + azR sin 0 d¢p f V- -Fdv = Jff 1 R?sin(6)dRdOd¢
dsg = R2sin0dodé¢ v
dsgp = Rsin@dRdd¢p 1 , g 2T
B0 D — [ ®ear [ sin@ao [ o
0 0

0
|dv = R*sin0dRdO dd |

Formula Sheet

1 41t
= (g) (2)(2m) = 3
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Conclusions and Next Time
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Summary

» Your choice to parameterize the contour/surface or map the vector field to something
that is “naturally aligned” with the contour/surface

» Many EM problems have some sort of cylindrical or radial symmetry giving rise
to circular contours and spherical and cylindrical test surfaces. Its often not a
bad idea to map the vector field to match

» Stoke’s and divergence theorems map between N dimensional and to an N-1
dimensional integrals.

» One side of each theorem is typically easier to evaluate than the other although
this depends on the vector field and surface

» Next week Dr. Wallen starts with Chapter 7
» Have a good weekend!
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