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Impedance recap

 Dependent only on the material properties of the medium
 Equal to wave impedance for unidirectional, uniform plane waves 

Intrinsic Impedance

η ൌ
μ
ϵ

 Ratio of total electric field and total magnetic field
 May be space and angle dependent (e.g. dielectric interfaces)

Wave Impedance

Z୲ ൌ
E୲
H୲

 Ratio of voltage to current
 Voltage and current have a well defined relationship in a TEM 

guide (transmission line). Less well defined in TE or TM

Characteristic Impedance

Z଴ ൌ
V଴ା

I଴ା
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Loaded, Finite Transmission line
 Chapter 9.4 is packed full of algebra. Please go through the algebra again, on your own
 The equations are tedious and the concepts are best understood by going back and forth 

between algebra and theory

 In the last class we saw that electrostatics/magnetostatics could be used to compute the 
capacitance (C) and/or inductance (L) per unit length of a two conductor, TEM transmission line

 Boundary conditions can be used to define voltages and currents on the transmission line walls 
and to quantify the conductor loss per unit length (R) and dielectric fill loss per unit length (G)

 The characteristic impedance Z0 and propagation constant γ of an infinitely long line compose of  
L,C,R,G was defined

 What happens when we make the transmission line finite, load it with impedance ZL, and drive it 
with a generator signal Vg and generator impedance Zg

Last class

This class 
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Loaded, Finite Transmission line

 Consider transmission line of characteristic impedance Z0, 
propagation constant γ, and length ℓ

 Drive transmission line with a dimensionless generator with 
impedance Zg

 Couple transmission line to load with impedance ZL

 Use transmission line Z0, γ and ℓ to define forward and 
reverse traveling voltage and current waves

 Use currents and voltages to define effective input 
impedance seen by the generator → Zi

 Convert problem to lumped element
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Loaded, Finite Transmission line
Vg → Generator voltage
VL → Voltage across the load
Vi → Voltage across the 

combined load + 
transmission line

Zg → Generator internal 
impedance

ZL → Load impedance
Z0 → transmission line 

characteristic impedance
Zi → impedance seen by the 

generator

IL → Current through the load
Ii → Current sourced by the 

generator

ℓ→ transmission line length
γ→ transmission line propagation constant
z → distance measured from generator to the load
z' → distance measured from the load to the generator

Computed 
last lecture

Computed 
last lecture
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From last time 
Uncoupled, 2nd order, ODE

dଶV z
dzଶ ൌ γଶV z

dଶI z
dzଶ ൌ γଶI z

V z ൌ V଴ାeିஓ୸ ൅ V଴ିeஓ୸

I z ൌ I଴ାeିஓ୸ ൅ I଴ିeஓ୸

General solution Forward traveling waves

V z ൌ V଴ାeିஓ୸

I z ൌ I଴ାeିஓ୸

γ ൌ α ൅ 𝑗𝛽 ൌ 𝑅 ൅ 𝑗𝜔𝐿 𝐺 ൅ 𝑗𝜔𝐶

Z଴ ൌ
V଴ା

I଴ା
ൌ െ

V଴ି

I଴ି
ൌ R଴ ൅ jX଴ ൌ

R ൅ jωL
G ൅ jωC

Complex propagation factor

Complex wave impedance

LC ൌ μୢϵୢ

G
C ൌ

σୢ
ϵୢ

True for any lossy medium with σd

True for good conductors, σs large
(vanishingly small non TEM fields)
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Loaded, Finite Transmission line

V z ൌ V଴ାeିஓ୸ ൅ V଴ିeஓ୸

I z ൌ I଴ାeିஓ୸ ൅ I଴ିeஓ୸

General solution

Assume forward and 
reverse traveling 
waves due to 
impedance mismatch

V z ൌ ℓ ൌ V୐ ൌ V଴ାeିஓℓ ൅ V଴ିeஓℓ

I z ൌ ℓ ൌ I୐ ൌ I଴ାeିஓℓ ൅ I଴ିeஓℓ

ൌ
V଴ା

Z଴
eିஓℓ ൅

V଴ି

Z଴
eஓℓ

algebra

V଴ା ൌ
1
2 V୐ ൅ I୐Z଴ eஓℓ

V଴ି ൌ
1
2 V୐ െ I୐Z଴ eିஓℓ

algebra

V z ൌ
I୐
2 Z୐ ൅ Z଴ eஓ ℓି௭ ൅ Z୐ െ Z଴ eିஓ ℓି௭

I z ൌ
I୐

2Z଴
Z୐ ൅ Z଴ eஓ ℓି௭ െ Z୐ െ Z଴ eିஓ ℓି௭
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Loaded, Finite Transmission line

V z ൌ
I୐
2 Z୐ ൅ Z଴ eஓ ℓି௭ ൅ Z୐ െ Z଴ eିஓ ℓି௭

I z ൌ
I୐

2Z଴
Z୐ ൅ Z଴ eஓ ℓି௭ െ Z୐ െ Z଴ eିஓ ℓି௭

z’ = ℓ - z

V z′ ൌ
I୐
2 Z୐ ൅ Z଴ eஓ௭ᇲ ൅ Z୐ െ Z଴ eିஓ௭ᇲ

I z′ ൌ
I୐

2Z଴
Z୐ ൅ Z଴ eஓ௭ᇲ െ Z୐ െ Z଴ eିஓ௭ᇲ

V z′ ൌ I୐ Z୐ cosh γzᇱ ൅ Z୐ sinh γzᇱ

I z′ ൌ
I୐

2Z଴
Z୐ sinh γzᇱ ൅ Z଴ cosh γzᇱ

Algebra

cosh x ൌ
e୶ ൅ eି୶

2

sinh x ൌ
e୶ െ eି୶

2
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Loaded, Finite Transmission line

V z′ ൌ I୐ Z୐ cosh γzᇱ ൅ Z଴ sinh γzᇱ

I z′ ൌ
I୐
Z଴

Z୐ sinh γzᇱ ൅ Z଴ cosh γzᇱ

Z z′ ൌ
𝑉 z′
I z′ ൌ Z଴

Z୐ cosh γzᇱ ൅ Z଴ sinh γzᇱ

Z୐ sinh γzᇱ ൅ Z଴ cosh γzᇱ

Z z′ ൌ
V z′
I z′ ൌ Z଴

Z୐ ൅ Z଴ tanh γzᇱ

Z଴ ൅ Z୐ tanh γzᇱ

Z୧ ൌ Z zᇱ ൌ ℓ ൌ Z z ൌ 0

Z୧ ൌ Z଴
Z୐ ൅ Z଴ tanh γℓ
Z଴ ൅ Z୐ tanh γℓ
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Loaded, Finite Transmission line

V୧ ൌ
Z୧

Z୥ ൅ Z୧
V୥ I୧ ൌ

1
Z୥ ൅ Z୧

V୥

Voltage divider relations

Matched load ZL = Z0

Z z′ ൌ
V z′
I z′ ൌ Z଴

Z଴ ൅ Z଴ tanh γzᇱ

Z଴ ൅ Z଴ tanh γzᇱ ൌ Z଴

V z ൌ V୧eିஓ୸

I z ൌ I୧eିஓ୸

 Behave as if the line is infinite
 No reverse traveling wave
 No reflection
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Loaded, Finite Transmission line

Open Circuit Load: ZL → ∞ 

Z୧୭ ൌ
Z଴

tanh γℓ

Z୧ ൌ Z଴
Z୐ ൅ Z଴ tanh γℓ
Z଴ ൅ Z୐ tanh γℓ

Z୧୭ ൌ
R଴

j tan βℓ

Z୧୭ ൌ െjR଴ cot βℓ

Short Circuit Load: ZL = 0 

Z୧ୱ ൌ Z଴ tanh γℓ

Z୧ୱ ൌ jR଴ tan βℓ
Lossless line Lossless line
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Loaded, Finite Transmission line

Quarter wave section

ℓ ൌ 2𝑛 െ 1
λ
4

Z୧ ൌ Z଴
Z୐ ൅ jZ଴ tan βℓ
Z଴ ൅ jZ୐ tan βℓ

tan βℓ ൌ tan 2𝑛 െ 1
𝜋
2 → േ∞

β ൌ
2𝜋
λ

Z୧ ൌ
𝑍଴ଶ

Z୐

ℓ ൌ 𝑛
λ
2

tan βℓ ൌ tan 𝑛𝜋 ൌ 0

β ൌ
2𝜋
λ

Z୧ ൌ Z୐

Half wave section

Assume lossless 
transmission line

γ ൌ jβ
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In Class Exercise 1
A 50 Ω lossless transmission line is to be matched to 
a resistive load impedance with ZL = 100 Ω via a 
quarter wave section as shown in the figure thereby 
eliminating reflections along the feedline. Find the 
characteristic impedance of the quarter wave 
transformer
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In Class Exercise 1, Solution

To eliminate reflections, the input 
impedance looking into the quarter-
wave line  should be equal to Z01, 
the characteristic impedance of the 
feedline: Zin = 50 Ω

A 50 Ω lossless transmission line is to be matched to 
a resistive load impedance with ZL = 100 Ω via a 
quarter wave section as shown in the figure thereby 
eliminating reflections along the feedline. Find the 
characteristic impedance of the quarter wave 
transformer

Z୧ ൌ Z଴ଵ ൌ
𝑍଴ଶଶ

Z୐

Z୧ ൌ Z଴ଶ ൌ Z଴ଶZ୐ ൌ 50 · 100 ൌ 70.7 Ω
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Lossless Lines with resistive termination: VSWR

V z′ ൌ
I୐
2 Z୐ ൅ Z଴ eஓ௭ᇲ ൅ Z୐ െ Z଴ eିஓ௭ᇲ

V z′ ൌ
I୐
2 Z୐ ൅ Z଴ eஓ௭ᇲ 1 ൅

Z୐ െ Z଴
Z୐ ൅ Z଴

eିଶஓ௭ᇲ

V z′ ൌ
I୐
2 Z୐ ൅ Z଴ eஓ௭ᇲ 1 ൅ Γeିଶஓ௭ᇲ

Γ ൌ
Z୐ െ Z଴
Z୐ ൅ Z଴

ൌ Γ e୨஘౳

Forward
traveling wave

Reverse
traveling wave

Factor out forward 
traveling wave  

V z′ ൌ
I୐
2 Z୐ ൅ Z଴ eஓ௭ᇲ 1 ൅

Z୐ െ Z଴ eିஓ௭ᇲ

Z୐ ൅ Z଴ eஓ௭ᇲ
Reverse

Forward

V z′ ൌ
I୐
2 Z୐ ൅ Z଴ e୨ஒ୸ᇲ 1 ൅ Γeିଶ୨ஒ୸ᇲ

γ ൌ jβ

V z′ ൌ
I୐
2 Z୐ ൅ Z଴ e୨ஒ୸ᇲ 1 ൅ Γ e୨ ஘౳ିଶஒ୸ᇲ

V z′ ൌ V୫ୟ୶ ൌ 1 ൅ Γ

S ൌ
V୫ୟ୶
V୫୧୬

ൌ
1 ൅ Γ
1 െ Γ

Voltage Standing Wave Ratio (VSWR)

Γ ൌ
1 െ S
1 ൅ S

when θ୻ െ 2βzᇱ ൌ േ2𝑛𝜋

V z′ ൌ V୫୧୬ ൌ 1 െ Γ
when θ୻ െ 2βzᇱ ൌ േ 2𝑛 ൅ 1 𝜋
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VSWR alternative view

S ൌ
V୫ୟ୶
V୫୧୬

ൌ
V଴ା 1 ൅ Γ
V଴ା 1 െ Γ

ൌ
1 ൅ Γ
1 െ Γ Γ ൌ

1 െ S
1 ൅ S

* wikipedia

V୫ୟ୶ ൌ V଴ା ൅ V଴ି ൌ V଴ା ൅ ΓV଴ା ൌ V଴ା 1 ൅ Γ

V୫୧୬ ൌ V଴ା െ V଴ି ൌ V଴ା െ ΓV଴ା ൌ V଴ା 1 െ Γ

Maximum constructive interference between forward and reverse traveling waves 

Maximum destructive interference between forward and reverse traveling waves 



ELEC-E4130 / Taylor
Lecture 12

VSWR: where can I see it?

Measuring a 
standing 
wave is often 
easier than 
measuring an 
impedance

w.r.t 50 Ω
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Full Transmission Line Circuit

V୧ ൌ V୥ െ I୧Z୥

Z୧ ൌ Z଴
Z୐ ൅ Z଴ tanh γℓ
Z଴ ൅ Z୐ tanh γℓ

Kirchhoff nodal analysis @ z = 0, z’ = ℓ  

Voltage and current phasors, arb. Line

V z′ ൌ
I୐
2 Z୐ ൅ Z଴ eஓ୸ᇲ 1 ൅ Γeିଶஓ୸ᇲ

I z′ ൌ
I୐

2Z଴
Z୐ ൅ Z଴ eஓ୸ᇲ 1 െ Γeିଶஓ୸ᇲ

Input Voltage and current phasors

V୧ ൌ V zᇱ ൌ ℓ ൌ
I୐
2 Z୐ ൅ Z଴ eஓℓ 1 ൅ Γeିଶஓℓ

I୧ ൌ I zᇱ ൌ ℓ ൌ
I୐

2Z଴
Z୐ ൅ Z଴ eஓℓ 1 െ Γeିଶஓℓ

I୐
2 Z୐ ൅ Z଴ eஓℓ ൌ V୥

Z଴
Z଴ ൅ Z୥

1
1 െ Γ୥Γeିଶஓℓ

Γ୥ ൌ
Z୥ െ Z଴
Z୥ ൅ Z଴

Add the generator voltage and impedance
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Full Transmission Line Circuit
Z୧ ൌ Z଴

Z୐ ൅ Z଴ tanh γℓ
Z଴ ൅ Z୐ tanh γℓ

Voltage and current phasors, arb. Line

V z′ ൌ
I୐
2 Z୐ ൅ Z଴ eஓ୸ᇲ 1 ൅ Γeିଶஓ୸ᇲ

I z′ ൌ
1

Z଴
I୐
2 Z୐ ൅ Z଴ eஓ୸ᇲ 1 െ Γeିଶஓ୸ᇲ

I୐
2 Z୐ ൅ Z଴ ൌ V୥eିஓℓ

Z଴
Z଴ ൅ Z୥

1
1 െ Γ୥Γeିଶஓℓ

V z′ ൌ V୥
Z଴

Z଴ ൅ Z୥
eஓ ୸ᇲିℓ 1 ൅ Γeିଶஓ୸ᇲ

1 െ Γ୥Γeିଶஓℓ

I z′ ൌ V୥
1

Z଴ ൅ Z୥
eஓ ୸ᇲିℓ 1 ൅ Γeିଶஓ୸ᇲ

1 െ Γ୥Γeିଶஓℓ
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In Class Exercise 2
A 50 Ω transmission line is terminated in a load with ZL = (100 + j50) Ω. Find the voltage 
reflection coefficient and the voltage standing wave ratio (VSWR)
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In Class Exercise 2
A 50 Ω transmission line is terminated in a load with ZL = (100 + j50) Ω. Find the voltage 
reflection coefficient and the voltage standing wave ratio (VSWR)

Γ ൌ
Z୐ െ Z଴
Z୐ ൅ Z଴

ൌ
100 ൅ 𝑗50 െ 50
100 ൅ 𝑗50 ൅ 50 ൌ

50 ൅ 𝑗50
150 ൅ 𝑗50 ൌ 0.45𝑒௝଴.ଵହగ

S ൌ
1 ൅ 0.45
1 െ 0.45 ൌ 2.6
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Summary

 Two conductor waveguides (TEM transmission lines) can be described by the 
characteristic impedance Z0, propagation constant γ, and length ℓ

 Drive transmission line with a dimensionless generator with impedance Zg

 Couple transmission line to load with impedance ZL

 Use transmission line Z0, γ and ℓ to define forward and reverse traveling voltage and 
current waves

 Use currents and voltages to define effective input impedance seen by the generator → Zi

 Convert problem to lumped element
 Transmission lines have physical length so matching occurs when
 ZL = Z0 (NO reflection)
 not when ZL = Z0* (YES reflection)


