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4.3 Finite Potential Barrier

The first nontrivial case is that of a finite potential
barrier, where the QM particle can penetrate in and
scatter from:

F(x)=0 Vx)= Vg Vix)=0

Ve ifl<x<a

0 if —co<x<(
V(x)—{
0 if a<x < +o00.

x=0 xX=da

The full solution of this problem would entalil
dynamical treatment, and according to the SE

Yo, t) = [ By "



To the left of the barrier
h2 k2

b(o) = ~k*un(e), B =

and the wave solution is
wE(CU) :Alezkaz _I_ARe—zkx

where the intensity of the incident wave is |A;|* and
that of the reflected wave|Ag|?

* When the energy of the incoming particle is larger
than that of the barrier (classical crossing)
. h2k2
p(x) = —kpyp(x), E= —= +Vp

2m




whose general solution is
¢E(x) :Aeszx_i_A/e—sza:

For E < V, the region is classically forbidden
(reflection), but the SE gives
h2,62

2m

5(x) = BYE(z), E= Vs

and the general solution becomes a decaying one
VE(x) = Be % 4+ B'eP”

Finally, on the r.h.s. of the barrier (equals |.h.s.)

VE(x) = ATem, k=+vV2Em/h



The physically interesting quantities here are the
ratios of the reflected and transmitted intensities

, A7’
A, Al

These are called reflection and transmission
probabilites and R +T =1




We focus here on a particle whose energy is below
the barrier:

4

Aj gtikx + Ag e if —co<x< 0
Yrp(x) = Be P* + B ethx Hf0<x<a
| Apetix if a < x < o0,

Continuity at x = 0 and a gives
A.I‘l‘AR:B-"BF and ikAJ—IkAR:—ﬁB—FﬁBJ
Be P L Bethi = Are* and — pBe M 4 BB et = ikAy ™

from which we can get the amplitudes as a function
of B:



2ikA; = —(B — ik)B + (B + ik)B

_ 23 _ _opa (B + k)
tka __ pa I —2fa }
Are _(_ﬁ—fk)Be and B = Be i)

In the limit of a wide barrier where e 2% <1  we

can approximate that B’ << B, i.e. 2ikA; = —(f — ik)B
hich qi

which gives 4ikf e

(B — k)’

A;

and

1642 - s
(B + k)’




Using the definitions

- (Vg — E
o — 2;”5 and ﬁ:\/m(; )

this can be written as

Tﬁ |:16E(VB_ E):| E_zﬁﬂ

Vi

* This is also known as the (QM) tunneling probability
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