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Periodic signals

A signal x(t) is periodic with period T, if x(t+T,) = x(t)
x(t)

- TO -
| | |
I
| | | |
‘ |
- TO > ‘r< TO > - TO -

. The fundamental frequency of the signal is 1/ T,

« Periodic signals are power signals
1 t0+TO
P=—1 |x(©)?dt == |x(t)]%dt Vt,
Ty Jr, Ty Jg,
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Common periodic signals

Engineering
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Sinusoids

21T £

x(t) = A cos (—t+0) + C I
TO '

* Period T, A

1
* Frequency —
To

[

* Amplitude A al
e Phase @ v

« Offset (direct current DC
component) C
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Phase lead and lag

Phase lag = Delayed sinusoid

= A cos (2—n t+ 0
To
= 0 = — 2_7TT Phase lag
To
Phase lead = Early signal
2m
= A cos (— t+ 0
To

27T
= 0 = + — T Phase lead

To
A?
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Jean Baptiste Joseph Fourier

Jean Baptiste Joseph Fourier (1768-1830)

French mathematician, Egyptologist and administrator, who
exerted strong influence on mathematical physics through his
Théorie analytique de la chaleur (1822; The Analytical Theory of
Heat).

Fourier was the first person to study the Earth's temperature
from a mathematical perspective. In that study, he discovered

the greenhouse effect.
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Signal representation in
orthonormal basis: Fourier-series

= . - 2TL’k
Periodic signal x(®) =x(t+T,) T
Orthonormal basis ) \‘\\
0lt) = ="' U
=—e T, Complex signal
X i plex sig
k=...-2,-1,0,1,2,.. Phasor rotating counter

: . ] clockwise with frequency Tﬁ
Signal represented in the orthonormal basis :
.2k

x(t)=E,i°=_w<x(t),¢k(t)>¢k<t>=Z?Z_waOx(t>%oe'i%Ttdt TSR LX) e T

0

X(k)=TiOf x(t)e™ T g

Coefficients of Exponential Fourier Series
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Fourier basis

an

. . . . . 1
Basis functions of the exponential Fourier-series: .= ="

t

Proof that the basis is orthonormal:

f 2"(Tk Dy di =L (To/? 12”(T’“”td 1 in(k=1) _ _—in(k-1)
(0 (£), 01 (8)) = — e T_of 0/2 0 t= m(e —e )

— 1 i(em(k—l) _ e—m(k—l)) —

sin(k — 1) = sinc(k — ) = {‘1”; ” ﬁ

m(k=1) i2 (k )
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Sinc function

Sinc function

, sin (ﬂx)
sinc(x) = ——~
X
Zeros
sinc(x) = sin (ﬂx) =0
X

x=%x1,£2,£.3,...

Limit
: o sin (77x)
, sin(7zx) . 3 , meos(zx) 1
lim =lim X =lm_ , ————~t=—=1
x—0 X - x—0 a - x—0 T - T -
— X 0.4 [ [ r [ r I I I I
Ox -10 -8 6 4 2 0 2 4 6 8 10
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Signal representation in
orthonormal basis: Fourier series

Exponential Fourier series representation of a periodic signal x(t) = x(t + Ty)

> .2nkt
() = Z X(k) e'T,
k=—oc0

Fourier series coefficients

=z

_j2mk,
x(t)e T, dt
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Fourier series coefficients are complex valued:

X(k) = |X(k)|earsix(k} ¢ C

1X (k)| = VRe2{X (k)} + Im>{x (k)}

_, Im{X(k)}
arg{X(k} = tan Re{X(k)}

Absolute value
a.k.a modulus

Argument angle

Im

4

A

X (Kl

giX (k}

» Re




Fourier series properties

Let x(t) and y(t) be periodic signals with the same period T,

A

Linearity z(t)=x(t)+y(t) = Z(k) = X(k)+Y (k)
Komplex konjugation y(t) = x* (t) = Y(k) = X*(—k)

.2
nkt

Time shifting y(t)=x(t-t,) => Y (t) = X(k)e To °
an
Frequency shifting y(t) = x(t)e’ To' = Y(k) =X(k—-1

21tk

Differentation y(t) = —x(t) = Y(k) = l—X(k)

Integratlon y(t) = ftoo x(t)dt = anX(k)
l——
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Exponential Fourier-series representation
of a sinusoidal signal

Sinusoidal:
21 A . 2T A . 2T
x(t) = C + A cos (—t + 6) = e Tl 4 (40T’
T, 2 2
v y y
X(-1) X(0)  X(1)

The modulus of the Fourier series coefficient
is amplitude divided by 2

The argument angle of the Fourier series coefficient T T |
gives the phase of the sinusoidal 1 cos(x) =je +oem
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Trigonometrical Fourier Series

For real periodic signal x(t) = x(t + T,) € R we have

1 2k *
X(—k) = T_o-]T x(t)e" T, "dt = X*(k)  Complex conjugate

By noting that cos(x) = % (e_ix + eix), we can write

c k
x(t) = X(0) + 2|1X(k)| cos|2m—t + arg{X(k)}
5o o)
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Trigonometrical Fourier Series

Periodic signal can be expressed as a sum of sinusoids with
different frequencies and phases

x(t) = X(0) + 2|1X (k)| cos|2m—t + arg{X(k)}
2, ( )
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Fourier sine and cosine series

Fourier series coefficients

.21tk
X(k) = TiofTOx(t)e‘lTotdF TiofTOx(t) cos (% t) dt — iTiofTOx(t) sin (% t) dt

\/\/

Ay bk

If the periodic signal is real, then X(k)=X"*(-k)

2Tk

o0 i—t 9] , iﬂt 0 [ . —iﬂt , .H'Z_”kt]

x(t) = Xpe—o X(k) e T, = Y= o(ax — ib) e T, = ag* Xy=q [(ax + ib)e T, + (a — ibe T,

H_/

X(—k) X(k)
21k . 2k
= o+ By 20y cos () + B, 2bsin (22) Q
0 0 x4 ,—ix X p=ix 1
iversi _e e ) _e e
A’ gz:ltoool‘lllyfvg:::t‘:ical cos(x)= > sin(x)= 2 —-—=—i
| Engineering
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Fourier sine and cosine series

Fourier sine and cosine series for a real signal

0

k : k
x(t)= apg* Ypeq @y COS (Z;T )+ >, Bisin (2: )

0

« Cosine series coefficients

1
ay = T—OfTox(t)dt

2 21k
a = o x(t) cos (T_ t) dt
0 T0 0
« Sine series coefficients
2 21k
ﬁk :T—O . X(t) sin <T—Ot) dt
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If x(t) is odd i.e. x(-t)=-x(t), then cosine series
disappear and «;,=0 for k=0,1,2,...

If x(t) is even i.e. x(-t)=x(t), then sine series
disappear and 5, =0 for k=0,1,2,...

If x(t) is half-wave symmetric x(t)=-x(t+To/2),
then even idex terms dissappear i.e.
sy = Bor =0 for k=0,1,2,...

N
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Fourier series repesentations of
periodic signals

f(t)-A/2 is odd => Sine series

£(1) Pulse wave: @, = 25
s —_— _2r A :
\ quare wave: o, === / e
‘ 4d 24d T
t t f(t)=—+—z—dcos(n(yut)
A 44.&sin((2n-1)o,t) 2 T & nxm
o I 7 Al e T 0 d T

T

= cos(2nam,t
f(t)=ﬁ+§sinm(,t—ﬂ M

2 T T an’-1

f(t) is even => Cosine series
f(1) . . 27
; Half wave rectified sine wave: @, =— (1) = | As 7
4 T 7 = [Asin o] Full wave rectified sine wave: @, = ZTT
t
T 3T
0 T

f(l)=2—A—ﬂZcos(nmu’)

r mS 4n*-1

f(t)-A/2 is odd => Sine series f(t) is even => Cosine series
10 L, 2 i
4 Sawtooth wave: @, = T A A Triangle wave: o, = ZTT
4 Aesin(nogt)
=—t— -
2 7 n

t f(t)

-2T T 0 T 2T
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Amplitude and phase spectrum

Two-sided spectrum for a sinusoidal:

2T A o —i=t A g 12
x(t)—C+Acos(—t+6) e %% To +(C+—-e'Ye To
T, 2 2

Amplitude

- >
=~ )
»V
I
< I .
| I |
[N
=
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Amplitude and phase spectrum

One-sided spectrum for a sinusoidal:

2T
x(t) = C + Acos (—t+ 9)
Ty
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Amplitude and phase spectrum

Two-sided amplitude and phase spectrum

> . .21tk
x(t) — Z |X(k)|e—1arg{x(k)} etT—ot
k=—oc0

X(=2)| 1X(=1)|

|

Amplitude

1X(0)]

|X (D) 1X(2)]

i .
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arg{X(—2)} arg{X(—-1)}

11

Phase (rad)

—

arglX(D} 4ra(x(2))



Amplitude and phase spectrum

One-sided amplitude and phase spectrum (real signal)

= k
x(t) = + > 2|X(k)|cos|2m—t + arg{X(k)}
S 2 oos on e+ )
Amplitude Phase (rad)
2|X(D)|

1X(0)]
I 2|1X(2)|
k “ I

arglX(D} 4ra(x(2))
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Parseval’s theorem

Parsevals’ theorem:

P =TinT lx(t)|2dt = i X (k)12

k=—00

Squared modulus of the Fourier series coefficients |x(k)|? describe
how the signal power is distributed among the harmonic frequencies.
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Power spectrum o) =gt e |

Two-sided power spectrum of a sinusoidal

2T A . _'2_7Tt A . .2_7Tt
x(t) = C + Acos (—t + 6) =0 Ty +(C +—e'T
T, 2 2
v v y
X(-1) X0)  X(1)
Power
AZ Az/
4 4
I I g P=R;|X(k)|2——2+62+£—72+62
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Power Spectrum

One-sided spectrum for a sinusoidal:

21T
x(t) = C + Acos (—t + 9)
Ty

Power of a sinusoidal
Power 22 A
XDPE+ XD =—+—=—
A2 I X(=D)|* + X (D] 4+4 >
C 2
I A?

P=C"4—
1 k 2

v
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Power Spectrum

Fourier series of a real periodic signal

x(t) = Z X () e~ are X9} Tt = x(0) + ; 21X (k)| cos (ZHT%LL + arg{X(k)})

k=—c0
/ Power m
2|1X(D)I?
X(0)? (0)?
2
xep FEHr XD x@)P ‘g
k k
Two-sided|power spectrum One-sided power spectrum
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Example: Square wave

Signal generator Scope ‘SpeCtrum analyzer
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Example: Square wave

Square wave signal
x(t) = Asgn (sin (ZTLk t))

0

Fourier series coefficients

1 —iﬂ(t
X(k) = FfT x(t)e T, "dt

1
A (0 ek, A (270 _2mk,
= —— e T, dt+= e T, dt
ol To Jg
A A .
I 1_emk + e—mk_l
—i2nk ( ) —i27TkA( )
A ; » ,
= m(l —elmk 41 — ¢ mk) =l 2(1 - COS(T[k)) .
= 24 2 (Tfk) 2 C @590 W
= —l—SIn~ |\ — , 3 OC 0.5908 Y .
k 2 L AUTO
2A
_)—i— kodd
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Example: Square wave (again)

Square wave signal

x(t) = Asgn <sin (2Tik t))

0
is odd => cosine series vanish.

Fourier series coefficients
2 21k
IBR — X(t) Sin (T— t) dt

ToJr, 0
To
24 (° 21k 24 (7 = [2mk
B sin <— t) dt + — Sin (— t) dt
To ) -To 0 Ty Jo T,
7
4A (2 (27Tk )d 24 a (k) 44 (T[k) . ot o cen y
— _ t t - _ - Sln _ , I 3 IC B.5960 V auTo
T, . Sin T, Tk cos\m Tk 2 t y 0 AUTO
4A ) 1
Aalto University _J— kodd j sin(ax) dx = ——cos(ax) + ¢
A’ School of Electrical Tk a
H  Engineering 0 keven 1— cos(Zx)

. 2 —
sin“(x) >



Example: Square wave (again)

Fourier cosine series coefficients ggmg

12:18:54

C(k = O
Fourier sine series coefficients

44 (nk)
:Bk = Tk Sin 2

Fourier series coefficients

X(k) = @y — b, = 0—i"~

44 Z(nk)
— lTL'kSHl 5
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Example: Square wave

07 Two S|ded amplltude spectrum

0.5 ]

Voltage [V]
o
S

o
w
T
.

0.1 ]

Harmonic [k]

Two sided power spectrum
0.45 — T T T T T T

04 .

0.35 [ ]

0.3 ]

Power [W]

0.1} b
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Example: Square wave

Two S|ded amplltude spectrum

A?
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Example: Square wave

:3.9|dB
« Measured and calculated *i
power spectrum match | b s
well. 1 ’i I £17.9 dB
FJ:’ : ] 1 W' d
1 j ey B
ﬁ| t‘ ! ! ’I -25.2;1}3 ]
l I{ Tl g ﬂf _J‘
B EEEE. {'
i |
AEANANANANAR AN
20log-o(|X(K)| )1 :} T |
l |l ‘ | ll | i I l l
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Approximating a
periodic with limited

N=1
Nominal

number of coefficients faueney

Fourier series

> .ant
x(t) = Z X(k) e Ty
k=—o0

Approximation

N 2k
2y () = Z X(k) e T,
k=—-N
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N=5
5rd Harmonic .-, N ) b\fv\
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Gibbs phenomena

The Gibbs phenomenon involves both the fact that Fourier sums
overshoot at a jump discontinuity, and that this overshoot does
not die out as more terms are added to the sum.

N=5 N=25 | N=125
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Approximating a periodic with
limited number of coefficients

Example: Generation of ultrawideband radar signal
Transmitted pulse in UWB radar

[E—

0 5 10 15 20
Time [ns]

Amplitude
- O

|

I

| I

| I

(e B B Sl mii el
I I

| |

)

1 I

A UWB pulse signal is generated by Fourier series model using 40 harmonies.
The pulse is produced by the Barker code with the length of 11, chip width of 2
ns and the total pulse duration 22 of ns

Aalto University
School of Electrical
[ ] Engineering Ali Tayaranian Hosseini, S.M., Amindavar, H. and Ritcey, J.A., 2016. Robust detection in ultra-

wideband impulse radar using DPSS-MMSE estimator. EURASIP Journal on Advances in Signal
Processing, 2016(1), pp.1-15.



Filtering periodic signals

Given LTI system frequency transfer function H(f), we have

x(t) = cos (27 ft) y(t):‘H(f)‘cos(27rﬁ+arg{H(f)})

Hence for input x(0) = x(©0) + . 21X (o) cos (2m 1t + arg(x ()
k=1 0

the output becomes

y(6) = HO)X(0) + i 2 b ()] Pl cos (2t + argtx + arg i (1))
k=1




Filtering periodic signals

« Example: Square wave
passes through a low-
pass RC-filter

x(t) C== y©
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