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Exercise 1 - PS7

Solve the following initial value problems:

(a) ẏ − 2y = e−2t , y(0) = 5.

(b) ẏ − 4y = 4− t, y(0) = 2.

(c) ÿ − 3y = 0, y(0) = 2, ẏ(0) = 0.
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Exercise 1 - Solution

Figure 1: Lecture 19
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Exercise 1 - Solution

Figure 2: How to do integration by parts in part b
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Exercise 1 - Solution

Figure 3: Lecture 20
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Exercise 1 - Solution

(a) The general solution is

y(t) = Ce2t + e2t
∫

e−4tdt = Ce2t − 1

4
e−2t .

In the particular solution, C = 21
4 .

(b) The general solution is

y(t) = Ce4t + e4t
∫
(4− t)e−4tdt

= Ce4t + e4t
(
−15

16
e−4t +

t

4
e−4t + D

)
= ke4t − 15

16
+

t

4
.

In the particular solution, k = 47
16 .

(c) The characteristic equation is r2 − 3 = 0, with roots r1 = −
√
3 and

r2 =
√
3. The general solution is

y(t) = C1e
−
√
3t + C2e

√
3t .

In the particular solution, C1 = C2 = 1. 5



Exercise 2

Compute the equilibrium points of the following differential equations

and determine the stability of each:

(a) ẏ = y2−y
y2+1 ;

(b) ẏ = ey sin y ;

(c) ẏ = y
y2+1 ;

(d) ẏ = y2 − y3.
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Exercise 2 - Solution

Figure 4: Lecture 20
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Exercise 2 - Solution

(a) There are two equilibrium points: y∗
1 = 0 and y∗

2 = 1.

f ′(y) = (2y−1)(y2+1)−(y2−y)(2y)
(y2+1)2 = y2+2y−1

(y2+1)2

The equilibrium at y∗
1 = 0 is locally asymptotically stable because

f ′(0) = −1 < 0.

The equilibrium at y∗
2 = 1 is unstable f ′(1) = 1/2 > 0

(b) There are infinitely many equilibrium points:

y∗ = ...,−2π, π, 0, π, 2π, ...

f ′(y) = ey (sin(y) + cos(y))

The equilibria at y∗ = 2nπ are unstable because

f ′(2nπ) = ecos(y) = e2nπcos(2nπ) > 0.

The equilibria at y∗ = (2n + 1)π are locally asymptotically stable

because f ′((2n + 1)π) = ecos(y) = e(2n+1)πcos((2n + 1)π) < 0.
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Exercise 2 - Solution

(c) The only equilibrium point is y∗ = 0.

f ′(y) = −y2+1
y2+1

The equilibrium at y∗ = 0 is unstable because f ′(0) = 1 > 0.

(d) There are two equilibrium points, y∗
1 = 0 and y∗

2 = 1.

f ′(y) = 2y − 3y2

At y∗
1 = 0 is f ′(0) = 0. However, when y is sufficiently close to zero,

f (y) is always positive. Hence we can conclude that the equilibrium

at y∗
1 = 0 is unstable.

The equilibrium at y∗
2 = 1 is locally asymptotically stable because

f ′(1) = −1 < 0.
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Exercise 3

Find the general solution of the following differential equations:

(a) ÿ + 4ẏ + 8y = 0;

(b) 3ÿ + 8ẏ = 0;

(c) 4ÿ + 4ẏ + y = 0.
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Exercise 3 - Solution

Figure 5: Lecture 20
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Exercise 3 - Solution

Figure 6: Lecture 20
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Exercise 3 - Solution

Figure 7: Lecture 20
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Exercise 3 - Solution

(a) The characteristic equation is r2 + 4r + 8 = 0, with roots

r1 = −2 + 2i and r2 = −2− 2i . The general solution is

y(t) = e−2t (C1 cos 2t + C2 sin 2t) .

(b) The characteristic equation is 3r2 + 8r = 0, with roots r1 = 0 and

r2 = − 8
3 . The general solution is

y(t) = C1 + C2e
− 8

3 t .

(c) The characteristic equation is 4r2 + 4r + 1 = 0, whose only root

r = − 1
2 has multiplicity 2. The general solution is

y(t) = (C1 + C2t)e
− 1

2 t .
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Exercise 4

Consider the following system of differential equations:

ẋ = 5x − 1

2
y − 12, ẏ = −2x + 5y − 24

(a) Find the steady state.

(b) Is the steady state unique? Why or why not?

(c) Find the general solution.

(d) Find the particular solution for the initial conditions x(0) = 12 and

y(0) = 4.

(e) Is the steady state globally asymptotically stable? Why or why not?
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Exercise 4 - Solution

Figure 8: Lecture 21
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Exercise 4 - Solution

Figure 9: Lecture 21
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Exercise 4 - Solution

The steady state (x∗, y∗) can be found by solving

5x∗ − 1

2
y∗ − 12 = 0,−2x∗ + 5y∗ − 24 = 0

The unique solution is (x∗, y∗) = (3, 6). The steady state is unique

because the system’s coefficient matrix A =

(
5 − 1

2

−2 5

)
is invertible.

The matrix A has two distinct eigenvalues: r1 = 4 and r2 = 6. A feasible

pair of corresponding eigenvectors is

v 1 =

(
1

2

)
, v 2 =

(
1

−2

)
The general solution is(

x(t)

y(t)

)
= C1e

4t

(
1

2

)
+ C2e

6t

(
1

−2

)
+

(
3

6

)
In the particular solution, C1 = 4 and C2 = 5. The steady state is not

stable because ri > 0 for i = 1, 2.
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Exercise 5

Find the general solution of each of the following linear systems of

differential equations. For each system, also determine if the steady state

(x∗, y∗) = (0, 0) is globally asymptotically stable.

(a) ẋ = 2x + y , ẏ = −12x − 5y

(b) ẋ = 6x − 3y , ẏ = −2x + y

(c) ẋ = x + 4y , ẏ = 3x + 2y

(d) ẋ = 4y , ẏ = −x + 4y

(e) ẋ = −2x + 5y , ẏ = −2x + 4y
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Exercise 5 - Solution

(a) A =

(
2 1

−12 −5

)
. The matrix A has two distinct eigenvalues:

r1 = −2 and r2 = −1. A feasible pair of corresponding eigenvectors is

v 1 =

(
1

−4

)
, v 2 =

(
−1

3

)

The general solution is(
x(t)

y(t)

)
= C1e

−2t

(
1

−4

)
+ C2e

−t

(
−1

3

)

The steady state is globally asymptotically stable because ri < 0 for

i = 1, 2.
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Exercise 5 - Solution

(b) A =

(
6 −3

−2 1

)
. The matrix A has two distinct eigenvalues: r1 = 0

and r2 = 7. A feasible pair of corresponding eigenvectors is

v 1 =

(
1

2

)
, v 2 =

(
3

−1

)

The general solution is(
x(t)

y(t)

)
= C1e

0t

(
1

2

)
+ C2e

7t

(
3

−1

)

The steady state is unstable because r2 > 0.
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Exercise 5 - Solution

(c) A =

(
1 4

3 2

)
. The matrix A has two distinct eigenvalues: r1 = 5 and

r2 = −2. A feasible pair of corresponding eigenvectors is

v 1 =

(
1

1

)
, v 2 =

(
4

−3

)

The general solution is(
x(t)

y(t)

)
= C1e

5t

(
1

1

)
+ C2e

−2t

(
4

−3

)

The steady state is unstable because r1 > 0.
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Exercise 5 - Solution

Figure 10: Lecture 21
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Exercise 5 - Solution

(d) A =

(
0 4

−1 4

)
. The matrix A has one distinct eigenvalues with

multiplicity 2: r = 2. A feasible corresponding eigenvector and a

generalized eigenvector is

v 1 =

(
2

1

)
, v 2 =

(
1

1

)

The general solution is(
x(t)

y(t)

)
= e2t [C1

(
2

1

)
+ C2

(
1

1

)
+ tC2

(
2

1

)
]

The steady state is unstable because r > 0.
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Exercise 5 - Solution

Figure 11: Lecture 21
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Exercise 5 - Solution

(e) A =

(
−2 5

−2 4

)
. The matrix A has two complex eigenvalues:

r1 = 1 + i and r2 = 1− i . A feasible pair of corresponding eigenvectors is

v 1 =

(
5

3

)
+ i

(
0

1

)
, v 2 =

(
5

3

)
− i

(
0

1

)

The general solution is(
x(t)

y(t)

)
= etcos(t)(C1

(
5

3

)
− C2

(
0

1

)
)− etsin(t)(C2

(
5

3

)
+ C1

(
0

1

)
)

The steady state is unstable because the real part of r > 0.
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Good luck!

If you have any questions, feel free to send me an email (Hung Le -

hung.h.le@aalto.fi)
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