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Waveguide modes
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» Standard waveguide size (WR-90)

Aalto University
School of Electrical
Engineering

ELEC-E4130 / Taylor
Lecture 17



Number of modes

Waveguide modes

Number of propagating modes Wave impedance Phase/Group Velocity
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» Making the waveguide shorter spaces the modes out
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Waveguide modes

Number of modes

Number of propagating modes
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» Making the waveguide taller makes the modes more dense and also reorders
where the fall in frequency space
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Phase velocity, group velocity, and dispersion
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Plane Wave View of Non-TEM Waves

Zero field lines

Ao Free space
wavelength

Ag* Guide wavelength
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Plane Wave View of Non-TEM Waves

Consider TE,, mode, fB; = \/kz — (n/d)?

kyy  kjz
T A A ¥
Ex(x’ y, Z) — A1 Sin_y e_jﬁlz — _]:{ejﬂ:y/d_jﬁlz —_ e_jny/d_jﬁlz}
d 2] Ao N
y A Oblique incidence
Combination of
two waves!
d
\g
0 Z
T
k, = ksin@ = ~ «— Cutoff wave number k,
ki + ks = kg + p* = k?
k,=kcos@ =By« Phase constant /
Observation: \When the frequency is very close to the cutoff, 6 approaches to 90 degree.
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Phase Velocity

Equal phase planes

According to the definition, the phase velocity is,

Phase Velocity: l Ad'
Velocity of the Ad k v., = —— (observe in z direction)
P At
wave front or
equal phase
plane y4 c Ad up, could be greater > ¢
A \\\ te— > Since - A_t |:>
Y [ Ad’ _ o
I:)2 Ad' > Ad up = fA; = E
_ c P, P,
Plane wave traveling speed: =
o Er At
0 Z
Pi. P, Ps . 1 oE
Wave | Wave o Vo
peak . peak The phase velocity is given by, A /'
\
. How long did it | P,P; PP/cos6 ¢ 1 c k o
. take to travel this u, = = = = — = —
. distance? At vercosd Ve p B
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Group Velocity

Group Velocity: Energy propagation velocity of the wave: (The true velocity!!!)

A I
y | P,
: ' The group velocity is,
: NN
| % d P,P, PP,cos® ¢ ) c B
! ! N U, = = = coS = —=
0 N0 : g~ At At e A JE K
F:’1 F;)4 P
interfe):rence interférence \
pe;ak pégak We thus have, B4
| | 2 cos(0) = m
How long did up - Ug = —
it take to r
travel this T
distance? :
(generally applicable to any uniformly filled waveguides)
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“Information theory” view of u, vs u,

Group velocity: Propagation speed of an envelop (signal group) modulated on a carrier

-
~

Original carrier envelop

modulated —
ej(w0+Aoo)t — ejwot . ejA(;)t

signal:

. t+Amt— +A
At a distance z, the received signal is:  ell(@otA0)t=B(wo+Aw)z] — e]{w0 ® [B(w()) ,wA“’] }

— pl(wot—Pz) . eJAw(t ‘Agz) /tlme delay

The time delay for the envelop is, —
AB dp carrier envelop
T=—7=—7 (group delay)
Aw dw
Therefore the _ 7 1 dB(w) dw W
group velocity is Ug == —y — = 3 —> Ug = — —> recall up = —
obtained as, T Ug w df B
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Dispersion relationship in a Waveguide

For each mode, gis a function of the wave number k, this relationship is called dispersion relationship

For general metallic waveguides

A

K-B Diagram

For rectangular waveguides,
mm\2 /N2
- e = fe- () -()
B C a b
kcio  kcor Kean k
s on
Single mode operation ( w )
c/\er
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Wave velocities in presence of dispersion

Center frequency i—> Spectral component phasors _
£, = 9 GHz E_(2) = A, e » Make a wave packet with 31
m m equally spaced (in
frequency) spectral
Spectral components Band limit components
fm = fo + mAf m=0..30 A= oy’ > Apply slight dispersion

> B=k125

» Apply window to taper edges
and reduce ringing

Af = 500 MHz

Wavenumber k
_ 2mfpy

ky, = 30 30 _
Co E(Z) = Z Em(z) = z Ame_]BmZ
m=0 m=0

Propagation constant ——»

Total Field phasor

Total real field

Bm = (k) 2° | 30 _ 30
-------------- E(z t) = Re z Em(z)e @t = Z A cos(wt — By2z)
Exaggerated m=0 m=0
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Wave velocity in presence of dispersion

| B # k

Propagation constant
Bm = (km)l'zs

|

» Waveform in red
» Envelope in black

» Phase velocity variation
arises from beta not a
linear function

» Pick a peak on the red
curve. Note that the red
curve peak moves
faster than the black

curve peak
a - » Uy > U
! 1 !
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In class exercise 1

Y TEqq TE 4 TE,+
TE;g TEq TMy 4 T4 TE4q
| I
bI X 1 E 3 fe/fetE10
< a >
Z

» Consider the propagating waveguide modes above as a
function of normalized fundamental mode frequencies

k. 2 ¥ . .
fo = =— J(E) + (2) » Derive an expression for a and b such that the fundamental
2T\[UE  2+[€; . : .
waveguide mode spans normalized bandwidth [1, 2]

Cutoff frequency

» Assume a>b
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In class exercise 1

y
ﬂk
g .
< a >
z
Cutoff frequency

k. m\2 /n
e [+ )

TE,, cutoff frequency
c 1

TE, 10 — sz—rg

fe

Normalized cutoff frequency

Normalized cutoff frequency for TE,,

fe

fc,TE,1O

(m=2,n=0)=a (

2

a

j

Normalized cutoff frequency for TE,

fe

fc,TE,1O

a
B>2 - a>2b

m=0n=1)=a O+<

b

1)2 _

» |f a < 2b, the normalized bandwidth is less than 1
» |f a > 2b, the normalized bandwidth = 1

a
b
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Current density in the TE,, mode
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TE boundary conditions

Generalized on top of PEC

(Et1=0

B.C. ¢ Hm =0

KanXH1=]S

Tangential
Components
(u, v)
—
Normal
Components

(n)

The curl equation

V x H = jweE
au aV an
o 9 0

Compare the tangential components (in u, v)

It yields <

—H, = joeE,; =0

—H, = jweE, =0

Therefore
we have on <
a PEC

-~

au av an = ](‘)E(auEu + a‘>E\( + anEn)

Hy Hy Hy

(implicit B.C.)

0H4
on

Et1=0
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Dominant TE,, mode

T
The cutoff wave number is, k¢ 19 = =

Ya
ﬁ The phase constant is thus given by,
T 2 A
— 2 _ 1,2 — 2 _(Z) — —_ | =
bI y B1o \/k k10 \/k (a) k\/1 <2a)
S The cutoff wavelength is, Ae1o = = —o = 2
e cutoff wavelength is, A;19 = k- a

(the waveguide has to be at least greater than half of the wavelength in order for the wave to propagate)

. c/\[& ¢/ [ 1
The cutoff frequency is thus: = = =
q y fc,10 /1c,10 2 2ayie

The guide wavelength: The phase velocity:

2T A
y

W T e
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TE,, mode Surface Current density

Yy

d

Z

v X

A
v

J, plot for TE,;, mode

\\\\\)/—\\\\\\)é_

ONSEONS

|

4 —jwpua 11>
= in(—)e~1Bz
Ey - B4g sin ( ) ) e

jBa . (TX\ oo
TE1O < sz?BIO sm(—)e B
fields

» Lets use the fields and the
boundary conditions to compute
surface current densities (J) on
the waveguide walls
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TE,, mode Surface Current density

Boundary conditions: Js = an X Hy '\

J, plot for TE,, mode

Mirror image

\\\\\)/—\\\\\\

/"—_‘-_‘\\

=

\\_h__

~

-

Side wall (x=0):
H, = 0,H, # 0

Js =ay Xa;H, =

Js =

—1 Z
_ayAloe ]B

Side wall (x=a):
H,=0H,#0

s

Js =

—. Z
_ayAloe ]B

,

H, = A, cos (E) e Bz

a, = —ay

a
|8
jBa X\
H, =—A sm( ) Bz
\ X Tt 10 d
a, = a,
—ay cos(0) A e 1Pz
v
Pointing into

the dielectric

= —a, X a,H, = ay cos(m) AjpeIP?
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TE,, mode Surface Current density

Bottom wall (y=0): Pointing into
ap = ay — 7 the dielectric

Mirror image
180° out of phase Js = ay X (a H, +a,Hy)

X jBioa . mx\ _.
Jo = (a,A;0cos— — a,Aq, sin e JBz
a [ a

Top wall (y=Db):

J, plot for TE,, mode p (y=b) Pointing into

\\\\\ ) \\\\\ ) a, = —ay |— " the dielectric

@ é:}— Js = —ay X (a H, + a,H,)
\h___________.——" ‘\\_-__
( \__,_/ \‘ ] 4 X N A jﬁloa . X —jBz
=|—a cos— -+ a sin e
S x4110 a z4110 T a
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In class exercise 2

Yy

d

v X

A
v

Desired

>
>

lts difficult to cut a deep hole with a rectangular cross section

Rectangular cross section pipes can be extruded but not with
sufficient tolerance for high frequency operation

High frequency waveguides are often manufactured in split blocks
where two rectangular trenches are cut and then the two halves
are pieced together

Which process would you use to create a high frequency
rectangular waveguide (a) or (b) and why? Consider only the TE,,
mode

Process (a) Process (b)

A Aalto University
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In class exercise 2. =000
NP >/

y e _r—"‘.__
ﬂ‘ \\_,/ _——
bI > - )i Js(r =0,y = b/2) = ayhyoe Js (x - ;y = 0) = zA1o]ﬁ71-[0ae‘fﬁz
Z 2 Js(x =@,y =b/2) = ayAloe_jBZ Js (x = ;’y = 0) - zA10]’8:Ioae_]ﬁZ
Desired Process (a) Process (b)

» The break in the metal creates resistance.
» |In process (a) the current is orthogonal to the break and therefore must cross it

» In process (b) the current is parallel to the break and therefore never traverses the break
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Conclusions
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Real WG

Y,

Some standard waveguide specs.

d

» They are all intended to operate in the TE,, (lowest order mode)

Guide Size (inch) Rec. (GHz) fo (GHz) Band (GHz)
A
WR650 [6.500[x[3.250| 1.12-[1.70] [0.91 4 ( 1.0= 2.0)
WR284 [2.840x[1.340| 2.60 -| 3.95| | 2.08 S (2.0- 4.0)
WRI187 |1.872x|0.872 3.95 -| 5.85 3.15 C ( 4.0 - 8.0)
X WR0 0.9001x10.400 8.20 -|12.40 6.56 X ( 8.0 -12.0)
P . WR62  [0.6220x0.311| 12.40 -[18.00| | 9.49 Ku  (12.0 - 18.0)
a WR42  |0.420[x0.170| 18.00 -|26.50| [14.05 K (18.0 - 27.0)
WR28 0.2801x0.140| 26.50 -|40.00{ |21.08 Ka (27.0 - 40.0)
a b | TE)
<fo(TE)
» All the above waveguides follow the convention a >= 2b

» Recommended operating range provides buffer above the TE10 cutoff frequency and
below the TE,, and TE,, cutoff frequencies

.\
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Propagation

yA

d

v X

A
v

» The one conductor geometry supports TE/TM operation

» The longitudinal phase variation of a TE/TM is not equal to the free space (plane wave)
TEM phase variation

» [B — rectangular waveguide longitudinal phase variation
» Kk — free space longitudinal phase variation
» [ is a strong function of frequency and geometry
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Next time

» Use surface current densities to compute loss and realistic performance of waveguide
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