MEC-E8003 Beam, plate and shell models, examples 1

1. Find the relationship between the orthonormal basis vector sets (i, j,k) and (I',J,K), if I has
the same direction as i —j+k and J has the same direction as the gradient of plane
g(x,y,2) =2x+3y+z-5=0 (hence J is the normal unit vector to the plane).
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2. Consider the identity | xa=ax I ina Cartesian (X, y, z) —coordinate system in which the second
order unit tensor is given by i =ii + jj +kk . Show that the identity holds by simplifying the left
and right-hand side expressions. Assume that = a,i + ayf (jJust to simplify the expressions).

3. Given &=ayii +ayyij +a, i +ay jj and b=b,i +b ], determine &-b, &xb, b-&, and
bxd.
Answer
a-b = (ayby +ayhy )T + (@b +ayby) ], dxb =(ayb, —ayb, )ik +(ayb, —ayby)jk
b- & = (byayy +byay )i + (byayy +byay ), bxa=(bgay, —byag ki +(bay, —byay, )ki

4. Calculate VF, V-r and Vxr in which r is the position vector. Use the representations
F=xXi +Yyj+zk and V=10/dx+ jo/dy+ko/oz in the Cartesian (7, ],k) basis.
Answer Vi=1,V.F=3, VxF=0

5. Derive the expressions of V.U, Vxi, and V2u in Cartesian coordinate system where
V=i0/ox+]joloy+koloz. Vector G(x, y) =uy (X, y)T+uy(x, y)] and scalar u(x,y) depend
on x and y only.
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6. Letusconsider asecond order tensor £ having the components &,y A
, Exy, ny, Eyy and EXX 1 EXY 1 EYX 1 EYY in the (r, ]) and (r,j) \j J ~
bases, respectively. Find the relationship between the components Yo
by using the invariance of tensor quantities. Y
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Derive the component forms of the equilibrium equation V-&+ f =0 in plane stress case, when
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and the stress components depend on x and y.
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The small strain measure £ is obtained as the symmetric part of displacement gradient (a tensor
then). Use the definition to find the components of the strain tensor in a Cartesian coordinate
system when V =76/ox+ jo/dy and G =uyi +uyj.
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Find the solution to the boundary value problem

dx dx

and Q=GA(d—W+9) in (O,L),
dx dx

w=M =0 on {0, L}

for a simply supported beam loaded by its own weight. Cross sectional area A, second moment
af area |, Young’s modulus E, shear modulus G, density of the material p, and acceleration
by gravity g are constants. Use repeated integrations.

Answer M (x) = pgAGC - 1), Q() = pgA@x-L), 0 =202 Cxd -2 L~ L L)
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Consider a bar of length L loaded by its own weight. Determine the
displacements at the mid-point and at the free end using the continuum
model. Cross-sectional area A, acceleration by gravity g, and material
properties E and p are constants.
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Find the relationship between the orthonormal right-handed basis vector sets (i, j,k) and (I,J,K),
if 1 has the same direction as i —j+Kk and J has the same direction as the gradient of plane
g(x,y,z)=2x+3y+z-5=0 (hence J is the normal unit vector to the plane).

Solution
Both sets are orthonormal, i.e., the basis vectors are orthogonal and have unit lengths. As the systems
are right-handed i xj=k, Jxk=i, kxi=] and I'xJ=K, JxK=1, KxI =J. Vectors

i —j+k and J have the same directions, therefore

hﬁ:%(?-]ﬂ?) (|a|=+/a-a).

Vector J and the gradient of g(x,y,z) = 2x+3y+z—5 have the same directions, so

- = e g Vg l d - —
V=2 +3]j+k = J=—=—=—=(21 +3] +k).
Vgl 14

Both coordinate systems are right-handed

T . 1 - . -
K=IxJ=—"(0-]+k)x—(2i +3j+k) <
\@( i )Jﬂ( j+k)

O
K=—"(@(x2I +i x3]+ixk—jx2i — | x3]— I xk+kx2I +kx3j+kxk) <

\/E( i i Ix3j-] i )
K = (3K =+ 2K =T +2] —37) = —— (=47 + ] +5K)

V42 Ja2 '
Using the matrix notation
r V14 14 4| (7
j :% 23 33 B |ljl. €
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Consider the identity | xd=2ax1 in a Cartesian (x,y, z)—coordinate system in which the second
order unit tensor is given by 1 =ii + jj + Kk . Show that the identity holds by simplifying the left and
right-hand side expressions. Assume that @ =a,i + ayf (just to simplify the expressions).

Solution
Let us compare the expressions on the left and right-hand sides of i xa=axIl and use the
relationships i x j =k, Jxk =7, and k xi =] for a right handed system.

Left hand side expression

Right hand side expression
axi=(ad+a,)x(iT+j+kk) <
ax i =agd < (il + [j+kk)+a, [x (il + j+kk) <

I =a, (i xii +1 x ﬁ+fx|2l2)+ay(]xﬁ+]xﬂ+]xﬂa S

jabi
X

axi =ay(kj - jk)+a,(k-ki). €



Given & =ayii +ayyij +ay,ji +a,yJj and b =byi +by ], determine &-b, &xb, b-&, and bx4.
Solution

In manipulation of vector expression containing vectors and tensors, it is important to remember that
tensor (® ), cross (x), inner (-) products are non-commutative (order matters). The basis vectors of
a curvilinear coordinate system are not constants which should be taken into account if gradient
operator is a part of expression. Otherwise, simplifying an expression or finding a specific form in a
given coordinate system is a straightforward (sometimes tedious) exercise. For simplicity of
presentation, outer (tensor) products like a®b are denoted by ab . Otherwise, the usual rules of
algebra apply.

8-b = (aydl +ayyl] +ayji +ay,Ji)- (b0 +by]) <
8-b = (aydl +ayyl) +ayy ji +ayy, 1) byl + (gl +ayi] +ayJi +ay jj)-byj <
3-5:(aXXTT-T+aXyﬁ-T+ayX]T-T+ayy]]-T)bX+(aXXiT-]+axyﬁ-]+ayX]T-]+ayyﬁ-])by =

d-b=a.b,i+ ayxhy ] +agybyi +ayyby = (axby +axyby )T +(ayby +a,b,)j. €

Q

xb = (Al +agyl] +ay Ji +ay J))x(0d +b,J) <

axb = (ayll +ayyl] +ay Ji +ay, J])xbyl + (@l +ayi] +ay ji +ay jj)xbyj <
§><5:(aXXTxT+axyﬁx7+ayxjrxr+awﬁxr)bx +

(Al X T+axyﬁx J7+ayxj77x j+ayy]i>< ])by &

dxb =—a,b,ik —ay by jk +aybyik +ayby Jk = (ab, —ayby, )ik +(ayb, —ayby) jk. €

b-a= (b0 +by]) (Al +ayij +ayji +ayj)) <
5_5:bxr.(aXXiT+axyﬁ+ayX]T+ayy]])+by].(aXXiT+axyﬁ+ayX]T+ayy]]) =
5.3:bx(aXXT.ﬁ+aXyT.ﬁ+ayXT-]T+ayy7-ﬁ)+by(aXX]-W+axy]'ﬁ+ayx]']T+ayy]'ﬁ) <

b-& =byay,l +byayy J +byayd +byay, J = (byax +byay)i +(bay +bya,)j. €

5><§:(bxr+by])x(axxﬁ+axyﬁ+ayxjr+ayyﬁ) And

b x & = b0 x (Al +ayyi] +ay Ji +ayy J) +by ] x (gl +ayij +ayJi +ayjj) <



Bxa=bx(aXXTfo+axyTij+ayxfx ]T+anyx i)+

by (B J xiT +ayy fxi] +ay Jx Ji +ay jx jj) <

b x & = by, ki +bya Kj —byaki —byaykj = (beay, —byag K +(bya,y, —byay )kj . €



Calculate VF, V-F and Vxr in which r is the position vector. Use the representations
F=xXi +yj+zKk and V=10/dx+ jo/dy+ko/oz in the Cartesian (7, ],k) basis.

Solution

In a term, gradient operator V acts on everything on its right-hand side. Otherwise, the operator is
treated like a vector. Manipulation of a tensor expression consist of (I) substitution of the
representations, (I1) term by term expansion, (111) evaluation of the terms, (1) simplification and/or
restructuring the outcome. Gradient of the position vector is a second order tensor

) VF=(72+TE+EE)(XT+y]+ZE) &
ox ~oy oz

= a - a - a — - a = a - a e ' a D a = a e
N vi=i(—xi+—yj+—zK)+ j(—xi +—Yy] +—2zK)+k(—xi + —yj+—12k) <
(1) (ax pvbl R ) J(E e/ A ) (az pod R )

() VF=i({i+0+0)+j(0+]+0)+k(0+0+k) <
(V) Vi=ii+]jj+kk=1. €
Divergence of the position vector is a scalar

(N Vr—(fﬁ+]ﬁ+k—) (Xi +yj+2k) <

OX oy

i (im +ﬁyj+izk)+1 (—X| +ﬁyj+izk)+k (—XI +ﬁyj+izk) =

am v-r
OX OX OX oy oy oy 0z 0z 0z

(M) V-F=i-(+0+0)+]-(0+]+0)+k-(0+0+k) <
(IV) V-F=i-i+]-j+k-k=3. €

Curl of the position vector is a vector

Q) er—(l—+ji+k—) (Xi +yj+2K) <

oy
(11 VxF:Tx(ixT+iy]+ﬁzIZ)+]x(ﬁx7+ﬁy]+izﬁ)+ﬁx(ﬁxf+ﬁy]+ﬁzﬁ) &
OX OX 0z 0z 0z

OX oy oy oy

(M) VxF=ix@{+0+0)+jx(0+]+0)+kx(0+0+k) <

(IV) VxF=ixi+]jxj+kxk=0. €



Derive the expressions of V-0, Vxu, and V2u in Cartesian coordinate system where
V=ia/ox+joloy+kaldz. Vector T(x,y) =uy(x, y)i +uy(x,y)] and scalar u(x,y).

Solution

In manipulation of vector expression containing vectors and dyads, it is important to remember that
tensor (®), cross (x), inner (-) products are non-commutative (order matters). Otherwise,
simplifying an expression or finding a specific form in a given coordinate system is a straightforward
(sometimes tedious) exercise. Manipulation of a tensor expression consist of (1) substitution of the
representations, (I1) term-by-term expansion, (111) evaluation of the terms, (IV) simplification and/or
restructuring the outcome.

Divergence of a vector (here V=id/0x+ jo/dy)

=27y i e ]
M v-a=( 8x+18y) (Ui +uyj) <

(1v) V-U:ﬁux+ﬁu .
OX oy
Curl of a vector

) VxU:(T§+]ai;)x(uXT+uy]) o
- 0 =+ 0 + - ,0 - 0 =
1 VxU=1x(—uUyl +—u + — Uyl +—U =
(1) x X(GX X Ty y) Jx(ay Py yl)
(ry VXUZ&UXIXI+&UyIXJ+a—yUXJXI+5uijj =

i= Py — 9k
(V) V><u_(axuy ayux)k. €«

Laplacian of a scalar

2= (V- =V- (Vi) = (2479 .70, 70
M Vvau=(vV-Viu=V-(Vu) (|8X+Jay) (|8X+Jay)u o

_0%u . 8% o’u 0%
Iy viu=i (IT+Jﬁ) J('@ Jy)
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Let us consider a second order tensor £ having the components &, , \ 7 T j

Exy . Eyxr Eyy and exx , Exy . Eyx » &y inthe (7, 7) and (I,J) bases vy [/«

shown. Find the relationship between the components by using Y

invariance of tensor quantities. i i,
X

Solution

In mechanics tensors (vectors etc.) represent physical quantities which can be expressed in terms of
any basis vector set. Components depend on the selection of the basis vectors but the quantity itself
does not. According to the figure, the relationship between the (7, j) and (I,J) bases is given by
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Invariace of £ with respect to the coordinate system means that

v ld 1B Y relbed 2

Using the relationship between the basis vectors

i il S ol R o ST

Therefore, components of the two systems are related by ([F] X =[F]")

l:gxx 8Xy:l:[F]T{gXX gXY}[F] - {gxx gXY}Z[F]l:gxx ixy

My

}[F]T. €
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Derive the component forms of the equilibrium equation V-& + f=0in plane stress case, when

G =0l +oyij +oyji +oyu i, V=i §X+Ja and f = f,i+f j

Solution
Manipulation of a tensor expression consist of (1) substitution of the representations, (I1) term-by-

term expansion, (111) evaluation of the terms, (1) simplification and/or restructuring the outcome.

0 -
=@ &4-]5) (Uxx“ +axylj+ayle +ayyjj)+f i+f yl= 0

0 il ij i n+j2 i ij i M+fi+f,j=0
—X-(axxu +oyll +oy]i +nyjj)+ja—y-(axxll oyl +oy ]l +ayyjj)+ I+ fyl=
Let us consider the first and second terms on the left-hand side separately
T — (Ol +Op ]+ i +owl]) =

y (oxxil +oxyll + oy ji +oyy i)
00y = o= Gaxy#* 6ayxaﬁ ﬁayyﬂ*
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OX OX J OX J OX =

. Ooy . OO oo 00w -
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By combining all the terms
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A vector vanishes if all its components vanish, so
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The small strain measure & is obtained as the symmetric part of displacement gradient (a tensor then).
Use the definition to find the components of the strain tensor in a Cartesian coordinate system when

V=id/ox+joloy and U=u,i +uyJ.

Solution
In Cartesian system, V=i0/0x+ jo/oy and G =u,i + uyi, therefore
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Find the solution to the boundary value problem

d—Q—pgA=0 OM—Q 0, M =199 and Q=GA(d—W+9) in (0,L),
dx dx dx dx

w=M=0 on {0,L}

for a simply supported beam loaded by its own weight. Cross sectional area A, second moment af
area |, Young’s modulus E, shear modulus G, density of the material p, and acceleration by
gravity g are constants. Use repeated integrations.

Solution
The first order equation set for the beam bending
d—Q—pgA=0 M—Q 0, M=£192 and Q =GA(d—W+9) in (0,L),
dx dx dx dx
Is composed of two equilibrium equations and constitutive equations for the bending moments and
shear force (stress resultants on a cross-section). Boundary conditions

w=6=0 on {0,L}

describe a simple support at both ends. Let us integrate the equations one-by-one and denote the
integration constants are denoted by a, b, c, d etc. Let us also apply the boundary conditions as soon
as possible.

W pga=0 o W08 o Q)= pgax+a,

dx dx

_ddM -Q=0 = dd—szgAx+a - M(X):pgA%X2+aX+b’
X

According to the boundary conditions M (0)=M (L) =0:

M (0)=b=0 and M(L)=pgA%L2+aL+b=0 < b=0and a=—pgA%L.

Therefore M (x) =%pgA(X2 —Lx) and Q(x) =%pgA(2X—L). €

Let us continue integrations with the constitutive equations

m=p30 = 90 _pOA 2 |y o gPALG L2y,
dx dx 2El 2El '3 2

Q:GA(d—W+9) = OI—W=ﬂ( L)- pgA(l oLt xX*)+c <

dx 2El '3 2
szgx xL) - pgA(l 4 le)+cx+d
2G 2El 12 6



According to the boundary conditions w(0) = w(L) =0

d=0 and %L4+0L+d=0 o d=0 and c=_ P93,

24ElI
Therefore
o)=L A3 L2 113y and weo =292 ox)- PR L e 3y €
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Consider a bar of length L loaded by its own weight. Determine the
displacements at the mid-point and at the free end using the continuum model.
Cross-sectional area A, acceleration by gravity g, and material properties E and
p are constants.

Solution
In stationary case, the continuum model for the problem is given by equations

2
EAd_g+PA9=0 xelo,L[, u=0 x=0,and EAd_u:0 Xx=L.
dx dx

Repeated integrations in the differential equation give the generic solution containing two integration
constants:

2
d u—_p_g :d_uz_ﬂx_*_a = u:_p_gixz
dx? E dx E 2

+ax+b.

Then, substituting the generic solution into the boundary conditions

u(0)=b=0 and d—u(L)z—ﬂL+a=0 o a=2YL and b=0.
dx E E

Solution to the problem as function of x gives also the values at the center point and end point

2 2
L, _3p9L” and u(L):&. &

“(X):%X(L_%X) = V=57 2F



