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As was pointed out last week, PCA is highly sensitive for
scaling of the variables. One can address this problem by
standardizing the variables first. The data can be standardized
by subtracting the sample mean x, and then dividing each
variable by the corresponding square root of the sample
variance 6. PCA is then applied to this preprocessed data.
Note that for standardized variables, the covariance matrix X
turns into a correlation matrix.
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If PCA is performed standardizing the variables first, it naturally
becomes scale-invariant.

If variables do not have the same natural units, it is better to
standardize the data first. For example, if the variables
considered are weight, height, age, and 1Q, it is a good idea to
think about standardizing the data first. But if the variables do
share the same units and if there are no large differences
between the variances, then one can apply standard PCA.
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One may address the problem of scale-sensitivity by
standardizing the data first. However, this standardization does
not make PCA fully invariant under all linear transformations.
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Theorem

Let x denote a p-variate random vector with finite mean vector
1, and finite covariance matrix . Let o;; denote the ith
diagonal element of . Lety =T'T(x — ), where T € RP*P js
orthogonal, TTXT = A = diag(A1, -, X\p) @nd Xy > -+ > Ap.
Let~; denote the jth column vector of I and let v; denote the
ith element of it (i.e. v; denotes the ij element of ). Then

ViiAj

A\ /0',',‘/\/.

corr(xiy;) = pij =
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Proof.

Let x denote a p-variate random vector with finite mean vector
u, and finite covariance matrix X. Let o; denote the ith
diagonal element of £. Let y = I'"(x — pu), where I' € RP*P is
orthogonal, FTE = A = diag(\1, -+, Ap) @and Ay > -+ > Ap,.
Let 4; denote the jth column vector of I' and let +; denote the
ith element of it (i.e. v; denotes the jj element of I'). Now

El(x — n)y"] = E[(x = p)(TT((x = 1))
— E[(x = m)((x — u))TT] = 7 = TA.

Therefore the covariance between x; and y; is v;A;. Since x;
and y; have variances o; and ), respectively, the correlation
between x; and y; is given by

Vi)
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It can be said that "the proportion of the variation" of x;
explained by y; is p,?j. Since the elements of y are uncorrelated,
any set S of components explain a proportion

Pl =5

jes

Note that when X is a correlation matrix, the variance oj; = 1
and thus pj = v;\/A;.
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Regression analysis is used to predict the value of one or more
responses from a set of predictors. Predictors can be
continuous or categorical or a mixture of both.
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Let y be a p-variate random vector of dependent variables
such that
y=BTx+u,

where x is a g-variate fixed vector of predictors, Bisa g x p
matrix of regression parameters, and u is a p-variate vector of
random errors with mean 0, and common covariance matrix .
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Assume that we have a size n sample from the multivariate
regression model. Then Y is a n x p data matrix such that

Y=XB+U,

where X is a known n x g matrix, Bis a q x p matrix, and U is
a n x p matrix of unobserved random disturbances. The
elements of the first column of X are all assumed to be 1 (to
allow a mean effect), and the rows of U are assumed to be
uncorrelated.
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Assume that Y is a n x p data matrix such that Imonen/Kantala
Y =XB+ U,

where X is a known n x g matrix, B is a g x p matrix, and the
n x p error matrix U is independent of X. The elements of the
first column of X are all assumed to be 1. Assume that the
rows of the error matrix U are independent and identically
distributed with the mean vector 1 = 0 and the covariance
matrix ¥. Assume that the inverse of X7 X exists.

Let
P=1-XX"X)""XT.

Now, the generalized least squares estimates of B and X are
B=X"X)"'XTy
and ’
S=-Y'PY.
n
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The estimate B can be used in estimating/predicting the values
of the matrix Y, A .

Y = XB.
The estimate of the error matrix is obtained by taking the
difference between Y and Y

U=Y - XB.



Trace Correlation and Determinant
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Assume that the matrix Y is centered so that the columns of Y
have zero mean. Define now

D=(Y"Y)'UTU.

It is straightforward to see that the matrix U7 U ranges between
zero, when all the variation of Y is explained by the regression
model, and Y'Y, when no part of the variation in Y is
explained by X. Therefore | — D varies between the identity
matrix and the zero matrix. It can be shown that all the
eigenvalues of / — D lie between 1 and 0.



Trace Correlation and Determinant
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It would be desirable that a measure of multivariate correlation
would range between zero and one. This property is satisfied
by two often used coefficients, the trace correlation rr and the
determinant correlation rp,

’
r2 = Etr(l— D),
and

r3 = det(/ — D).

Note that the coefficient rp is zero if at least one of the
eigenvalues of / — D is zero, and rr is zero if and only if all the
eigenvalues of / — D are zero.
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e We assumed that the inverse of X7 X exists. If it does not
(or if some of the columns of X are nearly collinear),
consider using smaller number of variables.

¢ One should not use the regression model for predicting
outside of the range of the X values. Behavior of extreme
points may be different!

e Traditional L, regression is very sensitive to outlying
observations.
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Linear regression analysis is unstable in the presence of
multicollinearity, or near multicollinearity, of the predictors. In
this situation, PCA can be used to preprocess the data. Instead
of performing regression analysis using the original variables,
one can perform it using new variables obtained from PCA
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Linear regression analysis is unstable in the presence of highly
linearly dependent predictors. This problem is often solved
simply by disregarding some of the predictors. Alternatively,
PCA can be used to preprocess the data. Instead of
performing regression analysis using the original variables, one
can perform it using new variables obtained from PCA.



PCA in Regression Analysis

Pauliina limonen
Slides:
limonen/Kantala

In general, when PCA is used, the principal components with
the largest variance are chosen in order to explain as much of
the total variation of x as possible. In regression settings, the
choice of the components is somewhat different. In the context
of regression, it is sensible to choose the components having
the largest correlation with the most interesting dependent
variables, because the purpose is to use the components in
explaining the dependent variables. Fortunately, there is often
a tendency in data for the components with largest variances to
best explain the dependent variables.
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If the original regression equation is given by
y=B"x+u,

then also
y=ATw+u,

where w = ' x is the principal component transformation and
A = TI'TB. For the corresponding sample version it also holds
that if

Y =XB+ U,

then
Y=WA+ U,

where W = XG,and A= G'B.

One can now reduce dimension by deleting some of the
columns of W.
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Next week we will talk about robust principal component
analysis.
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