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The main learning outcome of the course is to
create readiness to work in microwave
engineering related tasks and projects and
enable further studies and continuous learning
in microwave engineering.



Topic 1: Learning outcomes and content
• The student can

– explain the wave propagation of a radio-frequency signal in transmission lines (such as 
signal propagation, attenuation, reflection), 

– calculate and simulate (AWR) related circuit parameters (such as voltage, current, power, 
characteristic impedance, loss, reflection coefficient) related to transmission lines, 

– design transmission lines (such as microstrip lines) with calculations and AWR simulations. 

• Transmission line model, wave equations and its solution (Pozar Chapter 2.1)

• Wave propagation along a transmission line and characteristic impedance (2.1, 2.7)

• Connection of the transmission line theory and EM field theory (2.2)

• Microstrip line (3.8)

• Voltage reflection from an impedance discontinuity and standing wave along a transmission line 
(2.3)

These lecture slides and notes are not designed for self-study. 
Please, use the course book chapters 2 and 3 for self-study.
These lecture slides and notes are not designed for self-study. 
Please, use the course book chapters 2 and 3 for self-study.



Alue 1
ε = ε0

Recap of the last week session on one slide

C𝐡𝐚𝐫𝐚𝐜𝐭𝐞𝐫𝐢𝐬𝐭𝐢𝐜 𝐢𝐦𝐩𝐞𝐝𝐚𝐧𝐜𝐞 𝛀 :

𝑍0 =
voltage

current
=

𝑢+

𝑖+
= −

𝑢−

𝑖−

𝑍0 =
𝑅 + j𝜔𝐿

𝐺 + j𝜔𝐶

ቊ
𝑢 𝑧 = 𝑢+𝑒−𝛾𝑧 + 𝑢−𝑒𝛾𝑧

𝑖 𝑧 = 𝑖+𝑒−𝛾𝑧 + 𝑖−𝑒𝛾𝑧

Wave equations:

𝑑2𝑢(𝑧)

𝑑𝑧2
= 𝛾2𝑢 𝑧 ;

𝑑2𝑖(𝑧)

𝑑𝑧2
= 𝛾2𝑖(𝑧)

𝛾 = ± 𝑅 + j𝜔𝐿 𝐺 + j𝜔𝐶

= α + j β

𝑖 𝑧 =
𝑢+

𝑍0
𝑒−𝛾𝑧 −

𝑢−

𝑍0
𝑒𝛾𝑧

In-class task final answer:

𝑃(𝑧) =
1

2
𝑢+ 2ℛ𝑒

1

𝑍0
∗

𝑃 𝑧=0 =𝑃0

∙ 𝑒−2𝛼𝑧



Previous in-class task: the power decays as 𝑒−2𝛼𝑧 along the line

𝑃(𝑧) =
1

2
ℛ𝑒 𝑢 𝑧 ∙ 𝑖∗(𝑧) =

1

2
ℛ 𝑢+𝑒−𝛾𝑧 ∙ 𝑖+𝑒−𝛾𝑧 ∗

𝑃(𝑧) =
1

2
ℛ𝑒 𝑢+𝑒−𝛾𝑧 ∙

𝑢+

𝑍0

∗

𝑒−𝛾𝑧 ∗

𝑃(𝑧) =
1

2
ℛ𝑒 𝑢+ 𝑢+ ∗

1

𝑍0
∗ 𝑒

−𝛼𝑧𝑒−𝛼𝑧 𝑒−𝑗𝛽𝑧𝑒+𝑗𝛽𝑧

𝑃 𝑧 =
1

2
𝑢+ 2ℛ𝑒

1

𝑍0
∗ ∙ 𝑒−2𝛼𝑧=

1

2
𝑢+ 2

ℛ𝑒 𝑍0
𝑍0

2
∙ 𝑒−2𝛼𝑧



1 Np = 8.6859 dB



1. Total loss power due to the resistive losses on the line.

2. Peak power of the wave propagating in the positive +z direction.

3. Average power flow of a wave propagating in the positive +z direction.

4. Instantaneous power propagating in the positive +z direction when z = 0.

5. Net power flow (= forward power – reverse power) on the line.

6. Reflected power from the mismatched load impedance (ZL ≠ Z0).

Q1: What does the given power Pmean physically?

𝑃 =
𝑢+ 2

2𝑍0
- Z0 assumed real number.



Wave travelling in the +z direction with constant 
magnitude

Animation Source: https://physics.stackexchange.com

impedance-
matched load 
- no reflection!

= 

red colour =

blue colour =

𝑢 𝑡, 𝑧 = 𝑢+ cos 𝜔𝑡 − 𝛽𝑧



• Blue curve = 

• Red curve = 

• Black curve = 

• Red dots ● = 

• The ”dome” between the red dots = 

𝑈 𝑧 = 𝑈+𝑒−j𝛽𝑧 + 𝑈−𝑒+j𝛽𝑧

Standing wave is a superposition (interference) 
of two opposite-travelling waves

z

𝑈𝑚𝑎𝑥 =

𝑈𝑚𝑖𝑛 =

𝑉𝑆𝑊𝑅 =
𝑈𝑚𝑎𝑥

𝑈𝑚𝑖𝑛



Forward propagating wave in a 50-Ω
microstrip line – matched load impedance

electric field strength vector (red = strong, blue = weak)  
illustrated at the centre (x = 0) of the line
electric field strength vector (red = strong, blue = weak)  
illustrated at the centre (x = 0) of the line

matched
load
matched
load



Forward propagating wave in a 50-Ω
microstrip line – matched load impedance

electric field strength vector (red = strong, blue = weak)  
illustrated for the cross section of the line
electric field strength vector (red = strong, blue = weak)  
illustrated for the cross section of the line

stripstrip

dielectric
substrate
dielectric
substrate

ground planeground plane



Stationary standing wave in a 50-Ω microstrip 
line – short circuit as the load impedance

electric field strength vector (red = strong, blue = weak)  
illustrated at the centre (x = 0) of the line
electric field strength vector (red = strong, blue = weak)  
illustrated at the centre (x = 0) of the line

short
circuit
short
circuit



u(V)

𝑢 𝑧 = 𝑢+𝑒−j𝛽𝑧 + 𝑢−𝑒+j𝛽𝑧

z

Q2. What is the value 𝑢−of the reverse-propagating voltage wave 
when 𝑢+= +1 V?

+1 V ?1. 𝑢− = +2 V

2. 𝑢− = +1 V

3. 𝑢− = 0 V

4. 𝑢− = −1 V

5. 𝑢− = −2 V

6. I don’t know

fixed end



Q3. Interface of two unequal characteristic impedances at z = 0. 
What kind of wave takes place in the region z < 0? 

1. A pure forward (to positive z) propagating wave – i.e., 𝑢− = 0 V .

2. A pure reverse (to negative z) propagating wave – i.e., 𝑢+ = 0 V.

3. A stationary standing wave – i.e., the net power flow is zero, 𝑢+ = 𝑢−

4. A partial standing wave – i.e., net power flow forward (to positive z), 𝑢+ > 𝑢− .

5. I don’t know

V
o

lt
ag

e 
(V

)

z

𝑧 = 0 (interface)

𝑢 𝑧 ≤ 0 = 𝑢+𝑒−j𝛽𝑧 + 𝑢−𝑒+j𝛽𝑧

𝑢 𝑧 > 0 = 𝑢𝑇𝑒−j𝛽𝑧

transmitted voltage

𝑧 < 0

𝑢 V

𝑧 > 0



Partial standing wave in a 50-Ω microstrip line 
– 150 Ω as the load impedance

electric field strength vector (red = strong, blue = weak)  
illustrated at the centre (x = 0) of the line
electric field strength vector (red = strong, blue = weak)  
illustrated at the centre (x = 0) of the line

150 Ω150 Ω



Voltage reflection coefficient Γ is defined as the 
ratio of the reflected and incident waves

Γ =
reflected voltage (at 𝑧 = 0)

incident voltage (at 𝑧 = 0)
=

what is Γ here at z = 0?

𝑢 𝑧 ≤ 0 = 𝑢+𝑒−j𝛽𝑧 + 𝑢−𝑒+j𝛽𝑧

𝑢 (V)



1. Γ = 0

2. Γ = −1

3. Γ = 1

4. 0 < Γ < 1

5. −1 < Γ < 0

6. I don’t know

z

z=0

𝑢 𝑧 ≤ 0 = 𝑢+𝑒−j𝛽𝑧 + 𝑢−𝑒+j𝛽𝑧

𝑢 𝑧 > 0 = 𝑢𝑇𝑒−j𝛽𝑧

+1 V

+0.4 V

Q4. 𝑢+= +1 V. What is the voltage reflection coefficient Γ
at z = 0?

Γ =
𝑢−

𝑢+



Voltage and current are continuous in the interface (z = 0)



Γ =
𝑢−

𝑢+

𝑇 =
𝑢𝑇

𝑢+

Transmission
coefficient:

Voltage and current are continuous in the interface (z = 0)

𝑢 𝑧 = = 𝑢+𝑒−j𝛽 𝑧 + 𝑢−𝑒+j𝛽 𝑧= 𝑢𝑇𝑒−j𝛽 𝑧

𝐼 𝑧 = =
𝑢+

𝑍1
𝑒−j𝛽 𝑧 −

𝑢−

𝑍1
𝑒+j𝛽 𝑧 = 

𝑢𝑇

𝑍2
𝑒−j𝛽 𝑧𝑢+ 𝑢− 𝑢𝑇



1. 0.4 V

2. 0.6 V 

3. 1 V

4. 1.4 V

5. 1.6 V

6. I don’t know 

Q5: 𝚪 = -0.6 and V+ = 1 V. What is the maximum instantaneous voltage 
of the standing wave in z ≤ 0?

𝑢 𝑧 ≤ 0 = 𝑢+𝑒−j𝛽𝑧 + 𝑢−𝑒+j𝛽𝑧

𝑢 𝑧 > 0 = 𝑢𝑇𝑒−j𝛽𝑧

Γ =
𝑢−

𝑢+
=
𝑍2−𝑍1

𝑍2+𝑍1
𝑇 =

𝑢𝑇

𝑢+
= 1 + Γ

𝑢+ = 1 V, Γ = −0.6, 𝑢𝑇 = 0.4 V
𝑢+ 𝑢− 𝑢𝑇



V
o

lt
ag

e 
(V

)

z

𝑢 𝑧 ≤ 0 = 1 V ∙ 𝑒−j𝛽𝑧 − 0.6 V ∙ 𝑒+j𝛽𝑧

𝑢 𝑧 > 0 = 0.4 V ∙ 𝑒−j𝛽𝑧

Γ =
𝑉−

𝑉+
=
𝑍2−𝑍1

𝑍2+𝑍1

𝑇 =
𝑉𝑇

𝑉+ = 1 + Γ

𝑢+ 𝑢− 𝑢𝑇

𝑢+ = 1 V, 𝑢− = −0.6 V
𝑢𝑇 = 0.4 V



Envelope of the standing wave has a λ/2 periodicity

𝑢 𝑧 = 𝑢+𝑒−j𝛽∙𝑧 + 𝑢−𝑒+j𝛽∙𝑧=

𝑖 𝑧 =
𝑢+

𝑍1
𝑒−j𝛽∙𝑧 −

𝑢−

𝑍1
𝑒+j𝛽∙𝑧 =

𝑢 𝑧 =

𝑖 𝑧 =

Γ =
𝑢−

𝑢+
=
𝑍2−𝑍1

𝑍2+𝑍1
𝑇 =

𝑢𝑇

𝑢+
= 1 + Γ

𝑢+ 𝑢− 𝑢𝑇



envelope
± 𝑢 𝑧

antinode

𝑉𝑆𝑊𝑅 =
𝑢𝑚𝑎𝑥

𝑢𝑚𝑖𝑛

instantaneous
voltage  𝑢 𝑧, 𝑡

Voltage Standing Wave Ratio:

𝑢+ = 1 V, 𝑢− = −0.6 V
𝑢𝑇 = 0.4 V

+ 𝑢 𝑧

− 𝑢 𝑧

𝑢 𝑧 = ± 𝑢+ 1 + Γ𝑒+j2𝛽𝑧



Determine the numerical values of the

1) voltage of the forward-propagating wave 𝑢+,

2) transmitted voltage amplitude 𝑢𝑇 = 𝑢 𝑧 = 𝑙 in region z ≥ l,

3) total voltage 𝑢 𝑧 = 0 and total current 𝑖 𝑧 = 0 ,

4) input impedance 𝑍 𝑧 = 0 =
𝑢 𝑧=0

𝑖 𝑧=0
looking into +z direction.

5) Answer the question: why the input impedance 𝑍 𝑧 = 0 ≠ 𝑍1?

The teachers will be circleing in the breakout rooms for help. 

Return your effort in the return box in MyCourses at the end of the session, latest at 12:30 pm.  

In-class task
𝑢 𝑧 = 𝑢+𝑒−j𝛽∙𝑧 + 𝑢−𝑒+j𝛽∙𝑧

𝐼 𝑧 =
𝑢+

𝑍1
𝑒−j𝛽∙𝑧 −

𝑢−

𝑍1
𝑒+j𝛽∙𝑧

Γ =
𝑍2−𝑍1

𝑍2+𝑍1



Determine the numerical values of the

1) voltage of the forward-propagating wave 𝑢+,

2) transmitted voltage amplitude 𝑢𝑇 = 𝑢 𝑧 = 𝑙
in region z ≥ l,

3) total voltage 𝑢 𝑧 = 0 and total current 
𝑖 𝑧 = 0 ,

4) input impedance 𝑍 𝑧 = 0 =
𝑢 𝑧=0

𝑖 𝑧=0
looking 

into +z direction.

5) Answer the question: why the input 
impedance 𝑍 𝑧 = 0 ≠ 𝑍1?

In-class task

1) At z = 0, the forward-propagating wave sees only the impedance Z1 of the first transmission line. Hence, we have a voltage division of U between 
Z1 and Z0. See further details in Chapter 2.8 (“Transients of transmission lines”). 𝑢+ = 𝑈

𝑍1

𝑍0+𝑍1
= 1 V

2) First, we determine the value of the voltage reflection coefficient at z = l: Γ =
𝑢−𝑒+j𝛽∙𝑙

𝑢+𝑒−j𝛽∙𝑙
=

𝑢−𝑒
+j
2𝜋
𝜆
∙
𝜆
2

𝑢+𝑒
−j
2𝜋
𝜆
∙
𝜆
2

=
𝑢−𝑒+j𝜋

𝑢+𝑒−j𝜋
=
𝑢− −1

𝑢+ −1
=

𝑢−

𝑢+
=

𝑍2−𝑍1

𝑍2+𝑍1
=

1

3
. 

Then we can calculate the voltage 𝑢𝑇 = 𝑢 𝑧 = 𝜆

2
= 𝑢+𝑒−j

2𝜋
𝜆
∙
𝜆
2 + 𝑢−𝑒+j

2𝜋
𝜆
∙
𝜆
2 = 𝑢+𝑒−j𝜋 + Γ𝑢+𝑒+j𝜋 = 𝑢+ −1 −

1

3
∙ 1 = −

4

3
𝑢+ = −

4

3
V

3) Total voltage at z = 0, 𝑢 𝑧 = 0 = 𝑢+𝑒−j0 + 𝑢−𝑒+j0 = 𝑢+ + Γ𝑢+ = 𝑢+ 1 + Γ =
4

3
V

Total current at z = 0, 𝑖 𝑧 = 0 = 𝑢+

𝑍1
𝑒−j0 −

𝑢−

𝑍1
𝑒+j0 = 𝑢+

𝑍1
− Γ

𝑢+

𝑍1
=

𝑢+

𝑍1
1 − Γ =

1

15
A

4) The input impedance looking into +z direction 𝑍 𝑧 = 0 =
𝑢 𝑧=0

𝑖 𝑧=0
=

4
3 V
1
15 A

= 20 Ω.

5) The total input impedance is affected by the reflected wave, too. This is more discussed in the next lecture on 27.1. 


