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Thermal conductivity κ
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Thot Tcoldκ

• Ability of a substance to conduct heat (units: W m−1 K−1)

• Very concrete property in our everyday life

– Perhaps you’ve burnt your hand by touching the surface of a hot metal
(a very good conductor of heat)

– Perhaps after that, you’ve worn a thermally insulating glove in your hand

– During the Finnish winter, it’s good to live in a thermally insulated place

• Thermal conductivity is also very important material property for various 
technological applications:

– Microelectronics (for example, CPU heat management)

– Thermal barrier coatings in gas turbines (for example, airplane engines)

– Thermoelectrics (direct heat-to-electricity conversion)



Warm-up
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Figure: AJK

Figures: WikipediaDiamond Graphite

Copper

Polyethylene

Do the following materials possess high or low thermal conductivity? Why?

Silicon Silica aerogel



κ at 300 K (W m−1 K−1)

5

Figure: AJK

Figures: Wikipedia

Diamond Graphite

Copper

Polyethylene

Silicon Silica aerogel

~2200 (natural 
diamond) 

~2000 (in-plane); 
~6 (out-of-plane)  

Anisotropic!

~400

~0.5

~155
~0.005 (air = 0.026!)



Atomic-level mechanisms behind
thermal conductivity
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Atomic-level mechanisms behind
thermal conductivity  
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• Metals

– Heat is primarily carried by conduction electrons

• Insulators

– Heat is primarily carried by phonons (lattice vibrations)

• Semiconductors

– Low doping levels -> insulator-like behavior

– High doping levels ->  both phononic and electronic thermal conductivity

Empty bands: 

Occupied bands: 

Fermi level

Insulator Semiconductor Metal

Insulator – semiconductor – metal classification based on band structure:



Electronic thermal conductivity
• Heat is carried by conduction

electrons

• Electronic thermal conductivity κe is 
directly proportional to the electrical
conductivity σ (Wiedemann-Franz 
law):
κe = LTσ, where 
L = 2.44 × 10‒8 WΩK‒2

• L is roughly constant, but not exactly
same for all metals!

• Electrical conductivity

– increases when T decreases

– Decreases when T increases
(electron-phonon scattering
increases)
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Metal Electrical
conductivity σ
(S/m) at 300 K

Thermal
conductivity κ
(W m−1 K−1)

Ag 6.3 × 107 430

Cu 6.0 × 107 400

Al 3.5 × 107 235

Zn 1.7 × 107 120

Pb 4.6 × 106 35



Thermal conductivity of an insulator

9

Thermal conductivity of crystalline materials is usually highly temperature-dependent

Dots = experiment (CoSb3)

Dashed curves = 
Theoretical limits imposed 
by various phonon 
scattering mechanisms:

• Boundary

• Point-defect / mass-
defect (isotope)

• Umklapp = phonon-
phonon scattering

• At T > 100, phonon-
phonon scattering
dominates (1/T
dependence)

Here we focus on 
room temperature
thermal conductivity

CoSb3

(Im-3)



Lattice thermal conductivity

• In insulating solid-state materials, heat and sound is carried by vibrational 
excitations called phonons (from greek φωνή = phone = sound)

• Phonons give rise to lattice thermal conductivity, κL

• Materials have finite thermal conductivity because of various phonon scattering
mechanisms (boundary, point-defect, isotope, phonon-phonon, electron-phonon)

• Phonon-phonon scattering is the most important scattering mechanism for 
crystalline, electrically insulating materials at room temperature

• Note that crystal with only harmonic phonons (vibrations) would have no 
phonon–phonon scattering

• Phonon-phonon scattering arises due to anharmonicity (deviation from
harmonic oscillator behavior)

• Phonon anharmonicity is also the reason for negative thermal expansion (for 
example, silicon contracts when temperature increases from 18 K to 120 K)
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Vibrations in molecules and solids
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• A molecule with N atoms shows 3N – 6 vibrational modes ωi

• A crystal with N atoms in the primitive cell shows 3N vibrational modes

– Atoms in neighboring cells can vibrate in-phase or out-of-phase!

• In-phase and anti-phase Zn–O stretching in ZnO:



Phonon dispersion relations

• The vibrational modes of a solid are described as a function of wavevector q in the
reciprocal space: ωi(q) = phonon dispersion relations

– Phonon dispersion relations account for the periodic nature of the crystal

– Atoms in neighboring cells can vibrate in a different phase
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Brillouin zone of 

FCC lattice

(reciprocal space

path in red)

Molecules show only these, q = 0

Here: Raman mode of Si

α-silicon (Fd-3m)

Two atoms in the

primitive cell

-> six phonon modes

Acoustic modes (3)

Optical modes (3)



Phonons vs. electrons
• Electronic band structures are plotted as a function of wavevector k

– The crystal orbitals can be in a different phase in neighboring cells

• Phonon dispersion relations are plotted as a function of wavevector q

– Atoms in neighboring cells can vibrate in a different phase
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Electronic band structure
of α-silicon Figures: AJK

Phonon dispersion 
relations of α-silicon



Visualization of phonons
• http://henriquemiranda.github.io/phononwebsite/phonon.html

• Let’s have a look for example on the acoustic modes of graphene
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http://henriquemiranda.github.io/phononwebsite/phonon.html
http://henriquemiranda.github.io/phononwebsite/phonon.html?json=http://henriquemiranda.github.io/phononwebsite/localdb/graphene/data.json


Phonon dispersions for silicon (1)
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Red = Inelastic Neutron Scattering. Calculated lines: Density Functional Theory. 

Experiment: G. Dolling, Inelastic Scattering of Neutrons in Solids and Liquids, Vol. II, p. 37

Raman mode of Si (530 cm−1)

Tangent = phonon group
velocity ≈ speed of sound

Acoustic modes (3)

Optical modes (3)



Phonon dispersions for silicon (2)
• Experimental data on previous slide were from the 1960s

• Excellent agreement also between theory and recent state-of-the-art inelastic
neutron scattering data
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Figure: AJK

Inelastic neutron scattering data at 100 K 

(Proc. Natl. Acad. Sci. 2018, 115, 1192)

Density Functional Theory 

(DFT-PBE0/SVP)



Lattice thermal conductivities can 
be explained and predicted 

computationally with DFT methods
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Lattice thermal conductivity κL from
Boltzmann Transport Equation
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• In the past few years, the theoretical methods have evolved to a level, where it is 
possible to predict the lattice thermal conductivity of non-metallic materials with
a good precision (5-10%)

• κl can be solved with the help of the semiclassical Boltzmann Transport Equation

• In Single-Mode Relaxation Time approximation:

Phonon relaxation time, calculated 

from phonon scattering rates (using 

phonon dispersions and anharmonic 

force constants)Heat capacity, 

calculated from 

phonon 

dispersions

Phonon group 

velocity, calculated 

from phonon 

dispersions

See for example: J. Linnera, A. J. Karttunen, Phys. Rev. B 2017, 96, 014304.



Lattice thermal conductivity of silicon
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Experiment: A. V. Inyushkin et al. Phys. Status Solidi C 2004, 1, 2995–2998.

DFT results: A. J. Karttunen, unpublished results.

T (K)

κ
(W

 m
−1

K
−1

)

For a simple semiconductor like silicon, κl can be predicted with good accuracy using
Density Functional Theory (DFT) and semiclassical Boltzmann Transport Equation

No empirical
parameters in 
the calculation!



Lattice thermal conductivity of Cu2O
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κl at 300 K (W m−1 K−1)

Exp.: 5.6

PBE0: 5.9 (+5%)

PBE: 3.2 (-44%)

Cu

O

Cu2O (Pn-3m)

J. Linnera, A. J. Karttunen, Phys. Rev. B 2017, 96, 014304.

State-of-the-art DFT



Lattice thermal conductivity of NiO
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Ni

O

NiO (Fm-3m)

Antiferromagnetic up to 525 K

Magnetic ordering: R-3m

J. Linnera, A. J. Karttunen, Phys. Rev. B 2019, 100, 144307.

State-of-the-art DFT

Experimental data

vary a lot



Thermal engineering of crystalline 
materials
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Thermal engineering
• How to decrease the thermal conductivity of crystalline solid-state materials?

– In general: add disorder

– Alloying

• Pure Si: 150 W m−1 K−1; Pure Ge: 60 W m−1 K−1

• 50:50 Si-Ge alloy: 10 W m−1 K−1

– Doping: electronic doping also introduces kind of point defects, decreasing
lattice thermal conductivity. 

• For example, ZnO: 43 W m−1 K−1; 2% Al doping decreases the thermal
conductivity to ~7 W m−1 K−1

– Create interfaces that scatter phonons

• Superlattices

• How to increase thermal conductivity?

– Prepare samples with high isotopic purity. The effect is large < 100 K, but
typically only ~10% at 300 K. There are exceptions like cubic BN (below).

– Create better materials!

• Recent prediction from DFT: Ultrahigh Thermal Conductivity of θ-Phase 
Tantalum Nitride (DOI) 23

https://doi.org/10.1103/PhysRevLett.126.115901


Review on extreme thermal
conductivity materials
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Nature Materials 2021, 20, 1188–1202, https://doi.org/10.1038/s41563-021-00918-3.

Discusses both experimental and computational (DFT) state-of-the-art.

https://doi.org/10.1038/s41563-021-00918-3


Periodic trends for lattice thermal
conductivity

• Lattice thermal conductivity depends strongly on the
interatomic forces.

• The stronger the interactomic forces, the more
strongly the atoms are coupled to each other

– Strong covalent bonds -> larger phonon velocities

– Speed of sound in diamond: 12 000 m/s

– Si: 8500 m/s

– Pb: 1300 m/s

• Strong covalent bonds show the largest interatomic
force constants, resulting in the highest lattice thermal
conductivity.

• In simple ionic materials, the interatomic force
constants and phonon velocities are typically smaller

– For NaCl, κ = 6.5 W m−1 K−1
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Thermal
conductivity κ
(W m−1 K−1)

C ~2200 
(diamond)

Si ~150

Ge ~60

Sn ~60 (metal)

Pb ~35 (metal)



Increasing thermal conductivity with
isotope enrichment
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Science 2020, 367, 555–559, https://doi.org/10.1126/science.aaz6149

Thermal conductivity of cubic BN at 300 K was increased from about 850 m−1 K−1 to over 1600 
W m−1 K−1 by isotopic enrichment: 10BN or 11BN instead of natBN.

Proven experimentally, atomic-level mechanism explained with DFT calculations.

https://doi.org/10.1126/science.aaz6149


Decreasing thermal conductivity with
oxide-organic superlattices (1)
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• ZnO:organic superlattices fabricated by ALD/MLD

• Create phonon-blocking interfaces (that would not scatter electrons too much)

J.-P. Niemelä, A. J. Karttunen, M. Karppinen, J. Mater. Chem C 2015, 3, 10349 (DOI).

https://doi.org/10.1039/C5TC01643F


Decreasing thermal conductivity with
oxide-organic superlattices (2)

28J.-P. Niemelä, A. J. Karttunen, M. Karppinen, J. Mater. Chem C 2015, 3, 10349.



Crystalline vs. amorphous
• So far, we have mainly discussed crystalline materials

• For amorphous, non-crystalline materials, phonons are not well-defined

• Generally, they possess low thermal conductivity (e.g. acrylic glass 0.2 W m−1 K−1)
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Thermal insulator application: 
Thermal barrier coatings for gas-

turbine engines
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Thermal barrier coatings for gas-
turbine engines
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A refractory material 

retains its strength at high 

temperatures



Thermal barrier
coatings
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TBC

YSZ



Yttria-stabilized Zirconia (YSZ)
• Zirconia, ZrO2, is potentially a very useful ceramic material with a high melting 

point of ∼2700 ◦C but on cooling it undergoes a series of phase transitions:

• The tetragonal to monoclinic transition is associated with an increase in unit cell 
volume by ∼9% -> ceramic bodies fabricated at high T shatter on cooling

• The transitions can be avoided by creating a solid solution ZrO2–Y2O3
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Ref: West p. 355

Thermal conductivity: 
3  W m−1 K−1 or lower


