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‘Natural’  vs. ‘man-made’ objects
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What do these pictures present?



What happened ? Why does the trick work?
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Many objects look the same in different scales.
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How can one distinguish the correct size?
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Who invented ‘fractal geometry’ in the sense of ‘new 
geometry of nature’?
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Many fundamental examples 
due to classical mathematics !

George Ferdinand Ludwig Philipp
Cantor  1845-1918  
• the crisis of the dimension 
• exceptional objects
• ‘mathematical monsters’
• limits of fundamental notions
(‘curve’, ‘continuous’)

Abnormal Monsters or 
Typical Nature ?



Cantor’s middle third set (1883)
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• are there any points left in the limit?
• subintervals left (2/3)n → 0 as n →∞
• endpoints never removed !
• infinite decimal presentation  of 0’s 

and 2’s in a base 3 (1/3=0.0222…!)
• is it possible to numerate them ?
• size of the limit set vs [0,1]?
• dimension of the limit set?
• connectedness of the limit set?
• a self-similar set
• a prototype of a fractal set



Giuseppe Peano, 1858-1932
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What is a curve?
What is the dimension of a curve?
Can a curve fill a square/cube/hypercube/…? 



A Peano curve by David Hilbert (1862-1943)
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A 3D generalisation of Hilbert’s construction by W. 
Gilbert (Mathematical Intelligencer 6(3) (1984), page 78)
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Triangle filling variant (with 
self intersections on finite 
scale) by Gross 2007



Space filling structures in Nature
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Wacław Franciszek Sierpiński 1882-1969
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A self similar process in Sierpiński gasket (1916)
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The Chaos Game (Barnsley)
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Cathedral Anagni (Italy) 1104
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The stone triangle is usually on the floor and rather large, but it can also be found in other 
architectural elements, not meant to be walked upon. In the latter case, the motives are in smaller 
scale and vitreous matter could be used instead of stone, allowing brighter colors, golden leaf and a 
general more refined processing (fig. 5). The use of vitreous matter in minute geometrical 
compositions on the spiral columns is one of the most magnificent accomplishments of this 
artisanship. 
 

 
 

Fig. 5 San Lorenzo fuori le mura, Rome (date unkown) altar. Foto Conversano. 
 

We stress here that we are abiding by the caveat that to claim for a self-similar organization, 
not only the rescaling should point in the limit to a Cantor set, rather than to isolated points, but also 
that at least three levels of rescaling should be visible. We therefore include also an example (fig. 6) 
in which rescaling is clear down to four levels, albeit the largest central triangle has been filled by 
another Sierpinski. If it had been left void, we would have a five level subdivision. 

 

 
 

Fig. 6 SS. Giovanni e Paolo (13th century), Rome 



Santa Maria in Cosmedin, Rome
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for several designs. On an elementary level (i.e. reducing to the simpler element), ad quadratum 
(fig.1) consists of a square, overdrawn with another square, whose vertices are at middle point of its 
sides. Thus the second, inner, has diagonal the same size as the side of the outer. The overall picture 
now is composed of a square and four rectangle triangles. One can also say the inner square is 
rotated by �/4. If the second square has instead the same size of the first, we obtain an 8-pointed 
star. Also this is called ad quadratum. In any case, some isosceles triangles result in the procedure. 
The first procedure is the one that naturally points to recursion possibilities, and is in fact exploited 
at several scales by the Marmorari, in the first centuries of their activity. Later, possibly under the 
influence of southern Italy, other ad quadratum appear. 

Again an elementary level ad triangulum consists of an equilateral triangle overdrawn with 
another one, whose vertices are at the middle points of its sides. The overall picture is now made of 
four equilateral triangles; the squares and triangles thus obtained can be reprocessed in one of the 
two ways, using smaller tiles. Due to the rescaling, all sizes of the triangular and square tesserae are 
in a precise relation, so that an atelier could carry colored tesserae already cut to mount a pavement. 
 

          
 

Fig. 1 Ad quadratum carpets Santa Maria in Cosmedin, Rome, left and SS. Giovanni e Paolo (Rome), right 
 

Ad quadratum and ad triangulum are, per se, rules of subdivision. While it is reported that 
the Marmorari worked by filling [9,11], we think our change in perspective is what can account for 
the general ability of the Marmorari Romani to work controlling different spatial scales: motives 
where planned as subdivisions, and laid as filling when on premises. In this way, naturally, by 
successive subdivision of triangles into triangles, textures result, that we will call Sierpinski carpets, 
at times worked in equilateral triangles, and at times in isosceles right triangles (fig. 2). 

 

          
 

Fig. 2 Sierpinski carpets, Santa Maria in Cosmedin, Rome 
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Escher’s studies of Sierpinski gasket-type patterns
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On twelfth-century pulpit of Ravello
Cathedral, 1923



Sierpiński Carpet and generalisations
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Karl Menger 1902-1985 and his sponge 
1926
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Menger sponge via business card origami 
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Jeannine Mosely
66048 business cardsThree interlinked Level One Menger

Sponges, by Margaret Wertheim.



Niels Fabian Helge von Koch (1870-1924) and
his snowflake (1904)
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Evolution à la Mandelbrot
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Canopy, by Craig Harris 2008
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Similarity mapping
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A plane transformation f is a similarity if there exists a positive number k
such that for every point A and B, d(f(A),f(B))=kd(A,B). The number k
Is a stretching factor of the similarity. Case k=1 gives a symmetry.

Similarities here are
central similarities or
dilations



Classification of similarities in the plane
Spiral symmetry: rotation composed with a central similarity (w.r.t
same point)
Dilative reflection: central similarity w.r.t. point O composed with a 
reflection w.r.t. a line going through O. 

Can show: Every similarity is a symmetry, a spiral similarity or a 
dilative reflection.
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Gaston Maurice Julia 1893-1978
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Iteration of planar rational functions
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Squaring transformation: s: s(r,α)=(r2,  2α)
Power n: pn: pn(r,α)=(rn, nα) 

Preserves angles outside 
the origin !



… and  (geometric) inversion in a circle
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Planar rational maps are compositions of similarities, powers
and inversions.



Pierre Joseph Louis Fatou 1878-1929
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• ‘Fatou set’
• Holomorphic dynamics



Benoit Mandelbrot 1924-2010
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Mandelbrot coined (70’s) the word ‘fractal’ to
explain self similar objects 

Fractus= fractured, broken



Mandelbrot set
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Parameter space for
C=(Cx,Cy) under
f: f(r,α)=(r2,2α) +C

Look at C=0 once more!



C=-1, Julia/Fatou set
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Douady rabbit (Adrien Douady 1935-2006) 
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37C = -0.12256+0.74486i.



Dragon c=0.360284+0.100376i
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Dendrite and Cantor dust
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Higher dimensional analogues of complex polynomials (joint 
work in progress with G. Martin)
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Kleinian groups
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Ex: pairing of circles under
Möbius transformations



An artistic interpretation by Jos Leys
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Fractals in approximating natural forms
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Change from 
mechanical/geometrical to 
organic by using mathematical 
algorithm



Aristid Lindenmayer 1925-1989 (L-systems) in plant 
biology
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Artistic inventions of fractals a bit earlier and its reproduction by a process 
called Iterated Function System IFS.
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‘Driving Rain’ by Ando Hiroshige (1797-1858)



‘A Thousand Pictures of the Sea’ by Katsushika 
Hokusai (1817-1859) and IFS again
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Frank Lloyd Wright (1867-1959)
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Palmer house in Michigan
(1950-51)



Fallingwater, Pennsylvania (1937) and Li Cheng 
(960-1127): Solitary Temple
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African fractals: Ron Eglash
http//www.ted.com/talks/ron_eglash_on_african_fractals.html
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The self similar wave by Tom Hull
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Is the outcome a fractal ?
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Question 1
Suppose we started with a square paper  with side length 1 and folded 
the wave with an infinite number of levels, what would the coordinates 
of the limit point P of the spiral be ?
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Geometric transformation solution
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(1,y)

(1,0)

• Find affine mapping (scaling+ translation) taking (1,0) 
to (1,y) (and hence unit square to a square of side 
length y

• y =  √2 -1 from the picture=> scaling factor =1-y =2- √2 

(y,y)



Self similarity in the folded wave pattern
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(x,0)

(1,y)

• (1,0) mapped (1,y) again 
• (0,0) mapped to (x,0) x=1-y =2- √2 
• P will become a fixed point of the 

mapping

Þ Rotation  of 45 �counter clockwise wrt to the origin + scaling by factor 2- √2 
+ translation from origin to point (x,0) 

Þ P=(2/3, √2 /3)



Solution through complex (= nature’s) numbers
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Fix  P0 = 0, P1=a =2- √2 

P1

P2

P3

a

a2

P2=  P1+a2ei!, != "#
P3=  P2+a3ei2!
…

Pn=  Pn-1+anei(n-1)!

=> P = a∑(aei!)n = 2/3+ √2 /3 &

∑

The spiral is logarithmic:  |P-Pn|=  √6 /3 (2-√2)n+1



Some other self similar origami patterns 
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Sometimes called  ‘fractal origami’ but are they fractals really ? 



Why is Lorenz attractor called ‘fractal’ ?
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Crocheting the Lorenz manifold
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The Mathematical Intelligencer 26(4) (2004) 25-37


