
Heat Transfer
⚫ What does it take to cool down specimens; “R of t = RC ”?
⚫ Protect the low temperature systems from external heat
⚫ Reliability of thermometer readings
⚫ Relationship between heat capacity and thermal conductivity
⚫ Relationship between electrical and thermal conductivity
⚫ Poor heat transfer between subsystems can result in several

differing temperatures: Te, Tph, Tn, ...

Sources:

P.V.E. McClintock, D.J. Meredith, and J.K. Wigmore,

Low-Temperature Physics: an introduction 

for scientists and engineers (1992)

F. Pobell,

Matter and Methods at Low Temperatures (2007)
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Mechanisms
– Thermal conduction

• lattice vibrations (phonons)
• conduction electrons (Fermi gas)
• gas particles (“vacuum”)

– Thermal radiation (vacuum)
– Thermal convection (flow i.e. mass transfer)

Thermal conductivity k relates temperature gradients T to heat 

currents dQ/dt:

dQ/dt = – AkT (k = Cv2t /3)

Simple sum rules: (transfer/scattering mechanism  n/i) 

1/tn = 1/tn1 + 1/tn2 + ... (Mathiessen rule, sum over i)

rn = rn1 + rn2 + ... (kn = 1/rn)

k = k1 + k2 + ... (sum over n)
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Heat capacity and thermal conductivity

Kinetic theory relates the two (diffusion problem):

Series 

expansion

Since in 3D: and  
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Phonons

Continuum approximation  C  ℓ

• v is constant
typically ~ 3 – 5 km/s

• heat capacity:

• mean free path:

3NkB

(T/TD)3

scattering
from defects

T << TD

phonon-
phonon

Thermal conductivity
has a maximum

k

~ TD/10

T3

T

=>

T

T

Scattering from dislocations:  

ℓ (T) at low T 4



Examples

• Thermal conductivity of insulators depends crucially on the 
crystal quality

• Big flawless single crystals may conduct as well as metals
• Amorphous solids have poor thermal conductivity
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Surface quality matters

- Specular reflection at the boundary enhances the mean free path beyond D

- Even a factor of 50 increase in k can be seen in Si crystals
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Effect of dislocations

- Dislocations absorb and re-emit phonons, interaction depends on frequency

Vibrating string model: - High purity Tantalum

- Copper behaves the same way

7



Grain boundaries

- No proper theory exits as real polycrystalline materials are complex

Refraction at grain boundary (l >> dboundary):
- Strong reduction in thermal 

conductance of Al2O3
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Conduction electrons

– v = vF ~ 100 ... 1000 km/s
– heat capacity  C  T

– mean free path:
high T: electron-phonon scattering;

T increase => more phonons => k decreases

low T: scattering from defects and impurities
ℓ is constant, k  Cvℓ  T

=>  kel displays

a maximum
at around 10 K

k

~ 10 K

T

T
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Superconductors
Cooper pairs do not contribute to thermal conductivity (CCP = 0)

Only normal electrons do and their number decreases 
exponentially far below Tc

n  e – D /kBT

=>   k  Te – D /kBT

Magnetic field
can be used to
destroy the super-
conducting state

Used as

heat switches!
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Practical formulae for heat flow

Metals:  k = k0T for  T < 10 K

Insulators:  k = bT 3 for  T < TD /10
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Higher temperatures

Use tabulated conductivity integrals, when the range of 
temperatures is large (e.g. from RT to 4K)
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Thermal (k) and electric (s ) conductivities

Wiedemann-Franz law:

=>

with

Lorenz number

Measure  s (easier) and use W-F to find  k
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Wiedemann-Franz law

Condition for validity:

Both electric and thermal conductivities must be

limited by the same scattering process

• works at room temperature (lots of phonons)

• works at very low temperatures (defect scattering)

• fails in between !
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W-F failure at intermediate T

Schematic
of the idea
(after McClintock et al.)
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Ways to improve k

– Lattice imperfections can be

reduced by simple annealing
– Impurities deteriorate thermal

conductivity at low temperatures

Order of magnitude (for Cu) typically

• nonmagnetic: ~ 0.1 ncm/ppm

• magnetic (Cr, Fe, Co, ...)
~ 1 ncm/ppm

(remember  s k by W-F)

As a measure of purity one often uses
the residual resistivity ratio:  RRR = RRT/R4K
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Oxygen annealing

In some cases (like Cu, Ag) magnetic impurities can be

largely neutralized by annealing close to the melting

temperature in low oxygen atmosphere

• paramagnetic impurities

oxidize to ferro-

magnetic compounds
• oxide molecules cluster

into small crystals
(r ~ 0.1 mm)

=> less scatterers & smaller
scattering cross section
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Residual gas

1)  dense gas;  ℓ <<  D (size of the container)

molecules collide with each other
ℓ  1/p (indep. of  T)

C  p (indep. of  T)

v  T 1/2 (indep. of  p)

=>  k is independent of  p (but  T 1/2)

2)  rarefied gas;  ℓ > D (in fact effectively  ℓ D)

Knudsen limit or molecular transport regime

no collisions between the molecules

=>  k  p
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4He above T ~ 2 K and 3He above ~ 0.1 K behave more or less
like classical gases with  k  T

1/2

4He at ~ 1 ... 2 K  has huge thermal conductivity because of
normal-superfluid counterflow

Below  ~ 0.5 K  ballistic

phonons result in  k  DT 3

Helium fluids
l
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3He
3He and helium mixtures at low temperatures (T << TF) are

fermi systems with

ℓ  1/T
2

v = vF

C  T

=> k  1/T
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Thermal radiation (black body radiation)

Stefan-Boltzmann law

Real surfaces are not “black”

emissivity  e (= absorptivity) is
obtained from the index of

reflectivity  R : e = 1 – R
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Measurement of k and C simultaneously
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Table of
reference
for thermal
conductivities
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Real example:

Cooling capacity: 1st 30 W @ 65 K
2nd 0.5 W @ 4.2 K

Lowest temperature: 2.5 K
Weight: 25 kg
Cool down time: 100 min
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