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Regenerative processes

Renewal sequence

Definition:

Let (T,) be a sequence of
independent and identically
distributed (IID) positive random

variables. Sequence ( 7,) of random
variables defined by

To :O, Tn ::T1+_.’+Tn

is a renewal sequence. Variables T
are called renewal intervals.

T T, T, T,
T Ty T 7

Example:

Poisson (point) process (7,) is a
renewal sequence with exponentially

distributed intervals T,..




Regenerative processes

Renewal process

« Definition:
Let (7,,) be a renewal sequence.
Counter process N(t) defined by

T, T, T, T,

N():=0, N(t)=>7 <t}

is called the corresponding renewal
process.

N

« Example:
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Poisson (counter) process N(t) is a
renewal process with exponentially

distributed intervals T ..

 Note that

IN@®) >} ={ry <t}




Regenerative processes

Elementary renewal theorem

 Proposition:
Let (T,) be an IID sequence with

E[T] <o e
0 0o (7
and N(t) the corresponding renewal 4
process. Then N
Ly i 1 1 e
[im =N(t) = lim tE[N(t)] = == o =t
t—)OOt t—)OOt E[T] """" >

* The latter part is called the
elementary renewal theorem.



Regenerative processes

Blackwell’s theorem

 Proposition:
Let (T,) be an IID sequence with a

continuous distribution for which T1 Tz T3 T4
XXX —
E[T] < 01 7
Ny

and N(t) the corresponding renewal -
process. Then, for any A > 0, ,,,,,,,,,
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lim E[Nt+A)-N®)]==4. || | _
t—o0 [ ( ) ()] E[T] =

v

 This is called Blackwell’'s theorem.




Stopping times and Wald’s equation

Definition:

Let (T,) be an IID sequence.
Random variable N is a stopping
time with respect to sequence (T,) if
event {N =n} depends on variables
Ty, ..., Tybutnoton T, ¢, T .0, ...

Note that N(t) + 1 is a stopping time

of the 1ID sequence (T ), while N(t)
IS not, since

{N() =n}={rp <t7nu1 >t}
{N({t)+1=n}={rn_1 <t,7pn >t}

Proposition:
Let (T,) be an IID sequence with

E[T]<

and N a stopping time of it. Then

N
E[2.Tnh]=E[N]E[T]

n=1

The result is called \Wald’s equation.
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Regenerative processes

Renewal reward sequence

o Definition:

Let (T, Y,) be an IID sequence of Y,

pairs of positive random variables. Y, Y

Sequence (7, Y,,) of pairs of J( Y 4

random variables, where : ﬂek J( >
T O 7y

To :O, Tn :T1+...+Tn

is a renewal reward sequence.

« Random variables T, and Y, may
depend on each other

« Sequence (7,) alone is clearly a
renewal sequence




Regenerative processes

Renewal reward process

« Definition:
Let (7, Y,,) be a renewal reward Y,

process C(t) defined by

sequence. The cumulative reward J(

C(0):=0, C(t):= Z?]o:lYn Krn <t} T, T

is called the corresponding renewal ‘
reward process. C(t)

X—

* Note that —

ct)=3NOy,

where N(t) is the corresponding

v

renewal process.
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Regenerative processes

Elementary renewal reward theorem

 Proposition:
Let (7, Y,,) be a renewal reward
sequence with intervals T, for which

E[T]<x

and C(t) the corresponding renewal
reward process. Then

a.s.
lim 1C(t) = lim 1E[C(t)]

t—>oo t—)oo

E[Y]
E[T]

* The latter part is called the

elementary renewal reward theorem.
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J( Y, 4
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T 0T 7
A 7,,4
C(t)
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Regenerative processes

Regenerative process

« Consider a stochastic process X(t),
where X(t) > 0. Let (7,,) be a renewal
sequence with intervals T ,.

« Process Y, (t) defined by

Yn () =X (tn_1 + {7, +t<r}

is called the nth cycle of process X(t)

and intervals T, the corresponding
cycle lengths.

1T

Y, Y, YUY,

T T Ty Ty

»
»

« Definition:
Process X(t) is regenerative with
respect to renewal sequence (7;,)
if cycles Y ,(t) are IID.

Example:

Let (7,) be a renewal sequence.
Residual lifetime process T*(t) with
cycles Y, defined by

Yn(0) =(Th =gz, +t<rn}

IS a regenerative process.
13




Elementary theorem for regenerative processes

Proposition:
Consider a regenerative process $T*(1)
X(t) with cycle lengths T, for which

E[T] <o W

»
»

Let g(X) be a non-negative function T, Tp T3 T,
and define integral

G(t):= [y 9(X(s))ds

Then a continuous distribution, then

a.s.
1 T im 1 _ E[G(T)] - _ E[G(T)]
lim $6(0) = lim LE[GM]==Fm Jim E[g(X ()] ==gp;

 In addition, if cycle lengths T, have
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Steady-state mean value

Corollary:
Consider a regenerative process

X(t) with continuously distributed
cycle lengths T, for which

E[T]<
Then
. E[Jy X (t)dt]
lim E[X (t)]=
ti)rgo [X(1)] E[T]

1T

Y, Y, YUY,

T T Ty Ty

»
»

Define the steady-state mean value
of regenerative process X(t) by

E[Jy X (t)clt]
E[T]

E[X]=

Example:
The steady-state mean value of the

residual lifetime process T*(t) is

«1_ E[T?]
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Steady-state distribution

« Corollary:
Consider a regenerative process $T*(1)

X(t) with continuously distributed
cycle lengths T, for which

E[T]<

v

Then

T
_ E[|, X (t)<x}dt]
lim P{X (t) < x}= l ET - Example:

t—>c0 The steady-state distribution of the

residual lifetime process T*(t) is

« Define the steady-state distribution

. X
of regenerative process X(t) by PLT*< X} = E[min{T x}] _ [oP{T>t}dt

) ELT] ELT]
E[Jy {X (t)<x}dt]

P{X <x}:= ET] 6




Summary

Renewal sequences

— renewal sequence, renewal process, elementary renewal theorem, stopping

times, Wald’s equation
Renewal reward sequences

— renewal reward sequence, renewal reward process, elementary renewal

reward theorem
Regenerative processes

— regenerative process, elementary theorem, steady-state mean value,

steady-state distribution
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