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Instrumental variables in a regression: Schooling example

Consider instrumental variables in a regression framework

Our aim is to estimate the causal effect of schooling on wages

Lets assume we do not observe everything that affects both
selection into schooling and earnings (ablity)

The relationship between earnings and schooling be

Yi = α0 + ρSi + ηi

ηi = A′iγ + vi

The variables Ai are assumed to be the only reason why ηi and
Si are correlated, i.e.

E[Sivi] = 0
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Schooling example

If we could observe the variables Ai we could simply include
them to the regressions and estimate

Yi = α+ ρSi +A′iγ + vi

How to estimate ρ without observing Ai?

Instrumental variable (IV) allows us to estimate ρ when Ai is
unobserved
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With a valid instrumental variable we can consistently estimate ρ
in

Yi = α+ ρSi +A′iγ + vi

We can write ρ in terms of the population moments

Cov(Zi, Yi) = ρCov(Zi, Si)+Cov(Zi, ηi)

Given the exclusion restriction, Cov(Zi, ηi) = 0, it follows that

ρ = Cov(Zi,Yi)
Cov(Zi,Si)

=
Cov(Zi,Yi)

V ar(Zi)

Cov(Zi,Si)

V ar(Zi)

The coefficient of interest, ρ, is the ratio between regression of Yi
on Zi (the reduced form) and regression of Si on Zi (the first
stage).
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What is a valid instrumental variable?

Two main assumptions:
1 Relevance: The instrument is correlated with the causal variable

of interest, Si,
Cov(Zi, Si) 6= 0

2 Validity: The instrument is uncorrelated with any other
determinants of Yi
Cov(Zi, ηi) = 0
This requirement can be decomposed in two:

2.1 Independence (or random assignment): Z is not correlated with
any unobservable factors that affect Y

2.2 Exclusion restriction: Zi only affects Yi through its effect on Si

Note: Some authors may refer to the validity assumption indifferently as the exogeneity condition or the exclusion restriction.
However, it is useful to consider exogeneity and exclusion restriction as two distinct requirements.
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Two-stage Least Squares (2SLS)

In a model with a single endogenous variable and a single
instrument, IV estimates are equivalent to a two stage
procedure.

Causal model with covariates

Yi = X ′iα+ ρSi + ηi (1)

First-stage equation

Si = X ′iπ10 + π11zi + ε1i (2)
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Two-stage Least Squares (2SLS)

Write the first stage as the sum of fitted values plus first stage
residuals

Si = X ′iπ10 + π11zi + ε1i=ŝi + ε1i

2SLS estimates can be constructed by substituting the first-stage
fitted values for Si in (1)

Yi = X ′iα+ ρŝi + [ηi + ρε1i]

Estimate by OLS
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Standard errors
Technical note

With the manual two stage procedure, you do not get
‘automatically’ the correct standard errors

The residual that is used to calculate standard errors in second
stage includes an extra error Yi − [X ′

iα− ρŝi] = [ρε1i + ηi]
x̂ is a generated regressor and inflates the variance
Stata ivreg or ivreg2 fixes it: uses the original endogenous
regressor to construct residuals: Yi − [X ′

iα− ρsi] = ηi

8/ 39 Applied Microeconometrics I



The Wald estimator

Consider the case when we have:
Model with one endogenous regressor and no covariates
Single binary instrument [zi ∈ {0, 1}]

If zi equals 1 with probability p, it is easy to show that IV
estimator is:

ρ = Cov(yi,zi)
Cov(si,zi)

= E[yi|zi=1]−E[yi|zi=0]
E[si|zi=1]−E[si|zi=0]

since Cov(yi, zi) = E[yizi]− E[yi]E[zi]
= E[yi|zi = 1]p− [E[yi|zi = 1]p+ E[yi|zi = 0](1− p)]p
= [E[yi|zi = 1]− E[yi|zi = 0]]p(1− p)
and Cov(si, zi) = [E[si|zi = 1]− E[si|zi = 0]]p(1− p)
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Instrumental variables and control variables

When he have a set of controls X in the second stage, we also
need to control for them also in the first stage

Yi = βSi + γXi + ui

Si = π1Zi + π2Xi + vi
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Instrumental variables and control variables

To see this, first note that we can substitute the first stage to the
second stage:

Y = β[π1Zi + π2Xi] + γXi + βvi + ui

= βŜi + γXi + βvi + ui

= βŜi + γXi + β(Si − Ŝi) + ui

where Ŝi = π1Zi + π2Xi

Here both Ŝi and Xi are uncorrelated with Si − Ŝi by
construction and all the coefficients will be consistently
estimated
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Instrumental variables and control variables

Suppose instead that our first stage is:

Si = π3Zi + ηi

Substituting this to the second stage gives us:

Y = β[π3Zi + ηi] + γXi + ui

= βŜi + γXi + βηi + ui

= βŜi + γXi + β(Si − Ŝi) + ui

where Ŝi = π3Zi

Since X is no longer in the first stage, there’s no gurantee that it
won’t be correlated with Si − Ŝi
As a result all the coefficients in the second stage will be
inconsistent
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Instrumental variables and control variables

Another way to think about this is to consider the assumption
underlying the validity of the instrument:

Cov(Zi, ui) = 0

If we have controls Xi in the second stage, then this condition
only holds conditional on X

If Z was generated by a randomized experiment, then it would
be unnecessary to condition on X in both the first and the second
stage!
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Example: (Angrist and Krueger, QJE 1991)

Quarter of birth as an instrument for schooling

Students enter schooling in the September of the calendar year in
which they turn 6

And compulsory school law requires them to remain in school
until they become 16

Hence people born late in the year are more likely to stay at
school longer
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Is the first stage right?
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The reduced form for earnings
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96 CHAPTER 4. INSTRUMENTAL VARIABLES IN ACTION

Table 4.1.2: Wald estimates of the returns to schooling using quarter of birth instruments
(1) (2) (3)

Born in the 1st
or 2nd quarter of
year

Born in the 3rd
or 4th quarter of
year

Di¤erence
(std. error)
(1)-(2)

ln (weekly wage) 5.8916 5.9051 -0.01349
(0.00337)

Years of education 12.6881 12.8394 -0.1514
(0.0162)

Wald estimate of
return to education

0.0891
(0.0210)

OLS estimate of
return to education

0.0703
(0.0005)

Notes: Adapted from a re-analysis of Angrist and Krueger (1991) by Angrist and

Imbens (1995). The sample includes native-born men with positive earnings from

the 1930-39 birth cohorts in the 1980 Census 5 percent �le. The sample size is

329,509.

but draft-eligibility provides a binary instrument highly correlated with Vietnam-era veteran status.

For white men who were at risk of being drafted in the 1970 draft lottery, draft-eligibility is clearly

associated with lower earnings in years after the lottery. This is documented in Table 4.1.3, which reports the

e¤ect of randomized draft-eligibility status on average Social Security-taxable earnings in column 2. column

1 shows average annual earnings for purposes of comparison. For men born in 1950, there are signi�cant

negative e¤ects of eligibility status on earnings in 1971, when these men were mostly just beginning their

military service, and, perhaps more surprisingly, in 1981, ten years later. In contrast, there is no evidence

of an association between draft-eligibility status and earnings in 1969, the year the lottery drawing for men

born in 1950 was held but before anyone born in 1950 was actually drafted.

Because eligibility status was randomly assigned, the claim that the estimates in column 2 represent

the e¤ect of draft-eligibility on earnings seems uncontroversial. The information required to go from draft-

eligibility e¤ects to veteran-status e¤ects is the denominator of the Wald estimator, which is the e¤ect of

draft-eligibility on the probability of serving in the military. This information is reported in column 3 of

Table 4.1.3, which shows that draft-eligible men were almost 16 percentage points more likely to have served

in the Vietnam era. The Wald estimate of the e¤ect of military service on 1981 earnings, reported in column

4, amounts to about 15 percent of the mean. E¤ects were even larger in 1971 (in percentage terms), when

a¤ected soldiers were still in the army.

An important feature of the Wald/IV estimator is that the identifying assumptions are easy to assess and
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Validity of the instrument

1 Power of the instrument?
2 Exogeneity?
3 Exclusion restriction?

Overall, are the OLS estimates mostly larger than the
corresponding IV estimates?

What does this tell us about the omitted variable bias?

How are the IV estimates "local" in this case?
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Weak instruments

The bias of 2SLS can be written as:

ρ̂ = ρ+ Cov(z,η)
Cov(S,z)

When the instrument is only weakly correlated with endogenous
regressor and even slightly correlated with error term the bias in
IV estimator can still be very large
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Local average treatment effects

In the previous lecture we analyzed IV in the context of RCT’s
and acknowledged that the effects may be heterogeneous

In this case IV estimates the Local Average Treatment Effect
(LATE)
Note that the LATE framework partitions any population with an
instrument into a set of four instrument-dependent subgroups,
defined by the manner in which members of the population react
to the instrument:

Compliers: Di1 = 1, Di0 = 0
Always-takers: Di1 = 1, Di0 = 1
Never-takers: Di1 = 0, Di0 = 0
Defiers: Di1 = 0, Di0 = 1

Who would be the compliers in the Angrist-Krueger setting?
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Example: Fertility and female labor supply

Powerful global trend: Increasing female labor force
participation

Similarly powerful decline in fertility

Are these trends linked? Does childbearing keep women from
developing their careers?

Huge number of studies that show a negative correlation

Why wouldn’t this correlation be causal?

21/ 39 Applied Microeconometrics I



Female labor force participation 1890-2016
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Fertility and female labor force participation 1960-2015
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Example: Fertility and female labor supply

Strong theoretical reasons to believe that fertility and labor
supply decisions are jointly determined

Fertility is not allocated at random

Unclear whether observed differences in labor market outcomes
reflect the causal effects of having children
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Example: Fertility and female labor supply

Look for variation in the number of children that is as good as
randomly assigned
First attempts: twin births

Why could this work?
What could go wrong here?

We cover:
Angrist & Evans (1998): Sibling sex mix in families with two or
more children
Lundborg et al (2016): The success of IVF treatments
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Example: Fertility and female labor supply

Angrist & Evans (1998): Sibling sex mix of the first two children
as an instrument for the decision to have a third child
Based on two assumptions:

Parental preference for mixed sibling-sex composition
Sex mix is virtually randomly assigned

Why does this mean that sex mix can work as an instrument?
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Angrist & Evans: First stage
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Angrist & Evans: Wald estimates
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Angrist & Evans: Comparison OLS and 2SLS
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Validity of the instrument

1 Power of the instrument?
2 Exogeneity?
3 Exclusion restriction?

Overall, are the OLS estimates mostly smaller than the
corresponding IV estimates?

What does this tell us about the omitted variable bias?

Based on this, what would you say about the effect of
childbearing on female labor market outcomes?

How are the IV estimates local in this case?
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Example: Fertility and female labor supply

Angrist & Evans only studied the effect of having a third child,
why?

Difference between the effects of childbearing at the intensive
and extensive margin
Lundborg et al (2016): The success of IVF treatments as an
instrument for having a first child

Focus on women who are going through IVF treatment
The success in the first round of treatment is as good as random

Why does this mean that the success of IVF can work as an
instrument?
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Lundborg et al: Fertility and IVF success
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Lundborg at al: IVF success and annual earnings
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Lundborg et al: First stage, reduced form, and Wald
estimates
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Validity of the instrument

1 Power of the instrument?
2 Exogeneity?
3 Exclusion restriction?

Compare the results to the ones in Angrist & Evans

What does this comparison say about the effect of having the
first vs. the third child?

How are the IV estimates local in this case?
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Let us wrap it up

IV estimates are a powerful tool to identify causal links

But IV power relies on the quality of the instruments

Always discuss instrument plausibility
Three dimensions:

1 Power
Always report the first stage (F-test above 10)
Weak instruments have very unpleasant consequences

2 Exogeneity
Does it make sense to believe that the instrument is randomly
assigned?
To be sure: check if the instrument is correlated with
predetermined variables

3 Exclusion restriction
Cannot be tested, but discuss the possible links between z and u

Specify the group which is affected by the instrument (LATE)
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Wald estimator

Since:

E[yz] = E[y|z = 1]p

E[y]E[z] = {E[y|z = 1]p+ E[y|z = 0](1− p)} p

We have that:

Cov(yz) = E[y − E[y]][z − E[z]]

= E[yz]− E[y]E[z]

= E[y|z = 1]p− {E[y|z = 1]p+ E[y|z = 0](1− p)} p
= p {E[y|z = 1]− E[y|z = 1]p− E[y|z = 0](1− p)}
= p(1− p) {E[y|z = 1]− E[y|z = 0]}

and similarly:

Cov(sz) = p(1− p) {E[s|z = 1]− E[s|z = 0]}

37/ 39 Applied Microeconometrics I



What did we do last time?

Instrumental variables in a regression framework

Yi = α0 + ρSi + ηi

ηi = γAi + vi

with Cov(S, v) = 0

No RCT, Can’t observe A

Come up with Z such that

Cov(S,Z) 6= 0 and Cov(Z, η) = 0
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What did we do last time?

Write

Cov(Y,Z) = Cov(α0 + ρSi + ηi, Z)

= ρCov(Z, S) + Cov(Z, η)

It follows that:

ρ =
Cov(Z, Y )

Cov(Z, S)
=

Cov(Z,Y )
V ar(Z)

Cov(Z,S)
V ar(Z)
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